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Résumé

La poudre de silicium métallurgique (MG-Si, pureté 99 %) ont été étudiées, en se focalisant partic-
ulièrement sur les particules ines (taille comprise entre 1 et 10 ��) Ce matériau est utilisé dans l’industrie
siliconière pour la synthèse directe du diméthyldichlorosilane et est obtenu par broyage de blocs de sili-
cium. Les propriétés de cette poudre sont cruciales pour le procédé industriel, à la fois en termes de
surface spéciique, composition chimique et coulabilité. Comprendre l’inluence des particules ines, qui
dégradent la coulabilité, et leur origine au cours du broyage est donc d’une importance cruciale.
Une nouvelle caractérisation, chimique et cristallographique, des poudres de MG-Si montre que les

particules ines sont en moyennes moins chargées en éléments d’alliage que les particules plus grosses.
La structure cristalline du silicium est inchangée au cours du broyage, sauf pour les particules superines
(taille inférieure à 1 ��). Celles-ci présentent des zones amorphes: cela montre qu’elles sont soumises à
des contraintes plus importantes au cours du broyage, comme cette transformation étant obtenue au-delà
d’un seuil de pression.
Le comportement du MG-Si en broyage a été étudié pour la première fois. A l’échelle de la particule

unique, il est conirmé que les issures suivent une propagation transgranulaire. De plus, des particules
ines peuvent être produites au cours d’un unique événement de broyage, en raison de l’activation simul-
tanée de multiples systèmes de issures qui peuvent brancher entre elles. La taille critique en-deçà de
laquelle la déformation plastique est énergétiquement plus favorable que la propagation de issure a été
estimée à environ 1 �� par une méthode basée sur l’indentation. Ces deux résultats sont cohérents avec
la répartition des éléments d’alliages en fonction de la taille de particule. A l’échelle multiparticulaire, une
étude pilote en broyeur à tambour tournant a été menée. Les résultats de cette étude ne sont pas
disponibles dans cette version publique du manuscrit. Veuillez vous reporter au manuscrit
complet.
Les conséquences sur la coulabilité de la présence de particules ines dans la poudre de MG-Si produite

par broyage ont été caractérisées par mesures d’angle de repos, de dynamique de compaction et en
luidisation. En particulier, un nouveau comportement d’élutriation a été identiié et décrit : l’élutriation
séquentielle se produit lorsque des particules ines sont initialement présentes dans le lit luidisé et se
caractérise par l’envolement d’abord des inférieures à environ 30 �� puis seulement des particules de
taille supérieure. Ce comportement n’est pas observé en l’absence de ines dans le lit initial. L’explication
de ce phénomène pourrait se trouver dans la formation de clusters polydisperses, formés seulement en
présence de particules ines. En parallèle de l’élutriation séquentielle, des mesures électrostatiques avec
un électromètre externe à la colonne ont montré la présence de potentiels très importants (1̃0 kV), dont
le signe correspond à la gamme de taille de particules envolées. Ceci suggère que l’adhésion au sein des
clusters pourrait être électrostatique.

Mots-clés : Silicium, Particules Fines, Caracterisation de Poudres, Procédés de Broyage, Fluidisation
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Abstract

Metallurgical-grade silicon (MG-Si, 99 %) powders were extensively investigated, particularly focusing
on the ine particles (whose size is between 1 and 10 ��) comprised in these powders. This material is a
reactant widely used in the silicones industry for the Direct Synthesis and is obtained by size reduction of
millimetric silicon lumps. Powder properties are major stakes of the industrial process. Smaller sizes favor
high speciic surfaces and high rates of production, but can decrease the lowability, thus inducing poor
heat evacuation resulting in hot spots and a decrease in selectivity. Such lowability issues are particularly
associated with ine particles, hence understand the generation of these particles during grinding is of
critical importance.
New chemical and crystallographic characterization of MG-Si is presented, showing that ine particles

contain on average less alloying elements than larger particles, yet their crystallographic structure is
preserved through grinding. On the contrary, superine particles (smaller than 1 ��) exhibit amorphous
zones: this transformation is pressure induced, showing that these particles experience larger stresses
during the grinding step.
The behavior of MG-Si in grinding mills has been studied for the irst time. At the single particle

level, it has been conirmed that transgranular fracture is preferred in MG-Si. Moreover, ine particles
can be produced from a single fracture event, due to multiple crack propagation and branching. The
critical size under which plastic deformation preferentially occurs over fracture has been evaluated to
be approximately 1 ��. These two facts are consistent with a lower level of impurities in ines, yet
remaining crystalline, and with superines exhibiting amorphous areas. At the multiple particle level,
pilot scale batch milling experiments have been performed. The results are not included in this
public version of the manuscript, please refer to the full manuscript.
The consequences of the presence of ine particles in ground MG-Si powder on lowability has been

assessed by means of angle of repose, compaction tests and luidization experiments. A new elutriation
behavior has been observed and characterized: for naturally ground MS-Si powders (including ine parti-
cles), particles smaller than 30 �� are entrained irst, then only larger particles. This was not the case in
absence of ine particles. The explanation may probably lie within the presence of polydisperse clusters,
formed only in presence of ine particles. Parallel to this elutriation behavior, electrostatic measurements
with an external electrometer showed that high potential with sign correlated with the type of particle
elutriated are attained during elutriation. This may suggest that electrostatics is responsible for cluster
formation.

Keywords: Silicon, Fine Particles, Powder Characterization, Size Reduction Processes, Fluidization

v



vi



Preface

CAUTION:
The present version of the manuscript is a public version, published in 2015.

For non-disclosure concerns, the results of Part 3 (size reduction) are not included.
The authorized reader is recommended to refer to the full manuscript. The full manuscript
will be publicly available 10 years after the defence.

Context of the PhD

The present PhD study is a CIFRE partnership between the Laboratoire de Tribologie et Dynamique
des Systèmes and Bluestar Silicones SAS, with a inancial help by the ANRT (Agence Nationale de la
Recherche Technologique). The PhD was carried out both at the LTDS (Laboratoire de Tribologie et
Dynamique des Systèmes) in the Ecole Centrale de Lyon and at the Bluestar Silicones R&D center in
Saint-Fons.

Practical features of the manuscript

This manuscript is divided into four Parts, the irst of which gives an extensive review of the industrial
context and issues. The other Parts all include a state of the art of the speciic topics addressed, before
detailing the results of the PhD work. Well-informed readers can easily skip the states of the art.
Frequent highlights are included in the end of Paragraphs and Sections to sum up the main conclusions
and a general graphical summary concludes each Part.

In the digital PDF version of the manuscript, all numbers referring to Equations, Figures, Tables,
Sections and Paragraphs (in green) and References (in blue) can be used as hyperlinks leading to the
corresponding entry. The references are listed at the end of each Part; most of them being referenced by
a doi (digital object identiier) that can be used as a direct hyperlink opening the corresponding paper in
your browser. If using the paper version of the manuscript, the papers of the bibliography can be found
directly by using the doi at http://dx.doi.org/.

The list of all the acronyms and symbols is available in the end of the thesis and references the page
at which the symbol or acronym is introduced.

"Quand on veut être sûr de son coup, [...] on plante des navets. On ne pratique pas [la thèse]."

Le roi Loth (Kaamelott)
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Abstract

Metallurgical-grade silicon (MG-Si, 99 %) powders were extensively investigated, particularly focusing
on the ine particles (whose size is between 1 and 10 ��) comprised in these powders. This material is a
reactant widely used in the silicones industry for the Direct Synthesis and is obtained by size reduction of
millimetric silicon lumps. Powder properties are major stakes of the industrial process. Smaller sizes favor
high speciic surfaces and high rates of production, but can decrease the lowability, thus inducing poor
heat evacuation resulting in hot spots and a decrease in selectivity. Such lowability issues are particularly
associated with ine particles, hence understand the generation of these particles during grinding is of
critical importance.
A multi-scale chemical characterization of the powder, using inductively coupled plasma, energy-

dispersive x-ray spectrometry and atom probe tomography, was performed to determine the chemical
form and location of the alloying elements of MG-Si. It revealed that their chemical form persists through
the grinding step, but that their distribution in the powder is uneven, depending on particle size. Indeed,
the concentration is higher than the average in particles with size 30-60 ��, while it is twice as low in
particles smaller than 15 ��. The ine particles remain crystalline after grinding. Signs of amorphization
were only observed on particles smaller than 1 ��. Particle shape was insensitive to the scale, from sizes
of 1 to 1000 ��. The mechanical properties of MG-Si are similar to those reported for pure silicon.
Size reduction of MG-Si lumps down to a powder was experimentally investigated in a laboratory

scale tumbling mill, used for ball milling and rod milling. This public version of the thesis does not
include the results on size reduction. Please refer to the full manuscript.

The collective behavior of MG-Si powders was mainly investigated in luidization, which give in-
sights into the interparticle interactions within the powder. A new elutriation behavior, called sequential
elutriation behavior, was identiied on wide particle size distributions of MG-Si powders. Instead of a
simultaneous entrainment of all elutriable particles, the smaller elutriable particles are elutriated irst,
strongly limiting the expected entrainment of the larger elutriable particles. These latter particles start
being entrained only when the smaller elutriable particles are fully removed from the bed. This behavior
appears to be due to the formation of clusters which prevent the elutriation of the larger elutriable ines.
Strong electrostatic potentials were measured at the outer surface of the luidization column. Such mea-
surements appeared to be correlated with the sequential elutriation behavior. This suggests that bipolar
charging of the particles occurs, depending on particle size, which may partly explain the interparticle
interactions.
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General Introduction

Silicon has become a symbol of technology since the development of computers. Yet, this element plays
an equally important role in our everyday lives within silicone polymers, whose versatile properties have
made essential in a number of industrial processes and inished products. Silicones’ applications cover
ields as various as construction, cosmetics, pharmacy, agri-food and automobiles. In spite of the very
diferent functional groups found on silicones, adapted to the speciic application, these polymers ind
their origin in a common monomer, called dimethyldichlorosilane (DMDCS). The Direct Synthesis of this
monomer is thus critical to the whole industry and requires elemental silicon as feed material.
Even if it is not a metal, elemental silicon is produced by a carbothermic process very similar to

the manufacturing of metals. Silicon dioxide SiO2 is reduced by graphite at high temperature, that
leads to silicon with a purity of approximately 98-99 %. Although other industries such as solar and
microelectronics demand higher purities, the silicones industry can use this metallurgical-grade silicon
(MG-Si) as a starting material. The so-called Direct Synthesis of dimethyldichlorosilane enables the
production of this key monomer by a reaction between MG-Si and chloromethane MeCl. The industrial
performance of this reaction was rapidly proven, owing to high activity and selectivity for DMDCS, even
though this heteregenous gas-solid reaction catalyzed by another solid seems complicated at irst sight.
Discovered in the 1940s, the chemistry of the reaction has been studied ever since; from the formation

of the active catalytic phase to the mechanisms of adsorption of MeCl and the transfer of the molecular
groups to form selectively DMDCS or by-products. One main inding of this research is that the nature
of the MG-Si used, i.e. its microstructure, the concentration and chemical nature of the impurities, need
to be considered in order to optimize the performances of the Direct Synthesis. The patent literature
shows that this concern is shared by several silicones producers. The temperature at which the reaction
occurs is also decisive for the performances: an issue is then to maintain the optimal value, in spite of
the exothermicity of the reaction, whose released heat tends to increase the temperature.
On an industrial scale, MG-Si powders are used for the Direct Process: their handling at the plant

is easier than that of bulk solids; and their speciic surface ensures higher reactivity, thus higher rates of
production of DMDCS. To obtain such powders, the MG-Si provided by silicon manufacturers is ground
down to less than 500 ��. Hereafter, coarse, medium ine, ine and ultraine will refer to particles with
a size comprised within the intervals 100 ��-1 mm, 10-100 ��, 1-10 �� and 0-1 ��, respectively. The
Direct Synthesis between this MG-Si powder and chloromethane is performed in luidized bed reactors
(FBR), which are an appropriate way of promoting gas-solid contact while ensuring heat transfer. In
such reactors, a stream of gaseous MeCl is blown through a MG-Si powder bed. An eicient powder
hydrodynamics is obviously essential for homogenizing the temperature and the contact between MG-Si,
catalysts and MeCl.

100 µm

Figure 1: Ground metallurgical-grade sili-
con (SEM micrograph). The powder com-
prises a large number of ines.

Although extensive work was dedicated to the fundamen-
tal phenomena involved in the chemistry of the Direct Syn-
thesis, as well as to overall performances of the process when
ran at pilot or industrial scale, fewer work was focused on
the underlying physics concerning powder processing. Yet,
even if the average chemical composition of MG-Si is overall
optimized for the process, the performances arise from all of
the localized chemical compositions and temperatures. For
that latter parameter, the heat transfer eiciency of luidized
beds is mainly determined by the particle size distribution of
the powder which is luidized. Powder processing issues are
then of crucial importance in the Direct Process. In partic-
ular, ine particles play a signiicant role within the powder,
because of their speciic surface and their determining inlu-
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GENERAL INTRODUCTION

ence on the collective behavior of all particles. Even if their
weight proportion is low, ine particles visually represent an impressive number of MG-Si particles (see
Fig. 1). Industrial concerns arise from the likely deleterious inluence of ine particles on the process. Yet,
as very few background is available on the topic, it is not obvious whether ine particles should not be
present at all or if a "low" amount of ines would be acceptable, in order to optimize the overall process.
To solve such problems, it is necessary to estimate the costs and beneits of preventing the formation of
ines and/or classifying ine particles. Such estimation is diicult without knowledge on the role of ine
particles on the diferent properties of the process.

This dissertation intends to provide fundamental understanding on the generation of ine particles
during grinding and on the subsequent impact of these particles within the luidization process. The focus
is then set on the metallurgical-grade silicon powder, speciically on the generation and inluence of ine
particles on grinding and luidization operations. The outline of the dissertation is graphically summarized
in Fig. 2. An overview of the issues concerning silicon production and the route to dimethyldichlorosilane
constitutes Part 1 and special focus is set on the Direct Process, its speciic stakes and the state of the
art, emphasizing the role of metallurgical-grade silicon in this process.

A better knowledge of MG-Si powders was acquired through its extensive characterization, that is
presented in Part 2. The size distribution and morphology of MG-Si powder particles were examined
and speciic classiication methods were devised to separate the powder particles by size, achieving in
particular the separation of ine particles considered "subsieve", because of the impossibility to classify
them by sieving techniques. Once successfully separated, the powder particles were chemically char-
acterized at multi-scale by inductively coupled plasma, energy dispersive x-ray spectrometry and atom
probe tomography. Crystallographic characterization were also performed via powder x-ray difraction
and transmission electron microscopy, while the mechanical properties were explored by nanoindentation.

Aiming at understanding the origin of ine particles, the grinding of MG-Si was investigated. Firstly
by evaluating the grinding limit for MG-Si by indentation techniques, secondly by performing grinding
experiments in pilot tumbling mills. Ball milling is the most widely used milling technique for laboratory
studies and was thus used to describe the grinding mechanisms of silicon and the generation of ine
particles. Rod milling was then used in order to identify the behavior of MG-Si in a diferent milling
environment. These results are developed in Part 3.

In order to investigate the collective behavior of the powder, static and quasi-static lowability mea-
surements were performed, but silicon for the Direct Synthesis was best characterized by its behavior in
luidization. Only the hydrodynamics has been experimentally studied in cold models, i.e. with nitrogen
instead of chloromethane. The MG-Si ines exhibited an unexpected behavior in elutriation experiments
described in Part 4. Electrostatic and triboelectric phenomena concerning MG-Si powder are reported
and constitute a signiicant part of the interparticle interactions within the powder and are thus involved
in the causes for the collective behavior of the powder. These electrostatic phenomena participate in the
adhesion of the ines and ultraines on coarse particles after grinding.

MG-Si Powder

& Fine particles 
(1<size<10µm)

Industrial Context

Powder

Characterization
Size reduction

Collective behavior 

of the powder

What are the properties 

of the fine particles?
How are they produced 
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What are 

the consequences

on fluidization?

Part 1

Part 2 Part 3 Part 4

Figure 2: Graphical outline of the dissertation. The reference numbers to Parts can be used as hyperlinks
in the digital pdf version.
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Part 1

Industrial Context and Issues

The Direct Process, which encompasses silicon grinding and the Direct Synthesis of dimethyldichlorosi-
lane, is a key step to the silicone polymers production, lying downstream silicon suppliers and upstream
the whole silicones industry. By introducing elemental silicon, its industrial production and the Direct
Process, this Part widens the scope of this dissertation to address the complex stakes of silicon produc-
tion and the Direct Synthesis of dimethyldichlorosilane. The issues of these processes are helpful for the
reader to understand the predetermined structure of metallurgical-grade silicon and the target properties
of silicon powders for the Direct Synthesis.
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1.1 The Element Silicon

Silicon is the second most abundant element in Earth crust (25.7 % [1, 2]) after oxygen, and is mainly
present as silicates. It has been isolated, yet impurely, by Gay Lussac and Thenard, then identiied as
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an element by the swedish chemist Berzelius in 1824. It was present long before in human lives, as lint
used by the irst men and later in glass and ceramics, but actually gained its renown during the second
half of the 20th century with the development of silicon microchip based computers. Today it is crowned
as the ultimate technological element, whose Silicon Valley is the symbol in popular culture: we live in
the Silicon Age. All this fame may have hidden the other applications of silicon, among which silicone
polymers play a ubiquitous role in our everyday lives.

1.1.1 Physico-chemical Properties

Silicon is the 14th element of the periodic table and belongs to group IV-A comprising, amongst others,
carbon. They are both tetravalent and share some chemical properties: silicon may be considered to the
geological world what carbon is to the biological world [3] (as cited in [4]). Despite not having all the
properties of a metal, pure silicon is often referred to as "silicon metal", because of its shiny aspect (see
Fig 1.1). Several of its physical and chemical properties may be found in Table 1.1.

Table 1.1: Physico-chemical properties of elemental Silicon (if no reference is speciied, data is taken from
the Handbook of Chemistry and Physics [1])

Property Value

Atomic weight 28.0855 ± 0.001

Speciic gravity 2.33
Atomic density (at/cm−3) 5 .1022 [5]

Molar heat capacity (J.K−1.mol−1)
20.04 at 300 K and constant
pressure

Melting point (K) 1687
Band gap at 25�C (eV) 1.12
Electronegativity (Pauling) 1.90
Dielectric constant 11.9 at 300 K
Work function (eV) 4.60 - 4.90
Thermal conductivity (W.m−1.K−1) 148
Mohs Hardness 7
Space group Fd3m

Ionic radius (Å)
0.26 (coordination number = 4)
0.40 (CN = 6)

Lattice parameter (Å) 5.43072
Heat of fusion (kJ/g) 1.8 [6]
Contraction volume on melting (%) 9.5 [6]

1 cm

Figure 1.1: Lumps of pure Silicon (Metallurgical-
Grade Silicon, 98-99 % purity)

Silicon exhibits quite a lot of unusual features.
Unlike most substances (but like water), it expands
by around 10 % upon fusion. Silicon may be en-
countered as amorphous or crystalline and diferent
allotropes exist. The room-temperature stable sili-
con crystal lattice belongs to the Fd3m space group,
which is representative of the cubic diamond struc-
ture. This structure is composed of two face centered
cubic lattices in one another, the second shifted by
1/4 of the unit cell diagonal. The chemical bonds
in this structure are covalent bonds, what leads to
its high hardness of 7 on the relative scale of Mohs.
Of course, its semi-conducting properties and the fa-
mous 1.12 eV gap are at the basis of the microelec-
tronic and solar industries. Yet, the next section
shows that electronic applications of silicon represent a very modest proportion of silicon demand in the
world.
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1.2. PRODUCTION OF METALLURGICAL-GRADE SILICON (MG-SI)

1.1.2 Silicon Market & Applications

Silicon is industrially produced from silica that can have various forms, such as quartzite. The geological
reserves are potentially tremendous and exceed by far the demand by the silicon industry [7]. Quantitative
estimates of the natural resources are not available and considered unlimited [2]. It shall be noted that
silica sand is not used for producing silicon. The total silicon production in the world has dramatically
increased in less than 20 years, from 980 kMetricTons in 1998 [8] to 2 027 kMTons in 2012 [4], slightly
diminishing to 1 700 kMTons in 2014 [7] (silicon in ferrosilicon alloys not included). As these igures
suggest, the 2000s were an eventful period for the silicon market. The dramatic increase is due to China,
which represented less than a third of the production in 1997 and now accounts for more than two
thirds. The consequences on the market, most terrible for the solar industry with a price peak in 2008,
were detailed in the inancial press. The market is still recovering: in 2014, prices were still far higher
than before the crisis: 3000 $/ton in 2014, twice as high as in 2006 [9]. In 2014, China was by far the
leading producer of the world (1 300 kTons), followed by the USA, Norway, Brazil and France [7]. The
global demand for silicon is still increasing and the capacity is expected to grow given the current supply
deicit [9].

The demand for silicon can be divided into three main applications, which are silicon for the aluminum
alloys (used in building and transport industries), silicon for the silicones industry (MethylChloroSilanes
industry) and TriChloroSilane (TCS) industry, whose major part comprises the solar industry [6]. The
proportions are approximately 50 %, 35 % and 15 %, respectively. Electronic applications represent
hardly a few percents. The applications are summarized in Fig. 1.2. Each of these technologies requires a
speciic purity, from the highest (Electronical-Grade Silicon, EG-Si, 99.99999999 % pure) to lower (Solar-
Grade Silicon, SoG-Si, 99.99999 % pure) and the lowest (Metallurgical-Grade Silicon, MG-Si, 98-99 %
pure) [5]. Quantitative details about the impurities are given in Section 1.2.4. Nevertheless, EG-Si and
SoG-Si are obtained by purifying Metallurgical-Grade Silicon (Fig. 1.2), whose production process is
described in the next Section 1.2.

Quartzite

MG-Si

Aluminum alloys

Silicones

Photovoltaics

Microelectronics

EG-Si

SoG-Si

Figure 1.2: Main industries demanding silicon. Areas are proportional to the global demand; a higher
level of grey represents higher purity required.

1.2 Production of Metallurgical-Grade Silicon (MG-Si)

Only key features of industrial silicon production are presented in this Section; exhaustive details about
the carbothermic production of silicon can be found in the so-called "Silicon Bible" by Schei, Tveit and
Tuset [8].
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1.2.1 The Carbothermic Process

As mentioned before, natural silicon resources are present in the Earth crust as oxides, like most of metals
in ores. Silicon dioxide SiO2 is the most thermodynamically stable form and thus needs to be reduced
as unoxidized silicon ("silicon metal"). The process is similar to the production of other metals, whose
thermodynamics is described by Ellingham diagrams. At a suiciently high temperature, silicon dioxide
is reduced by graphite. Henri Moissan was the irst to design a furnace enabling the reduction of silica
(1895). The overall reaction reads:

SiO2(s)+ C(s)
∆rH0 = 687KJ.mol−1

2300K
Si(l)+ 2CO(g)

Such high temperatures can be obtained in submerged arc furnaces. A high potential diference is
applied between consumable graphite electrodes and the feed material in which they are submerged. This
creates a plasma, which continuously heats the charge, thus contacting silicon dioxide and graphite at the
required temperature. Power consumption is of the order of 10 MWh per metric ton of silicon [6]. Apart
from electrodes, carbon is also introduced in the furnace as woodchips, coal and coke. The liquid silicon
metal produced is tapped from the bottom of the furnace. A scheme of the process is given in Fig. 1.3.
Intermediate reactions are far more complicated than the overall reaction described above, notably due
to temperature variations from the bottom to the top [10]. In addition to silicon metal, by-products
are CO2 (obtained by further oxidation of CO) and SiO2 that can be recovered and sold as amorphous
microsilica, e.g. for ibre cement additive.

Figure 1.3: Plant scheme for industrial production of metallurgical-grade silicon through the carbother-
mic process (scheme from [8]).

1.2.2 Liquid Metal Reining by Slag

Liquid silicon outlow at the bottom of the furnace is tapped into a ladle for a puriication step: slag
reining. As in other metallurgical industries, slag reining takes advantage of the immiscibility of liquid
silicon and slag, which is a mixture of molten oxides. An oxido-reduction equilibrium establishes for
each element between the reduced form dissolved in silicon and the oxidized form in slag. At the plant,
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1.2. PRODUCTION OF METALLURGICAL-GRADE SILICON (MG-SI)

the equilibrium can be shifted towards the oxide, thus purifying silicon or towards the solute unoxidized
form, thus increasing the impurity concentration. Of course only elements less noble than silicon can
be treated this way: oxidizing for example iron implies that all the silicon must priorly be oxidized into
silicon dioxide (not helpful, given the previous reaction!).

Industrially, slag is added on top of liquid silicon as a molten mixture of SiO2, CaO and Al2O3,
and the equilibrium is tuned by injection of gaseous oxygen at the silicon-slag interface. The following
oxidation-extraction reactions are expected:

SiO2(slag) Si(l)+O2(g)
4Al(liq Si)+ SiO2(slag) 3 Si(l)+ 2Al2O3(slag)
2Ca(liq Si)+ SiO2(slag) Si(l)+ 2CaO(slag)

Other elements (e.g., Mg) react and side reactions can occur. Aside the chemistry involved, other
factors impacting the overall reining step must be taken into account. The viscosity and density of
slag is for example of crucial importance when it comes to separating silicon and slag by gravity. The
temperature of liquid silicon dramatically decreases from the furnace outlow to the reining ladle, what
limits the yield of puriication. Speciic academic and patent literatures are devoted to the subject [8, 11].

The goal of this step is to tune the impurity concentration according to the customer’s need. Silicon
for silicones synthesis does not require high purity but speciic concentration ranges, as will be discussed
in Section 1.3. Metallurgical-Grade Silicon (MG-Si) can thus be used. For applications requiring lower
impurity concentrations, advanced puriication techniques lead to Upgraded Metallurgical-Grade Silicon
(UMG-Si) that will be used for further upgrading silicon purity. Notably, speciic puriications exist for
doping elements (group III and V, e.g., B, P, As, Sn, ...). Table 1.2 summarizes the impurity concentration
ranges for the diferent qualities of silicon. Once the appropriate concentration is reached, liquid silicon
from the reining ladle can be crystallized.

Table 1.2: Orders of magnitude of impurity concentrations (ppm by weight) in Metallurgical-Grade
silicon, Upgraded Metallurgical-Grade silicon, Solar Grade silicon and Eletronic-Grade Silicon

Element MG-Si UMG-Si SoG-Si EG-Si
[5] [6] [12] [13] [5] [6] [5] [6] [12]

B 40 5-70 37-45 18-70 <30 7 <1 0.04-0.1 0.0002
P 20 5-100 27-30 20-32 <15 7 <5 0.03-0.14 0.0008
Al 100-200 300-5000 1200-4000 640-3700 <50 50 <2 <0.01 <0.0008
C 600 50-1500 200 <250 50 <10 <5 <0.5
Ca 500-600 20-2000 590 570-2200 <500 50 <2 <0.003
Cu 5-100 24-90 23-50 <5 <0.003
Cr 50 5-150 50-140 <15 <5 <1 <0.003
Fe 2000 300-25 000 1600-3000 640-3200 <150 50 <10 <0.05 <0.01
Mg 5-200 <5 <0.005
Mn 10-300 70-80 20-570 <5 <0.003
Mo 1-10 <10 <5 <0.003
Na <5 <0.005
Ni 10-100 40-80 <5 <0.01
Ti 200 100-1000 150-200 300-630 <5 5 <1 <0.01 <0.003
V 1-300 100-200 <5 <0.003
Zn <5 <0.005
Zr 5-300 30 <5 <0.01

1.2.3 Crystallization of Metallurgical-Grade Silicon

Liquid silicon is poured from the reining ladle so that all the slag remains in the ladle, which is of
critical importance, since poor separation results in unwanted oxide inclusions in silicon. Then, silicon is
cast in an iron mould for solidiication. Alternative solutions for solidifying silicon exist, such as water
granulation [14], but will not be discussed here.
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1.2.3.a Overview of the Solidiication Process

Solidiication of silicon involves complex physics and chemistry which will strongly inluence its inal mi-
crostructure. The fundamentals of crystallization are comprehensively covered in [15–18]. Rong [19] and
Forwald [12] speciically covered the case of silicon. Møll has recently studied experimentally and theoret-
ically the link between cooling rate and silicon microstructure (granular structure, impurity distribution
and chemical nature) [4].

Melt crystallization [20] refers to the case of the solidiication of a pure molten solid. Temperature
is the driving force of the process, as intense as the temperature is far under the melting point of the
solid (degree of undercooling). Like crystallization of solute substances in a solution, melt crystallization
proceeds with the nucleation and growth steps. The well known homogeneous nucleation and hetero-
geneous nucleation (on the mould) occur. Yet, the limiting parameter in melt crystallization is heat
transfer, speciically the removal of the heat of solidiication. Silicon is a bad thermal conductor and heat
of solidiication may be poorly dissipated, so that the temperature can stay rather high, if not provoking
the remelting of some of the crystallized zones. Aside heat transfer, the process is controlled by mass
transport of crystallizing material from the melt to the solidiication front, integration of this material
in the formed crystalline lattice and mass transport of impurities in the melt and its integration in the
crystal lattice (solid solution). The elementary difusion of silicon atoms in the liquid to the newly formed
crystal lattice results in crystal growth, discussed in the next paragraph.

1.2.3.b Crystal Growth

Silicon is poured in parallelepipedic casting moulds, usually covered with silicon powder to avoid transfer
of iron atoms from the mould to the melt. The inal silicon parallelepipeds, named ingots, are reported
to be industrially between 5 and 50 cm thick [19] by several meters wide and long.

Immediately after being poured, crystallization starts from the top and the bottom of the mould, due
to high temperature diference between the melt and ambient environment. As a result of this high driving
force towards crystallization, a lot of nuclei can be formed simultaneously, leading to numerous small
grains close to the outer boundaries of the ingot (chill zone). Once formed, this solid layer of silicon with
poor ability to transfer heat, limits the removal of the heat of solidiication from the inside of the ingot,
slowing down crystallization. Stabilized crystal growth can then occur, its symmetry being given by the
direction of heat transfer, what results in columnar growth (columnar zone). As crystallization proceeds,
heat transfer from the center of the ingot becomes harder (the thickness of poorly thermal conducting
solid silicon being increasing), so that slow equiaxed crystallization can take place. It is reported that
small crystals from the growing crystal planes can detach due to internal convection inside of the liquid
heart of the ingot and induce homogeneous nucleation. Figure 1.4 summarizes these crystallization steps,
while Figure 1.5 shows the classical microstructure scheme across a cast silicon ingot.

Since outer borders of the ingot freeze irst and silicon expands upon solidiication, pressure increases
in the melt during solidiication. This often causes the last melt to break the upper crust of the ingot
and to be squeezed out forming so-called silicon worms. Final grain size can range from around 1 mm in
the chill zone to 100 mm in the center of the ingot [19].

Detailed description of the local growth of dendrites and incorporation of silicon atoms of the melt
to the crystal lattice can be found in [12, 19]. Notably, depending on the crystal planes, growth can be
non-faceted (anisotropic rough dendrite, see Figure 1.4 case (a)) or faceted (directional smooth dendrite,
see Figure 1.4 case (b)). This will determine the local liquid-solid interface.

1.2.3.c Impurity Segregation

As crystallization proceeds, a solidifying ingot is composed of two phases: molten silicon and solid silicon,
both containing solute impurities. A thermodynamic equilibrium establishes at the interface between the
two phases, according to the reaction:

M=impurity element M(liquid) M(solid) �eff

�eff =
[� ]solid
[� ]liquid

(1.1)

�eff is the equilibrium constant, here called efective segregation coeicient, [� ]solid is the average
concentration of element M in the crystal and [� ]liquid is the concentration in the bulk of the melt (ie:
far from the interface where concentration is higher) [17].
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Figure 1.4: Crystal growth in a silicon ingot, from rapid solidiication on the chill to slower dendritic
(columnar) growth to the inside, scheme from [16] (as cited in [4]). If suiciently rapid, the columnar
grains can reach the center of the ingot (case a), while if too slow, dendrites can detach due to convection
and induce homogeneous nucleation and equiaxed growth in the center (case b).

Figure 1.5: Typical microstructure associated with cast silicon [15] (as cited in [19]). Chill zone is always
present as a thin layer, while the extent of columnar and equiaxed zones can vary.
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Liquid

Solid

Solid

Macro-segregation

Micro-segregation

Figure 1.6: Macro-segregation along the crystal growth direction and lateral micro-segregation. Impuri-
ties are rejected from the solidifying melt, ahead of the solidiication front or between growing columnar
crystals.

Table 1.3: Properties of impurity elements in silicon: solubility in crystalline silicon, efective segregation
coeicient �eff , and energy difusion parameters in terms of Arrhenius reaction (attempt frequency D
and temperature range, which corresponds to the activation energy required).

Impurity Maximum Solubility Efective segregation Temperature Frequency Factor D
element (wt ppm) coeicient (dimensionless) range (�C) (cm2.s−1)

Ref [19] [19] [1] [1]
B 4432 0.8 1100-1250 2-20
P 26527 0.35 1100-1250 1-20
Al 384 3 .10−2 1119-1390 1.3-1.8
Ca 171 1.6 .10−3 1100 10−14

Cr 1 .10−5 1100-1250 1 .10−2

Cu 4-8 .10−4 800-1100 0.4-4 .10−2

Fe 1.1 6-8 .10−6 30-1250 1.3 .10−3

Mg 260 1.6-2 .10−3

Mn 1.3 1 .10−5 900-1200 6.9 .10−4

Ti 0.2-1 .10−5 950-1200 1.45 .10−2

V 0.4-1 .10−5

Zn 2.8 980-1270 0.1

For most of impurity elements, �eff << 1, what means the solutes preferentially stay in molten silicon.
As a consequence, impurities will be pushed out by the solidifying crystals and impurity concentration
increases in the melt. Table 1.3 summarizes the thermodynamical properties of the main impurities,
relevant to segregation and difusion in solidifying silicon. It can be seen that the only exceptions to
this behavior are the doping elements (boron and phosphorus), which are solute in the silicon lattice.
The other elements will be referred to as alloying elements. During columnar growth, the solid-liquid
interface can be overall parallel or perpendicular to the solidiication direction, leading to micro (lateral)
and macro (longitudinal) segregation, as depicted in Figure 1.6. Macro-segregation leads to enriching the
remaining melt (thus ultimately the center of the ingot) while micro-segregation concentrates impurity
elements between growing columnar grains eventually leading to concentrate the impurities at the grain
boundaries. This latter fact is notably due to the low solubility of most elements in crystalline silicon.
Impurity elements will inally precipitates as intermetallics, alloyed with each other and with silicon
(silicides). Main intermetallic precipitates are FeSi2.4, Al3FeSi2, Al6Fe4Si6, Al2CaSi2, CaSi2, FeSi2Ti and
Al6CaFe4Si8 [21].

The spatial distribution, shape and chemical composition of the intermetallics strongly depends on
the cooling rate. Table 1.3 shows that even if silicon is already solidiied, difusion of the impurities is
energetically activated until the temperature is less than around 900�C. Consequently, impurity elements
can either nucleate or difuse to existing intermetallics. If time is long enough, the system will tend to
form the most thermodynamically stable precipitates and reduce supericial energy, that is form larger
impurity spots with least surface to volume ratio. Møll numerically and experimentally showed that
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depending on the casting process (either insulating or removing heat more eiciently), temperature in
MG-Si after solidiication can stay higher than 900�C for a few minutes to a few hours [4]. The resulting
microstructures have been characterized, especially the segregation of impurities within the ingots and
their size and shape, conirming that slower cooled samples exhibit larger and rounder precipitates than
fast cooled.

1.2.4 Further Puriication

Silicon for the silicones industry does not require higher purity than reached after slag reining. Yet, we
report in this Paragraph that solar and electronic applications of silicon demand much more pure silicon.
As mentioned before, MG-Si reserved for solar and electronic industry can be further puriied by

advanced slag techniques. Other purifying techniques include directional solidiication (taking advantage
of the solid-liquid distribution of impurities upon solidiication), chemical leaching, vacuum or plasma
reining. These techniques are reviewed in [22]. The classical route to solar silicon and electronic-grade
silicon is the so-called Siemens process, which proposes to obtain trichlorosilane HSiCl3 (TCS) in a
luidized bed reactor and then decompose the TCS at high temperature to thus form silicon by chemical
vapor deposition [22, 23]:

Si(s)+ 3HCl(g)
620K

HSiCl3(g)+H2(g) Hydrochlorination of silicon

2HSiCl3(g)
1370K

Si(s)+ SiCl4(g)+ 2HCl(g) Thermal decomposition of TCS

1.3 The Direct Process to Dimethyldichlorosilane

This Section irst gives an overview of the successive operations transforming silicon into silicones. Special
focus is devoted to the key reaction, the Direct Synthesis of DMDCS, whose particular nature requires
elaborate powder processing to be eicient on an industrial scale.

1.3.1 Overview: From Silicon to Silicones

1.3.1.a The Direct Synthesis of Dimethyldichlorosilane

Organosilicon chemistry was born in the middle of the 19th century, following the work by Charles Friedel
and James Mason Crafts. Ladenburg then prepared the irst silicone oil, but the silicones were developed
only in the 1940s, when their astonishing properties were brought to light. Their discovery was driven
by military applications, namely the sealing of submarines. From a historic point of view, the reader is
recommended to read the paper by Seyferth which details the intermediate discoveries that lead to the
so-called key to the silicones industry: dimethyldichlorosilane (DMDCS) [24]. The discovery of the Direct
Synthesis of DMDCS is attributed to Eugene Rochow and Richard Müller. The paper by Rochow was
released in the end of World War II [25] and the method of production immediately patented by General
Electric [26].
The Direct Synthesis of DMDCS reads:

Si(s)+ 2MeCl(g)
Cu catalyst, promoters

530−640K
Me2SiCl2(g)

DMDCS is not the only product of the reaction, but a wisely chosen set of conditions and catalyst
enables selectivity as good as 80-90 % [27]. This is astonishing performance for a heterogeneous solid-
gas reaction catalyzed by another solid. Note also that the reaction is exothermic, releasing about
330 kJ.mol−1 [28]. By-products formation can be summarized schematically as:

Si(s)+ pMeCl(g)
Cu catalyst, promoters

530−640K
MemSiHnClp(g)

where m+n+p=4; m,n,p = 0..4

The main by-products are the other methylchlorosilanes (n=0) and their recycling is one issue of
industrial processes [29]. It should be noted that the synthesis is not limited to the methyl group: other
alkyl groups R may be introduced as RCl gases, what was claimed as early as in the original patent [26].
Obtaining DMDCS is of critical importance because it constitutes the building block unlocking the

path to siloxane polymers (silicones, see paragraph 1.3.1.b), which have proven of versatile usefulness (see
paragraph 1.3.1.c).
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1.3.1.b Downstream Process: towards Polysiloxanes

As mentioned in the chemical equations, DMDCS and all by-products are gaseous: obtaining pure prod-
ucts requires a separation step looking tricky at the irst sight, because the boiling points of the diferent
products are separated by no more than a few degrees. Very high distillation columns are industrially
used to obtain the puriied DMDCS and by-products with a high eiciency [24, 30].

Puriied DMDCS is hydrolyzed into an intermediate silanol, then polycondensed by dehydration in
an acidic medium:

Cl−SiMe2−Cl
H2O

HO−SiMe2−OH
disilanol

+ 2HCl

nHO−SiMe2−OH [−O−SiMe2−]n
polysiloxane or silicone

+ (n−1)H2O

The absence of other methylchlorosilanes is critical here, because they would cause unwanted cross-
linking, thus leading to by-products. Even without cross-linking, the synthesized polysiloxanes or silicones
can have various degrees of polymerization and be cyclic (3 to 30 monomers length, among which the
so-called D3, D4 and D5 are of particular interest) or linear (approximately 50) [31]. These molecules are
separated and shaped (e.g. as emulsions, resins, greases, rubbers, etc) adapted to their various speciic
applications [31]: linear polymers (silanols) are used for example in hair gloss, while cyclic compounds
are used in antiperspirant formulation or cleaning solvents for circuit boards.

1.3.1.c Silicones Applications

Most silicones are business to business products: they are incorporated by several industries in their
products before being sold to customers. They are also used in industrial processes. A very wide range
of ields need silicones polymers, from agrifood to automobile, cosmetics or pharmaceutics [32]. Silicone
polymers are renown for their amazing properties of electric insulators, anti-adhesives, water repellents.
Details can be found in books dedicated to the chemistry of silicones [33].

1.3.2 The Direct Process: Industrial Application of the Direct Synthesis

The Direct Process, i.e. performing the Direct Synthesis of the dimethyldichlorosilane (DMDCS) on an
industrial scale, takes metallurgical-grade silicon (MG-Si) lumps as input and produces DMDCS and by-
products. A scheme of the process is shown in Figure 1.7. The MG-Si ingots produced by metallurgists
(see Section 1.2) are usually crushed at the silicon production plant into silicon lumps with size smaller
than 30 mm for making transport easier. These lumps are milled to obtain powdered silicon, which is
mixed with a copper catalyst (generally copper metal Cu, copper chloride CuCl or copper oxide CuO) and
promoters (tin and zinc, under various chemical forms). Other promoters (e.g., Cs, Rb) are sometimes
mentioned [34]. The mixture, called the contact mass, is fed to a luidized bed reactor, whose luidizing
gas is chloromethane MeCl, thus reacting with silicon. This reaction is exothermic: luidization assists the
evacuation the heat of reaction and homogenizing the temperature. Me2SiCl2, by-products and unreacted
MeCl are recovered at the top of the luidization column from solid-gas separating cyclones, because the
outlow is composed of a mixture of these gaseous products and entrained silicon ines (as aerosol).

The special feature of the whole Direct Process arises from the very nature of the chemical synthesis of
DMDCS: heterogeneous solid-gas reaction catalyzed by another solid appears very complicated, at least
from the chemical activity and the molecularity points of view. On the one hand, for the sake of industrial
productivity, powder must be used to maximize the speciic surface and thus the area were the solid-gas
reaction can actually take place. That is why the grinding step is necessary. Moreover, industrial solid
processing is easier when dealing with powders, what will be discussed in details in Section 1.3.4. On the
other hand, the reaction is actually possible because copper is not the active catalytic phase, but silicon
and copper form an intermetallic phase that is the true catalyst on which MeCl will adsorb and react.

Therefore, when conducted batchwise, the Direct Synthesis exhibits three reaction stages, as described
by Glasson [35]: Figure 1.8 represents schematically the activity, i.e. the mass of DMDCS produced by
unit of time and by unit of silicon reacting versus the silicon conversion, that is the mass ratio of reacted
silicon versus unreacted silicon (the latter being constant in a batch process). The irst stage arises from
the formation of the active catalytic phase in situ, assisted by MeCl and by heating the contact mass
towards the reaction temperature of 300�C. Then the catalytic phase reacts exothermically with MeCl to
form DMDCS, with stable performances (stage 2). Finally, stage 3, the activity decreases for high silicon
conversions, due to the accumulation of impurity elements in the catalytic sites that gradually deactivate
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Figure 1.7: Scheme of an industrial Direct Process low chart, from silicon lumps to dimethyldichlorosilane
(DMDCS); the process comprises a size reduction step in a grinding mill, before the Direct Synthesis is
conducted in a luidized bed reactor (FBR).

the contact mass. Amongst others, coke is reported to form and cover preferentially reactive sites on the
silicon powder [36].

Subsequently, the overall target performances of the reaction are: during stage 2, high activity (high
production rate of DMDCS), high selectivity towards DMDCS (low production of by-products), and
inally maximization of stage 2 period, i.e. reduction of the induction period (duration of stage 1) and
postponing stage 3. To achieve high performances, two parameters are critical: (a) the temperature in the
reactor [28, 37] and (b) the chemical composition of the contact mass, including trace elements present
in the MG-Si, the catalyst, promoters and MeCl [19].

Figure 1.8: Activity of the Direct Synthesis
versus silicon conversion in a batch reactor,
from [35]. Stage 1 is an induction period
(formation of the catalytic active phase),
stage 2 is the stable production of DMDCS
and stage 3 is a depletion stage where the
catalytic phase is gradually deactivated.

(a) Temperature is essential given the similarity be-
tween DMDCS and by-products: the most thermody-
namically stable product and by-product composition is
very sensitive to temperature variations. Not only the
mean temperature of the reactor must be monitored, but
the local temperature at which the reaction occurs is
all-important. Zones maintained at temperatures higher
than expected, the so-called hot spots [28], may lead to
higher by-product concentration, even to deactivation of
the catalyst by forming solid products covering the active
sites [28, 36]. These phenomena are related to bed hydro-
dynamics and are further discussed in Section 1.3.4.

Besides, (b) the composition of the contact mass is cru-
cial for the Direct Process. Not only the overall ratio sili-
con versus catalysts and promoters is important: the con-
centration of almost every other compounds is inluencing
the reaction performances, by facilitating the formation of
the active phase and thus reducing the induction period or
leading to a greater number of active sites; by modifying
the active site geometry and thus changing the selectivity
towards DMDCS. In particular, alloying elements present
in MG-Si are of paramount importance. A great amount of research has been carried out to understand
the fundamentals of the reaction mechanism and the inluence of the diferent trace elements on the dif-
ferent steps of the mechanism. A synthetic review on the study of the chemistry of the Direct Synthesis
constitutes the following Section 1.3.3.
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1.3.3 Chemistry of the Direct Synthesis

The fundamentals of the chemistry of the Direct Synthesis, regardless of how widespread and productive
are its industrial applications, are still to be understood. Both the formation and the chemical nature
of the active phase and the actual reaction between MeCl and this catalytic phase have extensively been
studied though. The complexity of the reaction arises from the numerous impurities which each play
signiicant and competitive roles in the Direct Synthesis.

1.3.3.a Formation of the Active Phase

The presence of the catalyst is necessary to obtain DMDCS: when not catalyzed, the reaction rate is very
slow and not selective for DMDCS [25, 38]. A copper catalyst is therefore always added to MG-Si: various
chemical forms were reported (Cu, CuCl, CuO, Cu2O, a mixture of those, ...) and elaborate catalysts were
still proposed the recent years [39–45]. Yet, the catalytic active phase is never the introduced catalyst
itself, but the product of a reaction between silicon and this catalyst.

Surface oxidation constitutes a barrier between copper and silicon: native oxide layers of SiO2 as
thick as 20 nm completely forbid the reaction between Cu and Si [46]. Native oxides of a few nanometers
conversely allow the reaction but thinner initial oxide layers exhibit lower induction time and better
selectivity, even after the end of the induction period [47]. On an industrial scale, limiting surface
oxidation of silicon particles after milling (i.e. liberating fresh unoxidized surfaces) should therefore be a
concern, even if an oxide thickness of less than 1 nm exhibits performances poorer than 1-3 nm thick [48].
The variation of the barrier efect with such thin oxide layers may be linked to the difusion through SiO2,
but also to the structure of native oxide formed on silicon, which exhibits partial stoechiometries (SiO
or even richer silicon content) for thin oxide layers [49]. The initial surface state was found to inluence
the reaction between CuCl and a silicon wafer [50]. Overall, the reaction between silicon and the copper
catalyst appears to occur at the surface defects of a thin native oxide [51].

Reacting silicon and copper leads to discrete sites at the surface of silicon, particularly at the surface
defects (pores, twin boundaries, edges,...), leading to so-called "copper decoration" [19]. Several authors
studied the geometry of the sites obtained by depositing CuCl on silicon wafers [35, 52–54]. Glasson
especially observed copper decoration by CuCl and metal Cu [35]. The copper silicide phase is very often
reported to be �-Cu3Si (irstly by [28]) but several stœchiometries may co-exist [55]. The geometry of
the active sites is changed for example by small amounts of aluminum and lead [52].

1.3.3.b Reaction with Chloromethane

Once the catalytic phase formed, the reaction further depends on MeCl adsorption on the surface [56, 57],
then on the transfer of the methyl and chlorine groups to silicon atoms. This latter fact was investigated
to unravel the chemical pathways under ultra high vacuum [58–60] or by simulation [61]. A silylene
compound is commonly accepted as an intermediate of the reaction [37, 62–64]. Other research were
carried out to study the activity and selectivity towards DMDCS depending on the catalyst and promoter
mass fraction in conditions closer to industrial ones [28, 65–67].

The usual promoters of the reaction are tin and zinc. The promoted "CuSiZnSn" phase exhibits higher
activity and selectivity for DMDCS than the unpromoted "CuSi" [68] or semi-promoted "CuZnSi" [66].
Tin, with its low melting point (232�C), is thought to be able to spread over a large surface area and thus
promote the adsorption of more methyl functions on silicon surfaces, while zinc should promote the rate
of nucleation of active sites on silicon surfaces [69]. Zinc was also found to improve selectivity [51, 66].
Calculations based on thermodynamics data suggested that the inluence of the metal promoters was to
decrease the energy barrier of the reaction pathway towards methylchlorosilanes (thus kinetically favoring
them), which are not thermodynamically favored compared with chlorosilanes [37]. The promoters should
thus help the transfer of the methyl group on silicon atoms. The overall hypothetized mechanisms were
reviewed several times [27, 70, 71].

1.3.3.c Inluence of the Impurities on Reaction Performances

Another special feature of the Direct Synthesis is that even if the silicon, catalyst and promoters mixture
is suitably designed, the performances can vary dramatically with the grade of the silicon used. Bablin
et al. reported an industrial failure due to low aluminum content in the MG-Si used [72]. This case is
symptomatic for the paramount importance of the impurities of MG-Si in the Direct Synthesis.
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Figure 1.9: Inluence of the intermetallic compounds
in metallurgical-grade silicon on the performances of
the Direct Synthesis, from [73].

The inluence of the main impurities present in
MG-Si, i.e. aluminum, calcium, iron and some-
times titanium (see Table 1.2) has attracted great
attention. The impact of these alloying elements
in silicon on the Direct Process performances were
studied either by adding exogeneous Al metal,
AlCl3 or CaCl2 to pure silicon [65, 74] or by di-
rectly working with metallurgical-grade silicons
with diferent compositions [19, 73, 75]. Al was
generally found to strongly increase the activity,
by favoring the formation of the catalytic phase
but also of its decomposition, while Ca and Fe
counteract the efect of aluminum, thus decreas-
ing the activity but promote selectivity towards
DMDCS [75]. However, the total impurity con-
tent was found not to be a suicient data. Firstly,
aluminum and calcium can be present as slag in-
clusions (due to poor separation during the casting
step, see Section 1.2.3), which are unreactive to the
Direct Synthesis [19, 76]. Secondly, even if they are not in slag, the chemical nature of the impurities is
decisive. As explained in Paragraph 1.2.3.c, alloying elements, i.e. metal impurities present in molten
silicon, segregate to the grain boundaries upon silicon crystallization and precipitate as intermetallics:
FeSi2.4, Al3FeSi2, Al6Fe4Si6, Al2CaSi2, CaSi2, FeSi2Ti and Al6CaFe4Si8. Rong showed particular reac-
tivity of the grain boundaries [19]. The reactivity of commercial silicides towards CuCl were studied
by Gillot et al. FeSi2Ti has proven unreactive [77] or slightly deleterious to the process [73]. CaSi2
was found detrimental because of its surrounding other precipitates, thus preventing their activity at
the surface [19]. The quaternary alloy Al6CaFe4Si8 increases the selectivity without playing a role on
activity [75]. Figure 1.9 is the summary by Margaria et al. of the efect of the diferent intermetallics [73].
Several of the intermetallic compounds were thermodynamically studied: FeSi2.4 and its allotropes [78],
Al6CaFe4Si8 [79], all the binary and ternary phases [13]. The point of these studies is to propose routes to
controlled silicon microstructures and intermetallic content that are optimized for the Direct Synthesis,
by annealing MG-Si [73] and/or by speciic reining or casting techniques [80, 81]. The latter patent
claims for example contents of 0.37, 0.15, 0.056 and 0.022 wt% for Fe, Al, Ca and Ti, respectively and
achieving 0 % of the phase Al2CaSi2.
The other metal impurities (see Table 1.2) are preferentially solute in one or several of the intermetallic

silicides. Møll comprehensively described the efective concentration of the solute minor impurities in the
diferent silicides [4]. Yet, to our knowledge, no study was devoted to the inluence of the minor metal
impurities on the Direct Synthesis.
The other impurities of MG-Si are the doping elements, notably phosphorus and boron, which are

solute in silicon lattice. Phosphorus has attracted great attention since it has been found to increase the
rate of silicon conversion by increasing the density of methyl groups at the surface of silicon [69]. P is also
reported to improve the selectivity [82]. Therefore, many inventors proposed to introduce phosphorus in
the reactor by adding solute P in MG-Si [82–84], by introducing organophosphines in the reactor [85] or
by adding phosphorus to the copper catalyst [86]. To explain the chemical role of these elements, Lorey
and Roewer suggested that the doping type of the silicon used plays a signiicant role on the insertion of
the chlorine bond to the intermediate silylene: n-type doping would appropriately promote this insertion
while p-type makes easier the transfer of the whole Si-Cl group, leading to disilanes [87].
Apart from the impurities present in metallurgical-grade silicon, it was shown that the oxygen con-

tent in the luidizing MeCl decreases the activity of the reaction, without inluencing selectivity. This
observation was made at diferent temperatures for oxygen content ranging from 1 to 2000 ppm; best
performances were achieved with the lowest oxygen content [88]. The impurity content and the catalyst
preparation is also of importance [19].

1.3.4 Powder Processing in the Direct Process

1.3.4.a Overview of Powder Processing & Fine Particles

Powder handling is a challenging issue of chemical engineers in a number of industries [89]. Solids are
trickier to process than liquids and speciic adaptations of the industrial operations on liquids have been
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developed for solids [90, 91]. The Direct Process operations deal with solid silicon from the inlow to the
outlow (see Fig. 1.7): silicon lumps are irst reduced down to a powder, then this powder is luidized in
a luidized bed reactor in order to get the dimethyldichlorosilane. Conveying these lumps and powder is
achieved with belt and pneumatic conveyors [92], respectively.
After grinding, silicon powder (0-500 ��) includes ine particles, likely to be liberated as aerosols.

The detachment of cohesive particles (<1-10 ��) from surfaces is a research topic encountered in various
ields, from waste management and environment science, for example for predicting pollution [93], or
for properly releasing active molecules from drugs in the respiratory track [94]. A speciic literature is
dedicated to the underlying physics [95]. The main issues with powders are dust explosions [96] and
health and environment impact [97]. Silicon is reported to be explosive when in a pulverulent state
according to its material safety data sheet (MSDS). Dust explosions are particularly watched by silicon
metallurgists, because in addition to the high concentrations of silicon dust in ambient air of the plant,
these particles can already have high temperatures [98]. Explosions hazards are also encountered in the
granulation process of silicon [99]. Even not at the metallurgist’s plant, ine powders should still be
handled with care: powder explosions are particularly frequent in storage hoppers (20 % of the total
reported explosions) and in grinding mills (13 %). Conversely, no health issue is associated with silicon
metal on its MSDS. Yet, even if chemically inert, particles smaller than 10 �� can be deleterious to
the respiratory track by accumulating in the alveoli and bronchi [100–102]. In addition to these issues,
ine particles can cause diiculties in industrial powder processing operations, such as size reduction and
luidization.

1.3.4.b Comminution

Comminution (size reduction) of silicon is necessary to achieve suicient productivity on an industrial
scale. Silicon ingots of several square meters are crushed at the silicon production plant: the obtained
lumps are transported to the Direct Process unit and have to be further ground, in order to get the
reactive powder. For this purpose, tumbling mills such as ball mills [6] or vibration mills [103] can be
used. Yet, various comminution devices exist in the industry [104, 105], an overview is given hereafter in
Section 3.5.
Comminution steps are non-neutral, since they can introduce defects in the material’s structure or even

promote chemical reactions (mecanochemistry). To take advantage of the grinding step, several authors
proposed to simultaneously grind silicon and the copper catalyst in order to form the active phase during
this step [106, 107]. The introduction of surface defects can be advantageous since this activates surfaces:
an increased reactivity towards CuCl was observed with increased severity of grinding [55].
The target particle size distribution (PSD) is not unique. For suitable luidization properties, several

authors recommend maximal size of less than 500 �� [6], even of less than 350 �� [107, 108]. Particles of
several hundreds of microns are commonly encountered in luidization industries. For the sake of Direct
Process performances, it was claimed that the content of particles smaller than 5 �� should be less
than 2 % by weight [108]. Note that several authors proposed PSDs ranging from approximately 1 to
50 �� [109–111], always specifying a target for the smallest particles. In conclusion, quite narrow PSDs
are the target of the grinding step and the production of ine particles should be avoided. A detailed
study of the grinding of silicon lumps is presented in Part 3.

1.3.4.c Fluidization

Fluidized bed reactors (FBRs) are used in various industries, whose common concerns are gas-solid
contact and heat and mass transfer. The performances of the Direct Synthesis are strongly linked to
the luidization performances. Indeed, as the temperature is a critical parameter of the process, the
temperature optimized for better activity and selectivity identiied in controlled conditions, reported to
be approximately 570 K [66], should be locally maintained, despite the release of the heat of reaction.
It is underlined that in luidized bed, a suitable mean temperature does not exclude the presence of
hot spots [112], leading to poorer performances. All the luidization parameters should therefore be
wisely tuned to guarantee the reaction performances [113]. The luidization behavior is very sensitive
to the ine particles content, which can improve or degrade the properties within a narrow range of
sizes and content [114]. The PSD obtained by grinding (see Section 1.3.4.b) is therefore critical. Another
phenomenon impacting luidization is the elutriation of ine particles, that is the removal of these particles
from the bed by the upward motion of the gas. Elutriation changes the bed PSD and subsequently the
luidization properties, therefore it needs to be understood and controlled.
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In addition to the industrial concerns regarding FBRs for the Direct Process, this phenomenon is
also a powerful tool to study the behavior of powders at the bulk scale. In Part 4, luidization is
used to investigate the collective behavior of silicon powders and the interparticle adhesion behavior
through elutriation. That is why a cold experimental model, i.e. MG-Si luidized by nitrogen so that no
reaction occurs, is on topic. Special attention is devoted to the electrostatic and triboelectric phenomena
concerning metallurgical-grade silicon. The present work then also gives insights into the underlying
physics inluencing the industrial performances of the Direct Process.

1.4 Highlights

� Silicon is the deining element of the modern world, because of its role in computers. Yet, the silicon
market is mainly composed of the silicone polymers, aluminum alloys and photovoltaic applications
(Fig 1.2). Silicones in particular play a ubiquitous role in our everyday lives.

� Like many metals, silicon is produced through the carbothermic reduction (Fig 1.3) of its oxide,
silica SiO2, in electric arc furnaces: the obtained silicon has a purity of 98-99 % and is called
metallurgical-grade silicon (MG-Si).

� The impurity level in MG-Si can be tuned to a certain extent. Table 1.2 summarizes the expected
concentration range for many elements. We can distinguish between doping elements (B and P)
that are solute in MG-Si grains; and alloying elements, the main ones being Al, Ca, Fe and Ti, that
segregate to the grain boundaries where they precipitate as intermetallic compounds (silicides).

� MG-Si is converted into dimethyldichlorosilane (DMDCS), which is the key monomer to silicone
polymers, by the Direct Synthesis. This reaction is a solid-gas reaction between silicon and
chloromethane MeCl, catalyzed by copper and promoted by zinc and tin: this catalysis enables
the overall reaction to yield high activity (rate of production of DMDCS) and selectivity (ratio of
DMDCS versus by-products).

� Industrially, the Direct Process to the DMDCS (Fig. 1.7) is fed with MG-Si lumps, which are ground
down to a powder to increase the silicon speciic surface and activity. Then silicon is mixed with
catalyst and promoters and inally luidized by MeCl in a luidized bed reactor (FBR).

� The process is very sensitive to the local temperature, hence to the luidization properties, them-
selves determined by the particle size distribution of the powder achieved during the griding step.
Fine particles are especially decisive for the luidization properties.

� The process also strongly depends on the impurity content and the chemical nature in which they
appear within the used MG-Si.

The route to dimethyldichlorosilane thus involves complex phenomena combining powder processing
and complex chemistry. The fundamentals of the chemistry and the performances of the Direct Synthesis
(i.e. the inal response of the overall system) have been extensively studied (See Paragraph 1.3.3).
Fewer attention was attracted by the fundamental phenomena linked to granular media physics and
powder processing. However, the grinding step is crucial to the performance of the Direct Process, for it
determines the particle size distribution of the MG-Si powder and can inluence the chemical nature of
this reactant. Similarly, luidization properties greatly inluence the performances of the process. Fine
cohesive particles particularly play a role in the powder behavior, even when their concentration is low,
due to their large number and surface area (see Fig. 1).
This dissertation will thus focus on the metallurgical-grade silicon powder for the Direct Synthesis

and more precisely on the inluence of ine particles on the overall process. Therefore, the accurate
characterization of powdered MG-Si was undertaken, focusing on the poorly known ine particles and
is reported in Part 2. The origin of the ine particles in the Process was then investigated by studying
the grinding behavior, as described in Part 3. Finally, the consequences of these ine particles on the
collective behavior of the granular media was examined, especially in the context of luidization (Part 4),
the role of electrostatics and triboelectricity in powder handling was particularly highlighted. Fig. 2, in
the general introduction, graphically summarizes the outline of the dissertation.
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Part 2

Characterization of

Metallurgical-Grade Silicon powder:

Size, morphology, chemistry,

crystallography and mechanical

properties

This part addresses the characterization of metallurgical-grade silicon (MG-Si) powder. If the structure
of bulk MG-Si is well-known, no research paper reports the modiications of this structure when MG-Si
is ground down to a powder. To that purpose, an extensive characterization of ground MG-Si powder is
described hereafter, detailing the size and shape of the particles, the chemical composition depending on
particle size, the crystallography and mechanical properties.
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2.1 Size & Shape of ground MG-Si particles

2.1.1 State of the art

2.1.1.a Size of a Single Particle

As soon as singular is chosen when speaking about particle "size" (without s), it becomes obvious that
a single dimension is expected for characterizing the size of a particle. A sphere can of course be fully
described by its diameter, but irregularly shaped particles cannot. Assigning a unique size to non-
spherical objects then implies a reduction to a single dimension: the obtained size is a so-called equivalent
diameter and can be determined by various means. The following descriptions can be found in "Particle
Size Measurements" by Merkus [1]. The qualitative description of size proposed are: smaller than 1 ��

are ultraine, between 1 and 10 �� ine, 10 to 100 �� medium ine, 100 to 1000 �� coarse and very
coarse above.
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Orthogonal Projection 
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20 µm
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diameter
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Feret's and Martin's 

diameters
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Figure 2.1: Examples of Feret and Martin diameters for the SEM micrograph (SE) of a MG-Si particle,
vertically projected. The particle is assumed in its most stable resting position. The Feret and Martin
diameter of the particle are the mean value of these diameters in all directions.

Historically, particles were directly visualized under a microscope. In that case, the two-dimensional
image obtained is a projection of the particle: for its relative position to be ixed, it is recommended
that the particle lies in its most stable resting position on its stand. Then, several images of the same
particle can be taken, e.g. from top and side view. Figure 2.1 illustrates the projection of the top view of
a particle of MG-Si observed by a scanning electron microscope (SEM) operating in secondary electron
(SE) mode. For a given straight line (D), one can deine (1) the Feret diameter along (D) �FD as the
maximal distance between two parallel lines tangent to the particle; (2) the Martin diameter along (D)
�MD as the length of the chord collinear to D that splits the particle in two equal areas. As depicted
on Fig. 2.1, these diameter are not necessarily equal to each other and vary with the chosen direction.
Generally, the Feret �F and Martin �M diameter of the particle are taken as the statistical mean of these
diameters along all directions. Strictly, this should be carried out for all projection planes to compute
the Feret or Martin diameter of the particle. To avoid the need for multiple projections, the length and
breadth of the particle can be deined as the maximal and minimal Feret diameter, respectively, and the
thickness of the particle as its height, when the particle is lying in its maximal stability position.
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Figure 2.2: Illustration of the equivalent diameters concept for several
physical phenomena: if a particle has the same behavior as a spherical
particle of size �p would, this particle is considered to be of size �p.

A very useful alternative to
direct observation is to mea-
sure a size-dependent property
of the particle. Then, the size
of this particle is considered as
�p, the size of the sphere lead-
ing to the same measurement.
This concept is known as the
equivalent spherical diameter:
of course, the equivalent spher-
ical diameter will depend on
the property considered for dis-
tinguishing between particles.
Several examples are depicted
in Figure 2.2, but more ex-
ist [2]. Note in particular that
two particles can have one of
these equivalent diameters �p
equal, without having all of
them equal.

2.1.1.b Particle Size Distribution (PSD) of a powder

Statistical distributions: the probability and cumulative density functions Not all of the
particles within a real powder have the same dimensions, thus describing the powder requires knowing
the size of a statistically suicient number of particles. Practically, a statistical distribution of sizes �p is
obtained and called the Particle Size Distribution (PSD) of the powder. The graph of the PSD displays
the occurrence within the powder � versus the particle size �p. A PSD �(�p) mathematically constitutes
a probability density function (PDF), as deined in probability theory. By analogy �(�p) represents the
probability of obtaining the size �p when randomly picking a particle from the powder.
The probability density function � can also be expressed as a cumulative density function (CDF) �

(the notations Q and q are recommended by the standard ISO-9276-1). By deinition, � is the sum of �
from 0 to �p, thus �(�p) is the probability of obtaining less than the size �p when picking a particle. Its
deinition and fundamental properties are formally:

�(�p) =

︁ dp

0

�(�)�� (2.1)

lim
dp ↦→0

�(�p) = 0 ; lim
dp ↦→+∞

�(�p) = 1 (2.2)

Q is non-decreasing and right-continuous.

Physically, the above-mentioned mathematical properties are obvious in the case of PSDs since Eq. 2.2
reads: all particles have a size larger than 0 and smaller than ininity, while the latter property is implied
by the fact that � � 0. The most helpful property of the cumulative distribution over the PDF is that the
above-deined limits are normalizing the distribution. It is then easy to check on a graph whether two
PSD plots are properly normalized to the same value. PDFs are normalized by the area under the curve,
which is diicult to estimate at a glance on a graph. Several examples are plotted below in Fig. 2.3. The
axes follow the recommendations of the aforementioned standard.

Mathematical description of empirical PSDs It is often helpful to be able to mathematically
describe a PSD: to this purpose, several distributions parametrized by a small number of variables can
be used (borrowed to probability theory). Several widely used distributions are deined in Table 2.1 and
four of them are plotted in Fig. 2.3. Note that in order to show several orders of magnitude at once, the
graphs are plotted versus a semi logarithmic axis. In the context of PSDs, the Weibull distribution is
most of the time called the Rosin-Rammler distribution. The cumulative PSD plot enables the graphical
determination of characteristic diameters such as the median size �50, or �10 and �90 that are the particle
diameters under which respectively 10 and 90 % of the distribution is included. More generally, �(�n) =
� % with n<100. At diameter �100, the cumulative PSD reaches 100 %, meaning every particle has a
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Table 2.1: Mathematical deinition of several distributions [3]. For any number n<100, �n is the diameter
that veriies �(�n) = � %; among these, �50 is the median size. The truncation size �100 is the diameter
verifying �(�100) = 100 % and �(�p) < 100 % for any �p < �100.

Distribution Deinition Parameters

Weibull
(Rosin-Rammler)

�(�p) = 1− exp

︂

−
︁

dp
d63.2

︁λ
︂

�63.2 the scale factor; � the shape factor

normal �(�p) =
1
2

︁

1 + erf
︁
dp−d50
σ
√
2

︁︁

�50 simultaneously the median, mean and
mode; � the square root of the variance

log-normal �(�p) =
1
2 + 1

2 erf
︁
ln(dp)−ln(d50)

σ
√
2

︁

�50 the median; � the scale factor

logistic �(�p) =
1

1+
︁

dp
d50

︁

−λ �50 simultaneously the median, mean and
mode; � > 0 the scale factor

Gaudin-Meloy �(�p) = 1−
︁

1− dp
d100

︁n

�100 the truncation size; � the shape factor

Gaudin-
Schuhmann

�(�p) =
︁

dp
d100

︁n

�100 the truncation size; � the shape factor

Harris �(�p) = 1−
︁

1−
︁

dp
d100

︁s︁n

�100 the truncation size; � and � shape fac-
tors

smaller size. Often in powder processing, particles larger that a deinite size are removed: this size is
then called the truncation size (forced value of �100). The Gaudin-Meloy and Harris distributions are
truncated distributions; truncated versions of the other distributions in Table 2.1 exist and require to
add a supplementary parameter, that is the cut size �100 [1, 3].

Coordinate systems speciically devised to highlight the closeness of the plotted distribution to these
mathematical distributions are sometimes used. For example, the plot of a Rosin-Rammler distribution
�(�p) on axes ��(�p) and ��[��( 1

1−Q(dp)
)] gives a straight line.

Average Diameters and Characteristic Values of a Distribution The distributions presented
above are fully characterized by two or three parameters, but more complex, experimentally obtained
PSDs often cannot be so simply reduced. Two approaches are mainly used for describing real PSDs, often
simultaneously: �n values and average diameters.

First, the above-mentioned �50, �10 and �90, give information about the median, the smaller sizes
and the larger sizes, respectively. The span (dimensionless) encompasses these values to characterize the
width of a PSD, with smaller spans being narrower PSDs:

���� =
�90 − �10

�50
(2.3)

The other widely used average diameters arise from the moments of the distribution. The k-th raw
moment � ′

k of a distribution � is deined as:

� ′
k =

︁ ∞

0

�k
��(�)

��
�� =

︁ ∞

0

�k�(�)�� (2.4)

The most familiar moments are central moments �k, which focus on the distribution around the mean
value. The names of �1, �2, �3 and �4 are the mean, variance, skewness and kurtosis, respectively.
The general deinition of the k-th central moment �k of the distribution �, whose mean value is < �p >,
is:

�k =

︁ ∞

0

(�− < �p >)k
��(�)

��
�� =

︁ ∞

0

(�− < �p >)k�(�)�� (2.5)
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Figure 2.3: Cumulative (solid line) and frequency (dashed line) particle size distributions for the Weibull,
normal, log-normal and logistic distributions (with mean size 200 �� and variance 80 ��). The frequency
distribution has been multiplied by 100 for scaling.

The average diameters �[�, �] are computed as the ratio of the raw moments � ′
p and � ′

q:

�[�, �] =

︂
� ′

p

� ′
q

︂1/(p−q)

(2.6)

These Equations deine the helpful surface weighted mean�[3, 2], also called the Sauter mean diameter
(SMD), and to the volume weighted mean �[4, 3], occasionally called the DeBroucker mean. The physical
meaning of the �[3, 2] is the average particle diameter based on speciic surface area, emphasizing the
role of the ine particles. The volume weighted mean �[4, 3] represents the diameter of a sphere whose
surface area multiplied by the total number of particles is the surface area per unit of weight of the
powder. Other interesting average values include the arithmetic mean diameter �[1, 0] and the mean
volume diameter �[3, 0].

2.1.1.c Particle Shape

First attention is often focused on particle size, but particle shape is also to be considered. The shape
of particles in granular media can be of any imaginable type. Qualitative estimation of particle shape
relies on a long list of terms describing general shapes, like acicular, columnar, irregular, equant, rounded,
lake, etc [1]. Most of the time, particles are classiied based on the relative ratios of length to breadth
and to thickness, as deined by the Feret diameter (see 2.1.1.a). Quantitative measurement of single
particle shape is especially trickier. Strictly, particle shape encompasses every surface morphology of the
particles: due to the fractal nature of surfaces, the quantitative characterization of shape can be described
macroscopically (schematic contour of the particle), mesoscopically (precise contour of the particle) or
microscopically (including surface roughness), depending on the scale of inspection.

At the macroscopic level, the elongation (or aspect ratio) �1 and latness (or lakiness) �2 are the ratio
of length to breadth and breadth to thickness, respectively. Other characteristic dimensions can be used
as ratios to similarly obtain shape descriptors. Waddel (as cited in [2]) introduced the degree of true
sphericity �s as the ratio of the surface of the equivalent sphere to the true surface area of the particle.
The speciic surface of a single particle is hard to determine, so Aschenbrenner (as cited in [2]) proposed
an empirical correlation for the sphericity �s called the working sphericity �w:
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�w =
12.8(�1�

2
2)

1/3

1 + �2(1 + �1) + 6
︀

1 + �22(1 + �21)
(2.7)

Alternatively, the circularity is proposed for 2-D projected particles as the ratio of the perimeter of
the circle with the same area to the actual perimeter of the particle. At the mesoscopic level, space illing
factors can be evaluated, based on the fraction of the circumscribed minimum circle actually occupied
by the two-dimensional projection of a particle. Table 2.2 summarizes some macroscopic and mesoscopic
2-D shape descriptors [4].

Table 2.2: Some macroscopic and mesoscopic shape descriptors for 2-D projected particles.

Descriptor Deinition Calculation

Aspect Ratio ��
Ratio of the maximum Feret diameter (length �) and the
Feret diameter in the perpendicular direction (breadth �)

�� = L
B

Circularity
Ratio between the perimeter of the disk with the same
area as the particle and the actual perimeter of the

particle
����������� =

4πAp

P 2
p

Roundness
Ratio between the area of the circumscribed circle and the

actual area of the particle
�������� =

4Ap

πL2

Solidity
Ratio between the area of the circumscribed convex hull

�h and the actual area of the particle �p
�������� =

Ap

Ah

At the microscopic level, surface roughness is included in the notion of shape: with suicient resolution,
the so-called R-theta method (radial Fourier descriptor) measures, in polar coordinates, the value of the
radius R from the center of gravity to the surface of the 2-D projection of a particle, at each angle
�. The information is then extracted by means of Fourier analysis or fractal approach (inding the
least complex polygon itting the R-theta data) [1, 5]. All the above-mentioned techniques require a
representative number of image analyses to provide relevant results. Note also that most techniques rely
on 2-D-projection of the particles; 3-D measuring techniques should be developed to best describe particle
shape.

Equivalent shape factors can also be deined with a concept analog to the equivalent spherical diam-
eter. The approach is to measure the property of a non-spherical particle with equivalent size �p (e.g.,
sedimentation rate, terminal velocity) and compare to the result for a sphere with diameter �p. The ratio
gives a shape factor.

2.1.1.d Experimental determination of Size & Shape

Overview The book "Particle Size Measurements" by Merkus comprehensively addresses the funda-
mentals of the most used particle size analyzers, such as image analysis, sieving, laser difraction, dynamic
light scattering and sedimentation [1]. Other books are dedicated to the topic [6, 7]. These techniques
rely on diferent principles and consequently the measured "size" is not the same depending on the tech-
nique (see Fig. 2.2). Table 2.3 summarizes the main size analysis techniques, the measured dimension,
the application range and the quantiication type, which states the normalization base for multi-particle
systems.

A volume weighted distribution means that the contribution of each particle to the particle size
distribution is normalized respectively to �3p. Mass weighted distributions are also normalized on this
basis, provided that the density of the particles is uniform. This is the case for MG-Si in practice (low
porosity and few density heterogeneity). In the present dissertation, laser difraction and dry sieving will
be used, along with scanning electron microscope observation to characterize the morphology. According
to ISO-9276-1, number weighted PSD should be referred to as �0(�p) and volume weighted PSD as
�3(�p). In the present work, only volume weighted PSDs will be addressed and unambiguously called
�(�p) (or � (�p) in the context of grinding). Thus, �50 is the volume median, that is particles smaller
than �50 represent the same volume as particles with a size larger than �50.

For techniques which cannot analyze a whole mass of powder, a complicated issue is to collect a small
sample that is representative of the entire bulk powder. Good practice includes two "golden rules": a
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Table 2.3: Several experimental techniques for measuring particle "size", the actual dimension measured
and the size range of application (adapted from [1, 6, 7]).

Sizing method Type Measured Dimension Quantiication Range (��)
Laser difraction Field scanning Scatter diameter Volume 0.1 - 3.103

Ultrasound attenuation Field scanning US attenuation Volume 0.1 - 103

Sieving (dry) Separation Sieve diameter Mass 20 - 105

Sieving (wet) Separation Sieve diameter Mass 5 - 100
Elutriation Separation Free-fall diameter Mass 3 - 80

Sedimentation Separation Stokes diameter Mass 0.3 - 200
Optical microscope Visual Projected area Number 1 - 500

SEM Visual Projected area Number 0.01 - 500
Dynamic Light Scattering Field scanning Hydrodynamic diameter Number 0.005 - 10

Electrozone sensing Stream scanning Hydrodynamic diameter Number 0.01 - 100

powder should be sampled when in motion and the whole stream should be collected for short amounts of
time instead of a fraction of the stream for a long amount of time [8]. The latter reference comprehensively
describes industrial situations and technical solutions for sampling. When it comes to transferring these
solutions to the laboratory, the most helpful techniques are bag sampling, i.e. static sampling at several
spots in a pre-mixed container, and dividing a sample, e.g. by a spinning riler.

Incident light

λ ~ dp

Mie scattering

Figure 2.4: A light beam with
a wavelength � is scattered by
a sphere with �p ∼ �, larger
spheres giving lower scattering
angles.

Laser Difraction Laser difraction is based on the scattering of an
electromagnetic beam by a body whose size is close to the wavelength
of the beam [7, 9, 10]. The scattering angle varies with the size of the
body, as depicted in Fig 2.4. This technique thus proposes to measure
the scattering pattern of a monochromatic laser light by a collection of
particles, with a series of detectors placed at diferent angles. The con-
tinuous range of sizes is consequently divided into discretized intervals,
one by detector. The signal is then deconvoluted to a particle size distri-
bution, using a theoretical difraction model. The computed PSD is the
distribution of spheres with the same volume as the particles actually
measured. This way the size of dispersed powders, as well as droplets
in emulsions, can be determined. Using multi-sources (with various
wavelengths) may widen the measurable size range, usually reported to
be 0.1 to 3000 �� (in scatter diameter �scatter). Practically, the opti-
cal properties of the material and the choice of a difraction theory are
required. The Mie theory, that gives the exact solution to sphere difrac-
tion patterns, will be developed hereafter because it is implemented in
most laser difractometer manufacturers’ software [11, 12]. Note that
approximations can be used to simplify the model, e.g., Fraunhofer or
anomalous difraction. The Mie theory relies on the assumption that scattering bodies are homogeneous
and optically isotropic spheres. An ininite series is numerically computed to solve the Maxwell’s equa-
tions corresponding to the incident light beam. The refractive index of the material must be known.
Then, the Mie theory can be applied if it is additionally considered that (i) each light beam is scattered
only once (no multiple scattering) and that (ii) the scattered rays from diferent particles do not produce
interferences with each others. (i) is guaranteed by a suiciently low concentration of particles, so that
the scattered rays ind their way out the measure chamber without seeing another particle. This is prac-
tically ensured by monitoring the laser obscuration, that is the proportion of incident light intensity that
actually contributes to difraction. (ii) is always the case if particles have a random motion to each other.
Finally, when particles with irregular shape are analyzed, the scatter diameter �scatter will depend on
the instantaneous orientation of the particle. Thus, a collection of perfectly identical irregularly-shaped
particles will not give a unique size value when analyzed by laser difraction (see Fig 2.5). The measured
size of irregularly-shaped particles will thus be an average of the scatter diameters < �scatter >, observed
in diferent orientations. Laser difraction is a widely used technique, because of the wide size range of
application and the analyzable products versatility.
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Sieving Sieving is a far cheaper technique, relying on the separation of a powder sample by a series of
screens, each having a speciic mesh size [13, 14]. The particle size distribution is obtained by weighing
the fraction in each sieve and normalizing to the total mass of the sample: data is thus discretized by the
number of sieves. A large amount of granular material is required for precise determination of the PSD
and the shape of the particles has an obvious inluence: particles can transport through a screen if small
enough in only two dimensions, regardless of the third (see Fig 2.5). Sieving is almost the only technique
applicable to sizes as large as 100 mm. Yet, dry sieving cannot eiciently separate particles smaller than
approximately 20 �� and the separation of particles smaller than 80 �� is long and tedious. Wet sieving
is reported to increase the eiciency of sieving for ine and medium ine particles [15], but analyses should
last several hours.

Laser diffractionSieving

dsieve

dsieve

dsieve

dscatter

dscatter dscatter

dscatterdscatter

Spherical

Columnar

Irregular

dp=dsieve dp=<dscatter>

Figure 2.5: Illustration of the inluence of shape for particle size determination by sieving and laser
difraction. The sieve size of irregular particles is unique and tends towards the smallest "cross section
diameter". Laser difraction is less biased: diferent orientation during scattering leads to averaging the
diameter and decrease the inluence of shape.

Visualization techniques Only visualization techniques with a microscope provide direct and com-
prehensive morphological information about the particles. Yet, reliable sizing can only be obtained by
performing these measurements on a statistically suicient number of particles and is also required to
avoid the error due to counting a disproportionately larger fraction of coarse or ines. Such bias would
result in an overestimation of this fraction [16]. Practically, a number of particles to count should be
calculated for each class, prior to analysis.

Experimentally, the powder is usually dispersed before observation under a microscope so that particles
do not overlap each other. Moreover, great care must be taken when sampling powder for microscopic
observation: it is hard to obtain samples that are representative of the whole powder, because of the
relatively small amount required for observation and the tendency of the particles to segregate when
sampled with a spatula. Finally the individual particles can be measured in the obtained micrographs
(size and shape). This formerly tedious work has become easier than before thanks to image processing
software [17].

2.1.2 Experimental details

Scanning Electron Microscope The principles of scanning electron microscopy are detailed in a
number of publications [18], only a few basics will be addressed here. The surface of the sample is scanned
by a focused beam of electrons, with energies as high as 5-30 keV. Depending on this incident energy
and the sample material, the electrons penetrate into the surface to micro-metric depths, where they
interact with the atoms of the material. Amongst other interactions, an primary electron can be back-
scattered by the atom nucleus (BSE), or collide with the electron cloud to produce a secondary electron
(SE). A back-scattered electron (BSE) has an energy almost as high as the primary one, because hardly
any energy is lost during the process. More electrons are back-scattered by heavier nuclei, thus samples
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comprising greater atomic numbers will appear brighter in BSE mode (chemical contrast). However,
surface roughness also inluences the contrast. Primary electrons can also interact with the electron
cloud of an atom of the sample and eject a low energy (a few eV) secondary electron (SE). Consequently,
these electrons can escape from the surface only if they are emitted from a low depth. As illustrated in
Fig 2.6, more SE are emitted from steeper slopes, resulting in a topographic contrast.

Electron beam

scanning the sample

Secondary  

electron

Backscattered  

electron

Sample

SE (1-50eV)

More electrons escape from

steeper surfaces

Topographic contrast

BSE (5-30keV)

More signal from steeper surfaces

Topographic contrast but lower resolution

More backscattering from heavier atoms 

chemical contrast

Figure 2.6: Emission of secondary electrons and backscat-
tered electrons from a rough surface and illustration of the
grounds for topographic contrast.

SE have a low energy, consequently they
can be attracted to the charged detector by
an electrostatic ield. On the contrary, BSE
are so energetic that they cannot be devi-
ated: only the BSE that are emitted to-
wards the BSE detector will produce electron
counts. If the detector is perfectly normal
to a plane surface, no topographic contrast
is obtained. In practice, this is rarely ob-
tained due to sample roughness, which result
in topographic contrast. Interestingly, inten-
tionally tilting the detector produces an ar-
tiicially shadowed image, giving a good im-
pression of relief. The same zone of a gran-
ulated silicon sample observed by SE, BSE
at normal incidence and BSE at tilted inci-
dence at the LTDS is shown in Fig 2.7. SEM
micrographs are images reconstructed from
electron counts on the detectors: care must be taken before concluding on the topographic or chemical
contrasts obtained. The use of these diferent detection modes is often helpful. Finally, emitted x-rays
allow the semi-quantitative chemical mapping of the surface of a sample; the depth analyzed being of
several microns and the sensitivity of several atomic %.

Figure 2.7: SEM micrograph of a sample of granulated silicon, with secondary electron mode, backscat-
tered electrons with normal detection and backscattered electrons with tilted detection (detector at the
right), from left to right. The magniication is identical for the three images; the scale bar being 50 ��.

If nothing speciied, the scanning electron microscope that produced the micrographs shown in this
dissertation is a Tescan VEGA TS 5136 (at the LTDS) whose source is a tungsten ilament. Some of
the micrographs were acquired with a SEM FEI XL30 (at the CLyM platform) whose electron beam is
produced by a ield emission gun (FEG) enabling higher resolutions. Energy dispersive x-ray analyses
(EDX) were performed with the Tescan VEGA. There was no need to coat MG-Si with gold or graphite
neither to obtain images nor to avoid charges; all powders were conductive enough when placed on
graphite scotch. Given the diiculty of obtaining representative SEM samples, microscopy is used in this
dissertation only for estimating qualitatively sizes and morphologies. SEM micrographs were post-treated
with the "analyze particles" function of ImageJ, a free software [19], after been made binary (see Fig. 2.8).
The maximal and minimal Feret diameter, aspect ratio, circularity, solidity and roundness are assessed
from these binary images.

Laser Difraction Given the range of sizes within MG-Si powders (<500 ��), laser difraction appears
to be the best choice for quantitative determination of the PSD: a Malvern Mastersizer 2000 has been used
to perform the measurements at Bluestar Silicones R&D center. The implemented algorithm "Normal
job" is used to transform the measured difraction data into PSDs. When possible, i.e. when samples of
at least 5 g are available, the dry analysis system, with the Sirocco 2000 device is used: an overpressure
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Figure 2.8: Estimation of shape descriptors, starting from a SEM micrograph (a), that are made binary
with ImageJ (b) and inally particle are detected and measured (c).

is set to properly disperse the powder before feeding the analysis chamber. An overpressure of 3 Bar
achieves good and reproducible dispersion (unpublished internal work). The feed rate of the sample
is manually adjusted during measurement so that laser obscuration ranges approximately 5 %. Total
measurement time depends on the mass of powder samples, but was always comprised between 20 and
60 seconds. Analyses are performed several times to ensure repeatability. If no suicient amount of
sample was available, analysis were performed via the wet analyzer Hydro 2000. The sample is dispersed
in ethanol, a good dispersant [20], then analyzed in water for 30 s. The concentration of particles in the
analysis chamber is set to reach 5 % laser obscuration.

2.1.3 Results: Size and Morphology of MG-Si Particles

2.1.3.a Shape & Morphology

100 µm

Figure 2.9: SEM micrograph (SE) of
metallurgical-grade silicon powder industrially
ground. Coarse, medium ine, ine and ultraine
particles are observed, with a fraction of the
ine and ultraine particles adhering to coarse
and medium ine particles.

The SEM micrographs in the general introduction
(Fig 1) and in Figure 2.9 show the appearance of MG-
Si particles. Qualitatively, this shows that the parti-
cle size distribution comprises several orders of magni-
tude, from hundreds of microns to less than a micron.
With a higher resolution enabled by a FEG-SEM, as
illustrated in Figure 2.10: particles as small as a hun-
dred of nanometers are observed. If they account for
a very small mass, it is obvious that they represent a
tremendous amount in number. Ultraines and some
ines appear to adhere on the surface of other particles;
this adhesion was always observed and seems to be pre-
ferred over the self-agglomeration of ultraines and ines
to form clusters. Note that some particles smaller than
a micron appear less irregular than other particles with
a shape closer to a sphere.
It should be noted that some ines and ultraines are

easily liberated as aerosols when the powder is processed
at the lab, during e.g. mixing or pouring. As mentioned
in Paragraph 1.3.4.a, such small material may represent
a health hazard. It is thus recommended to wear a 3M
powder mask when manipulating large amounts of MG-Si powder. Furthermore, this indicates that
the interparticle adhesion of a fraction of the inest material can be overcome by a low of gas. We
qualitatively observed that the concentration of the ines and ultraines at the surface of larger particles
can be diminished by using a compressed air blower when powder is already placed on the SEM graphite
support.
As explained before, no automated SEMmeasurement was performed, thus the quantitative estimation

of the PSD by SEM would not be relevant. However, the qualitative estimation of MG-Si particle shape
by 2-D descriptors (see Table 2.2) is possible. Figure 2.11 presents, as an example, the histogram obtained
for all of the circularity measurements. Such histograms are also obtained for all measured descriptors.
Each histogram has been itted by 17 distribution functions implemented in the Statistics toolbox of
Matlab. The extreme value distribution is in the top 3 best its for all of the 4 shape descriptors:
this distribution describes independent-identically distributed variables, admitting an extremum. This
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10 µm 1 µm

Figure 2.10: SEM micrograph (Field emission gun source and SE detection) of ine and ultraine MG-Si
particles on top of larger particles. The surfaces of all of the coarse and medium ine particles are covered
with ines and ultraines.

is consistent respectively with the shapes of diferent particles to be independent and with circularity,
roundness and solidity being bound to [0, 1] and aspect ratio to [1,∞]. Nevertheless, in order not to make
any unnecessary assumption about the nature of the distribution, the data have been smoothed with the
algorithm ksdensity (Matlab R2014a), which does not require any hypothesis. The results are presented
in Figure 2.12. Shape descriptors for all particles are presented as a solid line, while the distributions for
ultraine and ine (�max

F < 10��), medium ine (10 < �max
F < 100��) and coarse (�max

F > 100��) are
plotted with a dashed line. Note that here particles are classiied based on their maximal Feret diameter
�max
F .
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Figure 2.11: Histogram summarizing the
circularity of all of the measured particles
of ground MG-Si.

No signiicant bias is observed when it comes to com-
paring ine, medium ine and coarse particles: the shape of
MG-Si particles seem to be of fractal nature, i.e. insensi-
tive to scaling, at least within these intervals. Solidity is the
less dispersed descriptor, centered at 0.9±0.04, indicating the
low concavity of all particles. Dispersion towards low solidi-
ties (shown by negative skewness) may be due to less pre-
cise perimeter deinition in ImageJ for some of the smaller
particles. Roundness and circularity, that account for the
closeness between the projection of the particle and a circle,
by two diferent methods, agree well with each other, with
respectively 0.65±0.16 and 0.70±0.11. These two descriptors
have a nearly symmetrical distribution. Finally, aspect ra-
tio indicates a value of 1.67±0.56, that is almost equivalent
dimensions in all directions. These MG-Si particles fall into
the "irregular" class, as deined by Merkus [4]. Surface morphology of the particles is further discussed,
along with size reduction of MG-Si, in Section 3.2 of the next Part 3.

The number of measured ultraines does not allow the quantitative comparison with the larger particles
in Fig. 2.12, but the qualitative trend tends to show that the ultraines have mean values of circularity
and roundness closer to one, indicating that a larger population of ultraines is closer to spherical. This
is consistent with the visual observation of the ultraines (Fig. 2.10).

2.1.3.b Particle size distributions of MG-Si powders

Laser difraction Several powder samples were obtained by laboratory-scale grinding for various silicon
sources, then sieved at a cut size of 400 ��. The samples were sized by laser difraction (dry analysis)
and the obtained cumulative PSDs are plotted in Fig 2.13. As can be seen in this Figure, ground MG-Si
PSDs cover a wide range of particle sizes, from approximately 700 �� to several microns or less than one
micron. This may seem contradictory with sizes as small as 100 nm observed by SEM. The absence of
such small particles is due to the fact that PSD obtained by laser difraction are volume weighted. This
means that the volume fraction of particles smaller than a few microns is lower than the sensitivity of the
experimental device, despite the high number of these particles. Then, it is hard to distinguish between
ines smaller than 5 ��, if their concentration is too low in the powder. They could also remain attached
to larger particles. The diference between the maximal sizes of 700 �� (scatter diameter) and 400 ��
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Figure 2.12: Probability density distribution of solidity, roundness, circularity and aspect ratio (see
deinitions in Table 2.2) for all of the particles of the sample as a solid line and as dotted, dashed-dotted
and dashed lines the contributions of the ultraine/ine, medium ine and coarse fractions, respectively.
The considered size is the maximal Feret diameter �max

F (particle length). The statistical indicators in
each graph correspond to distributions for all particles.

(sieve diameter) well illustrates the shape inluence on sizing (see scheme in Fig. 2.5).
The values of �10, �50 and �90 can be read in Fig 2.13 at the abscissa of the intercept between the

PSD and the corresponding dashed line. Those and other distribution descriptors of these PSDs are
given in Table 2.4. First, describing PSD shape and width seems to be best performed by the span.
Standard deviation appears to be less adapted, because it is more focused on coarse fractions. As well,
Skewness is not interesting here, because it describes only the asymmetry towards large sizes without
taking into account the variations in the inest fractions. Secondly, the mean and median are useful to
indicate the scale of the PSD. The median is often preferred: for these examples, �50 ranges from 100
to 200 ��. Finally, the inest and coarsest particles are best described by either the �10 and �90 or the
Sauter mean diameter �[3, 2] and the volume weighted mean �[4, 3]. �[3, 2] (and �10) are especially
helpful for describing the ine tail of the distribution, where the larger discrepancies are observed (see
Fig 2.13). �90 describes well the largest sizes, that are approximately 400 ��. �[4, 3] includes both the
largest particles and the particles with median size.

Analytical description of laser difraction PSDs The description of these PSDs can analytically
be achieved if a parametrized PSD can be itted to the data. As an example, Figure 2.14 shows PSD-1
and PSD-7 itted by several functions deined in Table 2.1, on a linear and logarithmic scale in order
to view both coarser and iner ends of the distributions. "Classical" distributions fail to approach the
PSDs; the log-normal distribution is displayed as an example. The other distributions (Rosin-Rammler,
Gaudin-Meloy, Gaudin-Schuhmann, Harris) are power-law functions, thus appearing as straight lines on
semi-logarithmic plots. These power laws in general adapt well to the data above 10 �� (ine, medium
ine and coarse particles), see the agreement between experimental values (circles) and itted analytical
PSDs (solid lines) in Fig. 2.14. A decrease respective to the power-law in the experimental cumulative
PSD is always observed under a size of approximately 5 ��, emphasized on the semi-logarithmic plot
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Figure 2.13: Cumulative particle size distributions of MG-Si powders ground in various conditions (time,
screen size, initial feed, etc.): the main discrepancies are observed for ines and medium ines.

Table 2.4: Mean, standard deviation, skewness, median, �10, �90, span, Sauter mean diameter and volume
weighted mean of the PSDs displayed in Fig 2.13.

Distribution Mean Std. dev. Skew. Median 10 % 90 % Span SMD VWM
< �p > �50 �10 �90 �[3, 2] �[4, 3]

PSD-1 221 577 2.8 184 22.7 427 2.2 48.9 206.6
PSD-2 195 510 2.8 161 18.4 379 2.2 41.2 182.1
PSD-3 181 433 2.5 134 14.5 379 2.7 29.9 168.8
PSD-4 197 431 2.2 129 13.2 441 3.3 27.7 183.6
PSD-5 186 429 2.4 128 12.0 405 3.1 26.2 173.5
PSD-6 224 576 2.8 186 28.7 424 2.1 55.5 209.2
PSD-7 145 337 2.4 101 10.1 314 3.0 19.6 135.3
PSD-8 221 578 2.8 186 30.0 415 2.1 56.8 206.6
PSD-9 216 563 2.8 181 30.0 405 2.1 58.8 201.5
PSD-10 236 621 2.8 200 44.9 425 1.9 89.7 220.1

(Fig. 2.14, right). It is not easy to know whether this decrease actually exists, or if the analysis is biased.
The sensitivity for fewer concentrated particles is diminished, so the light intensity measured by laser
difraction may be too low to accurately quantify particles smaller than 5 ��. Another explanation could
be that despite the dispersion, these particles remain attached to coarser particles and are not measured
individually. Anyway, SEM micrographs showed unambiguously the presence of particles smaller than
1 ��, thus their volume concentration cannot be zero. However, it is so far impossible to know if their
level should have been obtained on the same straight line (on semi-logarithmic plot) than medium ine
and coarse, or lower. Truncated PSDs (including the cut size �100 as a parameter) it the data better
than the other: for example, compare the Rosin-Rammler and the truncated Rosin-Rammler in Fig. 2.14.
This is consistent with our screening particles larger than 400 ��. Larger sizes, and obviously �90 and
�100, are mainly inluenced by this screening. No distribution is versatile enough to perfectly it any of the
experimental PSDs, but the truncated Rosin-Rammler, Gaudin-Meloy, Gaudin-Schuhmann and Harris
distributions can often be helpful in providing a reduced number of parameters to describe a MG-Si powder
distribution. This description will be of particular interest when describing the variation of the particle
size distribution during grinding and will be addressed in Part 3. As explained in Paragraph 1.3.3.c, the
local chemical nature of MG-Si is critical to the Direct Synthesis. Since the particle size distribution here
described is wide, it is then relevant to investigate whether this chemical nature is particle-size dependent:
the next Section 2.2 proposes a full chemical characterization of the MG-Si powder at multi-scale.

Comparing laser difraction and sieving For information purposes, the PSD obtained by laser
difraction has been compared with the PSD obtained for the same powder using a series of screens.
Both PSDs are plotted in Fig. 2.15. Note that the "particle size" notion is diferent for the two analyses,
therefore two distinct PSDs are obtained. Converting sieve diameters into scatter diameters is a compli-
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Figure 2.14: Numerical it by several distributions (see deinitions in Table 2.1) of experimental data for
PSD-1 (above) and PSD-7 (below), plotted against linear ordinate (left) and logarithmic ordinate (right).
The insert shows a SEM microraph (SE) of the corresponding powder.

10
0

10
1

10
2

10
3

0.2

0.4

0.6

0.8

1

Particle Size (µm)

Scatter diameter, Sieve Size, Sieve Size.AR 

C
u
m

u
la

ti
v
e
 P

S
D

Laser diffraction

Sieving

Sieving (Aspect Ratio corrected)

Figure 2.15: Particle Size Distribution of a unique powder, measured by laser difraction and sieving.
The sieve size distribution is plotted against the sieve size �sieve (red triangles) and against the product
��. �sieve (black circles), where the value of �� is taken equal to its distribution mode 1.3.
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cated task, as it should include the exact inluence of particle shape on the two measurements. As a irst
approximation, it can be considered that the scatter diameter is close to the mean Feret diameter, while
the sieve size would be closer to the minimal Feret diameter. Therefore, in order to account for particle
shape, the sieve diameter has been multiplied by the modal aspect ratio, i.e. 1.3 (Fig. 2.12), to decrease
the bias of �sieve towards lower diameters. This was proposed by several authors [21, 22]. As it is shown
in Paragraph 2.1.3.a, particles have similar aspect ratio, regardless of the particle size, so the same ��

can be used as a unique conversion factor. The PSD obtained by sieving and thus corrected is displayed
in Figure 2.15, showing a fair agreement with laser difraction data.

2.1.4 Classiication of MG-Si

Several techniques, addressed above as size measurement methods, rely on the physical separation of
particles to measure their size. The process of separating particles depending on their size is called
classiication [23] and can be achieved either by these sizing methods or by speciic methods.

Overview of classiication methods Sieving constitutes a simple classiication method, although not
very efective for separating ultraine, ine and medium ine particles. Sedimentation methods can also
be helpful for separating particles, but require the dispersion of the particles in a liquid medium [24].
Elutriation in a luidized bed is similar to sedimentation: a stream of gas is used to entrain particles
upwards, the so-called elutriation rate notably depends on gas speed and particle size, resulting in a
separation of the particles. These three methods have been considered in this study, but a lot of other
classiications are proposed, such as air classiiers, hydrocyclones [23], etc. Other improve these gravity
based methods by charging the particles, resulting in electrostatic separation [25].
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Figure 2.16: Cumulative particle size distributions
(liquid laser difraction) of an ethanol suspension
of MG-Si particles, agitated (unsettled), settled for
30 min and centrifuged.

Classiication of ground MG-Si powder
Sedimentation was irst used to separate MG-Si
particles. The ground powder was dispersed in
diferent solvants, including polar and apolar sol-
vents. The settling rate of particles with difer-
ent sizes can be easily used to obtain suspensions
with well separated particle size distributions. As
an example, Figure 2.16 presents the PSDs of
the agitated suspension of ground MG-Si parti-
cles in water, the PSD remaining in suspension af-
ter 30 min sedimentation and inally the PSD ob-
tained after centrifuging the suspension for 10 min
at 1500 rpm. It can be seen that such separation
provides suspensions of well separated PSDs, but
in a liquid medium. Such liquid separation has
the advantage of cleaning the surfaces of coarse
and medium ine particles that are initially coated
with ine and ultraine particles (see Fig 2.10 as a
reminder): ultrasound assisted cleaning in a polar

solvent even provides coarse particles free of surface ines and ultraines. Only very few submicron par-
ticles remain after such cleaning, as can be seen in Figure 2.17. Such cleaning is obviously not achieved
by sieving techniques. Note that cleaning with apolar solvents (heptane, dichloromethane) is far less
eicient: a large fraction of ines is suspended in the solution, but many of them remain attached to the
surface of coarse particles. This may be attributed to the absence of hydrogen bonds in these latter sol-
vents, whereas water or ethanol can form hydrogen bonds with the oxides at the surface of the particles,
thus stabilizing the suspension. Even if this separation method can appear useful, only very low masses
of particles are obtained when using a "reasonable" amount of solvent (less than 0.1 g for approximately
10 g in 200 mL solvent).

Therefore, an elutriation technique was undertaken to separate the particles in a dry medium and thus
providing larger quantities of separated fractions, that are easier to analyze. The luidization phenomenon
and process will be comprehensively described later in this dissertation, in Part 4. Used for separation
purposes, the method relies on the same bases than sedimentation: the driving force is the upward motion
of a gas, instead of gravity, and the classifying efect stems from the drag force versus gravity, instead
of buoyancy. Taking advantage of the diferent elutriation rate constants of MG-Si particles (analog to
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settling rates), medium ine, ine, and ultraine particles are sequentially entrained out of the luidization
column, in a stream of gas (extensively addressed in Part 4). To achieve the gas-solid separation, a two-
step process relying on a cyclone and an absolute ilter is used. The particles remaining at the bottom
of the column are separated by sieving. Note that, even after 10 hours luidization (�g=0.088 m.s−1),
only particles larger than one micron are separated: surface of the coarse particles are still covered by a
considerable amount of ultraine particles (smaller than one micron), as can be observed in Figure 2.18.
Except these particles, Figure 2.19 shows that such elutriation technique leads to well-separated MG-Si
ines and medium ines fractions (ive distributions to the left), that would not have been possible with
sieving. The remaining coarse particles were then separated by dry sieving. When luidizing more than
1 kg of MG-Si powder, amounts of several tens of grams of classiied ines are easily obtained. These
classiied fractions were analyzed by inductively coupled plasma (ICP), thus characterizing the chemical
composition at the bulk level of the particles, as detailed in the next Paragraph 2.2.1.

200 µm

20 µm

5 µm

Figure 2.17: SEM micrograph (Field emission gun source and SE detection) of MG-Si particles "cleaned"
by 10 min-ultrasonics in a water solution. Very few particles remain adhered to the surfaces of coarse
particles, none larger than 1 ��.

100 µm

5 µm

1 µm

Figure 2.18: SEM micrograph (Field emission gun source and SE detection) of MG-Si particles "cleaned"
by elutriation in a luidized bed (10 hours at 0.2 m.s−1). Surfaces remain covered by a lot of ultraines,
but no particle larger than 1 �� is observed.
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Figure 2.19: Particle Size Distribution (by laser difraction) of classiied fractions of a ground MG-Si
powder; separated by elutriation for the ive distributions whose median is less than 100 �� and by dry
sieving for the other four. See examples of the unseparated distribution in Fig 2.13.

2.1.5 Highlights

� Particle size is not a simple notion, due to the irregularities of real particles in general. If using
direct visualization under a microscope, several characteristic dimensions can be used as the size.
Yet, sizing by visualization requires very careful work and speciic devices: a simpler approach is
to measure a physical property of a particle, then to consider that the particle has the size �p,
the diameter of the sphere that has the same property. This concept is known as the equivalent
spherical diameter (Fig. 2.2).

� In this dissertation, particle sizes are preferably measured by laser difraction: the size is in this
case the mean scattering diameter of the particle �scatter. When laser difraction is not applicable
(particles larger than a sieve size of 800 ��), sieving is then used, and particle size is the sieve
diameter (see Fig. 2.5).

� As not all of the particles have the same size, it is necessary to present the particle size data as
particle size distributions PSDs. Mathematically, they behave like any other probability density
function. In the following, only volume weighted PSDs will be presented, that is each particle
contributes to the total amount by its volume. Experimental distributions can be analyzed either
by parametric function itting, or by using average diameters, such as the median �50, the 10 %
and 90 % diameters, �10 and �90, respectively, the Sauter mean diameter or surface weighted mean
�[3, 2] and the DeBroucker mean or volume weighted diameter �[4, 3].

� Particle shape is a tricky issue as well, since it relies on the relative dimensions of the particle in
every direction. Various shape descriptors can be used: in this dissertation, mesoscopic 2-D shape
descriptors are used (Table 2.2), based on image analysis. The shape of MG-Si particles have similar
roundness, circularity, solidity and aspect ratio regardless of the scale (between 1 and 1000 ��).
Distributions for these descriptors are obtained (Fig. 2.12), with mean values equal to 0.65 ±0.16,
0.70 ±0.11, 0.9 ±0.04 and 1.67 ±0.56, respectively.

� Ground metallurgical-grade silicon powder PSDs can be itted by power-law type functions, the bet-
ter ones being truncated functions such as Harris, Gaudin-Meloy, Gaudin-Schuhmann and truncated
Rosin-Rammler (Weibull). Yet, none of these distributions appears to versatile . The distributions
can also be characterized by their median �50 ranging from 100 to 200 ��, span from 2 to 3, Sauter
mean diameter �[3, 2] from 20 to 90 �� and �[4, 3] from 130 to 220 ��.

� Classiication of ultraine, ine and medium ine ground MG-Si particles was best achieved by
elutriation in a luidized bed. Coarse particles were classiied by dry sieving so that the whole range
of particle sizes was covered (Fig 2.19).
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2.2 Multi-scale chemical characterization of MG-Si powder

The results presented in this Section address the characterization of MG-Si particles at the microscopic,
mesoscopic and macroscopic levels and have been published in Powder Technology [26]. This work is
motivated by the important efect of the impurities of the 99 % pure MG-Si on the chemistry of the
Direct Synthesis (issues developed in Paragraph 1.3.3.c). Thus, the local impurity concentration, at the
scale of single particles or lower, is a characteristic to take into account, and not only the impurity
concentration at the bulk scale of the powder. Despite a lower weight fraction, smaller particles represent
a tremendous amount of speciic surface and are of particular interest. Background on cast MG-Si (before
grinding) has been discussed in Section 1.2.

2.2.1 Bulk chemical characterization by Inductively Coupled Plasma

2.2.1.a Principles

Inductively coupled plasma (ICP), a very popular source of optical emission and ions, was irst com-
mercialized in the 1970s. The major advantage of the technique is the determination of extremely low
detection limits (ppb to ppm) for any atom. The principle is exciting the atoms of a sample so that the
obtained response is measured and compared to a standard sample, which enables the conversion into
a concentration of this atom in the sample. The response can be either optical emission, a technique
called inductively coupled plasma - optical emission spectrometry (ICP-OES) or ions, a technique called
inductively coupled plasma - mass spectrometry (ICP-MS).
ICP relies on an argon plasma, maintained by applying a radio-frequency (30���) oscillating current

into a coil, after the plasma has been initiated by a spark. This produces a so-called plasma torch, into
which a liquid sample can be fed, after being transformed as an aerosol by devices such as nebulizers. The
high temperature (6000-7000 K) and electron density in the plasma torch produces excited atoms that
emit speciic wavelengths, corresponding to the atomic orbitals of the atom. The emitted photons can be
detected and the intensity for each atom is converted in a concentration in the original sample (OES).
Alternatively, the ions produced in the plasma can be detected by mass spectrometry to quantify each
atom in the sample (MS). Extensive details can be found in [27, 28]. The Varian Vista Pro inductively
coupled plasma (ICP) with optical emission spectroscopy (OES) of the CRTL (Centre de Recherches et
de Technologie de Lyon, Solvay / Bluestar Silicones) was here used. A known mass of silicon powder
was dissolved in a nitric/luorhydric acid mixture; silicon and HF were then removed, while the other
impurities remained in the HNO3 phase. Such digestion of solid samples has long been used to produce
ICP samples [29]. This liquid was fed into the nebulizer to be excited by the plasma torch. Commercial
standard samples are used for quantiication; the relative uncertainties on the measured concentrations are
8 %, 7 % and 11 % for the ranges 1000-10000 wtppm, 100-1000 wtppm and 10-100 wtppm, respectively.

2.2.1.b Analysis of separated fractions of MG-Si

Samples with narrow particle distributions produced by the classiication method detailed in Para-
graph 2.1.4 have been analyzed by ICP-OES for the main alloying and doping elements of MG-Si: Al, Ca,
Fe, Ti, B and P. The absolute concentration of these elements was in the expected range for MG-Si for the
Direct Synthesis (see Table 1.2). For comparison purposes, the concentration of each of these elements
is normalized by the impurity concentration in the bulk non-classiied powder: the obtained normalized
concentrations of the four main alloying elements are plotted versus particle size in Figure 2.20. On this
plot, the error bars comprise the uncertainties on the determination of both the concentration of the sam-
ple fraction and the bulk powder used for normalization. The uncertainty of the ratio is computed as the
square root of the sum of the two relative uncertainties squared, for we consider the two values as random
and independent errors [30] (see also Appendix A.1). A concentration of 1 in Figure 2.20 corresponds to
the concentration of the elements in the bulk non classiied powder. Thus plotted, the similar behavior
of aluminum, iron and titanium is obvious, while calcium concentration follows a substantially diferent
pattern. Starting from the largest sizes, the normalized concentration of Al, Fe and Ti slightly increases
from 0.9 at 350 �� to 1 at 150 ��, indicating that the largest particles contain a little less alloying
elements than the bulk powder. An impurity peak is observed between 100 and 30 ��, at which sizes the
concentration of Al, Fe and Ti is 1.2 times as high as in the bulk powder. Under 30 ��, the normalized
concentration dramatically falls to reach 0.3 at 3 ��, and particles smaller than approximately 15 ��

are less impurity concentrated than the bulk powder. The global picture for calcium is somewhat similar,
except that a much higher maximum is observed at a size of approximately 80 ��, then the normalized
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Figure 2.20: Elemental concentration of aluminum, calcium, iron and titanium in the MG-Si powder
versus particle size. The particle "size" corresponds to the DeBroucker mean D[4,3] of the classiied
fraction, see Fig. 2.19.

concentration dramatically falls at smaller sizes. Note that the higher maximum of 1.6 at 80 �� for
calcium was reproducible.

As explained in Paragraph 1.2.2, iron and titanium cannot be found in slag inclusions: if aluminum
normalized concentration follows the very same trend as Fe and Ti, then its occurrence should also
be limited to intermetallic compounds. This should explain the remarkably common variation of the
normalized concentration of aluminum, iron and titanium. The diference for calcium may be linked
to its non-negligible presence in slag inclusions, that can behave in a diferent way than intermetallic
compounds during grinding, thus Ca would not distribute in the same particles. CaSi2 precipitates
should also be mentioned as a possible source of diferent behavior, but this phase is not frequently
observed in industrial MG-Si [31]. The presence of a signiicant amount of calcium-enriched slag appears
to be likely (if no systematic error produces this peak).

The concentration of boron and phosphorus was estimated to be 5-30 wtppm and 20-40 wtppm,
respectively. Phosphorus is equally present at all particle sizes, which is consistent with this element
being solute in the silicon lattice, thus being evenly distributed in the grains. Boron is detected, but
its accurate quantiication is diicult, due to high uncertainties for this element. Like phosphorus, it is
solute in the silicon lattice and evenly distributed. Note that these concentrations were obtained from
analyzing MG-Si from various suppliers, but other qualities could be encountered, as the concentration
of these impurities is notably dependent on the quartz used in the carbothermic process (Fig. 1.3 in the
previous Part 1).

2.2.2 Mesoscopic level analysis by energy dispersive x-ray spectrometry

At the mesoscopic level, semi-quantitative chemical analysis by energy dispersive x-ray spectrometry
(EDX) was performed at the LTDS. As explained above, the electron beam of the SEM creates electron
holes: this leads to relaxation of electrons of higher energy with emission of X-ray photons. EDX is
based on the detection of these X-ray emission from the sample: the wavelengths are characteristic of the
atomic orbitals of a given element, which enables local chemical characterization. The alloying elements
can thus be detected, mapped and attributed to slag or intermetallic compounds.

With the SEM, particles containing slag inclusions, or liberated slag particles are easily spotted
because these oxides cannot evacuate the charges induced by the scanning electron beam: they thus
appear brighter with longer observation time and subsequently decrease the contrast of surrounding
particles, as can be seen in Figure 2.21, left. No iron or titanium is observed in these slag particles,
but calcium, aluminum and high levels of oxygen are observed, as depicted in Figure 2.21, right. These
inclusions are mainly composed of SiO2, CaO and Al2O3. This is consistent with the slag puriication step
of MG-Si at the metallurgist plant (see Paragraph 1.2.2). Even if well visible, such large slag inclusions
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Figure 2.21: (Left) SEM micrograph (SE) of ground MG-Si with arrow-marked slag particles, that appear
brighter due to charges. (Right) Detail of a silicon particle containing a slag inclusion and EDX analysis
of the zone in the dashed orange rectangle, for O, Si, Fe, Al, Ca.

are not very frequently observed in MG-Si powders, which is consistent with the common segregation
pattern of aluminum, iron and titanium discussed in the previous Paragraph.

As explained in Paragraph 1.2.3.c, the main alloying elements Al, Ca, Fe and Ti are expected to segre-
gate to the grain boundaries where they can precipitate as intermetallic compounds. These elements being
of higher atomic number than silicon, these compounds appear brighter than the silicon grains, visible
both with secondary and back-scattered electrons. Figure 2.22 shows a polished cross-section of MG-Si

200 µm

Figure 2.22: SEM micrograph (SE) of a cross-section of
polished ground MG-Si particles; both embedded and sur-
face exposed intermetallic compounds are observed, while
few are entirely liberated.

particles embedded in an epoxy resin. Several
grain boundary precipitates can be detected,
some being exposed to the surface, other be-
ing entirely embedded within a particle. The
case of entirely liberated intermetallic parti-
cles is less frequently observed. The inter-
metallic precipitates contain the four main
alloying elements, which are easily visible us-
ing back-scattered electron detection on pol-
ished cross-sections of either lumps or ground
particles. An example of triple junction, as
observed in Fig. 2.23 (a), is visible directly at
the surface of an unpolished lump, i.e. before
grinding. As shown by EDX mapping, alu-
minum, calcium, iron and titanium are dis-
tributed along the grain boundaries. An in-
tragranular precipitate is also present close
to the grain boundary. The typical grain
size ranges from a few millimeters to over
1 cm. The accurate analysis of the inter-

metallic phases required polished cross-sections for both lumps and ground particles. These precipitates
mainly contain aluminum, calcium, iron and titanium in heterogeneous phases. As seen in Fig. 2.23 (c),
the contrast observed in the electronic images corresponds to diferent phases. The EDX mapping high-
lights an outer area containing calcium, aluminum, iron and silicon attributed to Al6CaFe4Si8, while the
center contains only iron and silicon with some solute aluminum as (Al)FeSi2,4. Some rich titanium phases
are also observed and attributed to FeSi2Ti. In general, the precipitates are mainly composed of these
three phases, with some Al2CaSi2 to a lesser extent. Other elements, such as V, Cr and Cu, were hardly
detectable. No alloying elements were detected by SEM–EDX inside the grains. No signiicant impurity
levels were found in the intermetallic precipitates. The detection limit of phosphorus and boron is too
high to be positively observed by EDX. Complementary SIMS measurements with high spatial resolution
were performed at the Science et Surface company (www.science-et-surface.fr) and conirmed both
the absence of alloying elements in the grain boundary precipitates and the nature of the precipitates,
while boron was detected inside the grains but not in the precipitates.
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Figure 2.23: (a) SEM micrograph (SE) and (b) EDX mapping of a precipitate at a triple grain junction
of an unpolished lump and (c) detailed EDX mapping of a precipitate in a cross-section of a polished
particle. The precipitates consist of several phases: Fe is found in almost all phases, and Al, Fe and Ti
are often present.

2.2.3 Atomic scale characterization by atom probe tomography

2.2.3.a Principles

The atom probe tomography (APT) enables the chemical characterization and mapping of a sample
at the atomic level [32]. This technique relies on the controlled ield evaporation of a sample, so that
each of its atoms detaches sequentially and hits a detector. Approximately 40 % of the total atom
emitted are collected, to be compared with e.g. SIMS that collects only 2 %. To obtain suicient electric
ields, it is required to shape the samples as needles, as the ield is enhanced by high curvatures. A
voltage is thus applied to the needle-like sample; however, this requires that the sample is conductive
enough (>100 S/cm) [32]. Analyzing semi-conductors or insulators can be achieved if the applied ield
is assisted by pulsed lasers. Then, the atoms of the sample evaporate in the high vacuum of the analysis
chamber and hit a detector: the time of light enables the determination of the nature of the atom,
while the initial position of the atom in the sample can be computed from the position on the detector.
Eventually, three-dimensional tomographs of the sample are obtained. In this study, for silicon is not
a good conductor, pulsed picosecond-laser evaporation was achieved with an Imago LEAP 3000X HR
APT instrument at the IM2NP lab (UMR7334, http://www.im2np.fr). The analyses were performed
at a specimen temperature of 80 K, pulse repetition rate of 100 kHz, energy input of 0.8 nJ per pulse,
evaporation rate of 0.02 ions per pulse and vacuum greater than 10−11 mbar.

2.2.3.b Sampling & analyzing MG-Si coarse and ultraine particles

A "ishing" technique was used to sample ultraines attached to coarse particles directly on the surface
(see Fig. 2.24 a). The ultraines on the samples are approached by a micro-manipulator and stuck to it by
platinum deposition (Fig. 2.24 a, left), without any protective layer deposition. The particle is then pulled
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Figure 2.24: (a) "Fishing" technique to select ultraines directly in the powder sample and annular
milling of the sample. (b) Tomograph of coarse and ultraine particles. We observe no increase in the
concentration of the alloying elements in the analyzed ultraines; only doping elements are present.

of from the surface. The adhesion between the ultraine and coarse particles under the dual SEM–FIB
environment was signiicant compared to strength of the micro-manipulator, appearing surprisingly stif.
After pulling-of, the ultraine is stuck on top of the support needle by platinum deposition. The micro-
manipulator is removed by cutting the top of the particle with gallium ions (Fig. 2.24 a, center). Then,
the particle is annularly milled by gallium ions of decreasing energy as the tip is sharpening, in order
to limit gallium implantation close to the analyzed area. The radius of curvature of the obtained tips
is several tenths of nanometers (Fig. 2.24 a, right). This ine particle sampling technique was already
described by Larde [33], but note that no paper reports the sampling of such small particles. A more
standard technique was used to sample coarse particles: the surface was removed by gallium ions before
sampling a stick of silicon from the core of the particle. The tips were annular milled in the same way
as ultraines. Note that it is not possible to sample the interface between two particles, e.g. an ultraine
on a coarse particle, because the electric contact would be insuicient: that would cause a spark plasma
when applying the voltage between the sample tip and the target, thus destroying the sample.

In both ultraine and coarse particles, the composition was determined to be dominantly pure silicon,
with sporadic doping elements (boron and phosphorus) distributed randomly. Because the phosphorus
and silicon peaks neighbor each other in mass spectroscopy, it was impossible to determine the concentra-
tion of phosphorus. The concentration of boron was determined to be between 20 and 60 ppm depending
on the particles, close to the concentration measured by ICP. The presence of some gallium at the surface
of the tip is attributed to the FIB ion-milling during sample preparation. There was no evidence of any
other impurities arising from either the spreading of the alloying elements during grinding or pollution
by the grinding media.

2.2.4 Discussion & Highlights

Discussion As a summary, the grinding step of MG-Si does not modify the chemical nature of the
impurity elements, but inluences the distribution of these elements within the powder particles. Indeed,
the four main alloying elements were found to be concentrated in grain boundaries as intermetallic
compounds, as expected based on studies on cast metallurgical-grade silicon [34]. However, the impurities
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are not evenly distributed over the wide particle size distribution of ground MG-Si. The diferences
observed for the coarsest fractions are consistent with the results of Glasson [35] and Rong [36] on sieved
fractions. The titanium concentration was found to be stable in fractions larger than 125 ��; while strictly
increasing under 125 ��. Yet, this latter interval was divided into only two fractions (�p<50 �� and
50<�p<125 ��) in [35] and four in [36] (�p<32 ��, 32<�p<63 ��, 63<�p<90 �� and 90<�p<125 ��).
Thus, the distinction in this study for the inest fractions could not be made.
The decreasing level of the impurities in the inest fractions is unexpected, because an impurity

increase is usually expected with ine grinding [37]. This shows that the grinding step inluences the local
concentration of alloying elements, that are of crucial importance for the Direct Synthesis selectivity. In
particular, as mentioned in Paragraph 1.3.3.c, calcium is expected to ponder the activity enhancement
of aluminum and promote the selectivity for dimethyldichlorsilane: if an optimal ratio Ca/Al is obtained
for the bulk powder, it would be locally diferent. For example, medium ines with size 10-60 �� could
be expected to be more active and less selective, for they have a lower Ca/Al ratio (see 2.19). Coarse
particles would behave as predicted because the concentration and the ratios are close to the values
observed for the unclassiied powder.
The concentration of B and P has been found homogeneous over all size fractions and the values

determined by ICP and APT were comparable. The bulk concentration is thus close to the concentration
in any size fraction. When an optimal concentration of B and P for the Direct Synthesis is ixed during
the production of MG-Si, this concentration persists at the local level after grinding. On the contrary,
the concentration of alloying elements varies locally depending on particle size: at diferent spots in the
powder, it will be higher or lower than the bulk concentration ixed during the production of MG-Si.

Highlights

� The volume concentration of Al, Ca, Fe and Ti in each of the classiied intervals has been deter-
mined by inductively coupled plasma with optical emission spectrometry and normalized to the
concentration in the bulk powder (Fig. 2.20). After grinding, the four main alloying elements are
not evenly distributed in the particles having diferent sizes.

� The normalized concentrations of Al, Fe and Ti versus particle size collapse into one curve. The
common presence of these three elements in intermetallic compounds should explain this fact. Their
concentration increases from the largest particle sizes until a maximum is reached at approximately
30 ��. A dramatic decrease is observed with further decreasing particle size, which indicates that
ines and ultraines are not composed of crushed grain boundaries or contamination particles.

� The distribution pattern of Ca does not superimpose to the other alloying elements. Nevertheless,
its normalized concentration follows similar variations: it increases from higher sizes towards smaller
until a maximum is reached a size of approximately 80 �� and falls down for smaller sizes, suggesting
that Ca is present in another chemical form, likely slag.

� Boron and phosphorus were quantiied by ICP-OES at 5-30 wtppm and 20-40 wtppm, respectively.

� At the mesoscopic level, EDX mapping of polished cross-sections of MG-Si particles as well as raw
particles revealed that the impurities remain concentrated in the grain boundaries after grinding,
mainly as precipitates Al6CaFe4Si8, (Al)FeSi2,4 and FeSi2Ti (Fig 2.23).

� At the atomic scale, atom probe tomography was performed on several ultraine particles sampled
at the surface of coarse particles (Fig 2.24) and on a coarse particle. Both samples revealed a silicon
more pure than 99.9 %. A boron concentration of 20 to 60 ppm was estimated, close to the values
obtained by ICP-OES. No chemical composition diferences were observed between ultraine and
coarse particles.

� The results of this Section were published in Powder Technology [26].

In the light of this Section, the grinding step appears to be non-neutral for the Direct Synthesis, for
the distribution of the alloying elements, promoters of the reaction, is not homogenous in the ground
powder. The cast microstructure, i.e. impurities concentrated at the grain boundaries and more pure
silicon inside the grains, persists after grinding. Yet, crystallography remains to be examined and is the
focus of the following Section 2.3.
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2.3 Crystallographic characterization of MG-Si powders

Metallurgical-grade silicon microstructure has been studied on cast ingots [31, 34, 36, 38, 39], but ground
powders for Direct Synthesis purposes have attracted less attention so far. The present Section therefore
aims at showing the similarities and discrepancies between cast MG-Si ingots and the ground powder by
experimentally investigating the crystallography at the bulk powder level by x-ray difraction (XRD) and
at the single particle level by transmission electron microscopy (TEM). These results have been published
in the Proceedings of Silicon for the Chemical and Solar Industry XII [40].

2.3.1 Experimental Details

X-Ray Difraction (XRD) X-ray difraction has long been used for characterizing periodic structures
such as crystalline compounds [41]. The basic principle is the scattering of an incident monochromatic
x-ray beam by a crystal lattice and the detection of the preferred scattering angles by a goniometer.
The situation is depicted in Figure 2.25. The incident beam is scattered by a family of crystal planes,
characterized by its Miller indexes (hkl) and separated by a distance �hkl. It can be demonstrated that
the scattered rays produce constructive interferences only when the incidence angle � is such that:

2�hkl sin � = �� (2.8)

Where � is the wavelength of the x-ray beam and p is the interference order. Equation 2.8 is known as
the Bragg’s law. Practically, when radially scanning a sample with x-rays, peaks are obtained at angles
such that the Bragg’s law is veriied and a particular family of crystal planes (hkl) can be identiied. Note
that amorphous compounds tend to produce wide lat peaks, due to the absence of preferred directions
in such anisotropic structures.

Figure 2.25: Principle of XRD pattern: the incident beam with wave vector �0 hits two parallel crystal
planes separated by a distance �hkl, resulting in constructive interferences between the two scattered
beams with wave vector �, only if � its the Bragg’s law (Equation 2.8). Scheme from [42].

The difractometer used during this dissertation is a custom device, whose goniometer was developed
at the Ecole Centrale de Lyon, while X-ray source is a commercial Nonius-FR590 with a monochromator
selecting the K�1 ray of copper. The x-ray generator is ixed, while the sample holder can rotate to
analyze the difraction pattern. Because this holder is vertical, the powder samples are placed in grease
so that they do not fall.
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Figure 2.26: Path of the transmitted electron
beam in a transmission electron microscope (TEM)
in (a) difraction mode and (b) imaging mode.

Transmission Electron Microscopy (TEM)
As scanning electron microscopy, transmission elec-
tron microscopy (TEM) harvests the interactions of
a sample with an electron beam and is a widely-used
and well-documented technique [43]. As suggested
by its name, a TEM collects the electrons that are
transmitted through a very thin sample (less than
a hundred of nanometers thick) to form direct im-
ages or difraction patterns on a screen by shaping
the beam with a series of magnetic lenses, as de-
picted on Figure 2.26. On the one hand, imaging
mode relies on the contrast being formed by screen-
ing and absorption of the electrons by the sample
atoms (hence mass-thickness contrast) either by ob-
serving the direct beam (bright ield) or one of the
difracted beams (dark ield). The obtained resolu-
tion is high and enables the visualization of atom lay-
ers. On the other hand, difraction mode uses elas-
tically scattered electrons by the crystalline lattice
of the sample. According to Bragg’s law, a difrac-
tion pattern is produced by the interfering scattered
beams and can be observed in the reciprocal space,
giving information about the crystalline structure of
the sample. The microscope used in this study is a

TEM JEOL 2010F (at the CLyM platform), whose electron source is a ield emission gun by Schottky
efect. The incident electron energy and probe size are 200 keV and 0.5 nm, respectively.

2.3.2 MG-Si Metallography

As mentioned earlier, silicon microstructure is inherited from the solidiication step at the metallurgist
plant (see 1.2.3). The grain structure has been a topic in this industry for long. The reader is encouraged
to refer to Møll’s PhD thesis for the efect of the cooling speed [31]. Inside the grains, defects such
as dislocations and twin boundaries are expected to form during crystallization, following a mechanism
summarized in [36, 38]. These defects can be simply observed by chemically etching polished surfaces of
silicon with potassium hydroxyde KOH [44] (more sophisticated methods have also been developed [45]).

Figure 2.27 shows the etched surface of a polished MG-Si lump (i.e. after crushing but before grinding).
Fig. 2.27 (a) presents two grains, appearing with diferent brightnesses, the brighter grain features parallel
lines that stop at the grain boundary: these are thus identiied as twin boundaries. Fig. 2.27 (b) presents
clusters of dislocations at a grain boundary including two intermetallic precipitates (visible at the left
edge of the micrograph). Fundamental studies of such structural defects are detailed elsewhere [39].

40 µm

(a) (b)

Grain 1

Grain 2

Twin boundary

Grain boundary

40 µm

Grain boundary
dislocation

Figure 2.27: Optical micrographs of polished MG-Si lumps showing (a) twin boundaries visible as parallel
lines in the left brighter grain and (b) dislocation loops as a cluster close to a grain boundary containing
intermetallic compounds.
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2.3.3 Bulk characterization of MG-Si powders by x-ray difraction (XRD)

Three MG-Si powders were analyzed by XRD: (A) a wide particle size distribution (ground powder, not
classiied), (B) medium ines (10-30 ��) and (C) ines (1-8 ��). Figure 2.28 shows their x-ray difraction
patterns. The two peaks at 2�=22-25� are due to the grease in the sample holder and are always observed,
regardless of the analyzed solid. Several patterns are superimposed for each of the three powders: it is
clear that reproducibility is best for (C) and is not optimal in terms of relative peak intensities for (A)
and (B). Conversely, the position of the peaks on the 2� axis is well reproducible: the ive main peaks of
this XRD pattern reliably it the reference pattern for pure silicon with cubic diamond structure. The
crystalline planes corresponding to these peaks are labeled in Fig. 2.28. The reference used is the JCPDS-
27-1402, from the international center for difraction data and is shown in Figure 2.29. As can be seen,
the XRD pattern (C) perfectly its the JCPDS reference, both for position and relative intensities of the
peaks. The diference observed with larger particles is likely due to a common XRD bias: coarser particles
are known to attenuate the peak intensity in XRD [46]. Moreover, by analyzing larger particles in a same
volume, statistical issues arise [47], in that the likelihood of scanning a representative number of each of
the crystal planes decreases with a decrease of the number of particles scanned. This representativity
bias leads to a modiication of the relative peak intensities.
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Figure 2.28: XRD pattern of MG-Si (A) non-classiied ground powder, (B) medium ines (10-30 ��)
and (C) ines (�50=4 ��). The ive crystal planes corresponding to the peaks are labeled in the graph.
The two-peaked signal at 22-25� results from an experimental artifact.

In conclusion, ines, medium ines and coarse particles all appear to be mainly crystalline, with the
most thermodynamically stable structure for silicon that is cubic diamond. The grinding step thus
preserves the crystal structure of MG-Si inherited from casting, at least for particles larger than ap-
proximately 1 ��. Ultraines (�p<1 ��) could not be analyzed because of the diiculty of sampling a
suicient amount of only these particles. In order to analyze ultraine particles and conirm the results on
ines, the local analysis of MG-Si by transmission electron microscopy was undertaken and is described
in the next Paragraph.

2.3.4 Local crystallography of MG-Si particles by transmission electron mi-
croscope

Ground powders cannot be analyzed directly under a TEM: as mentioned earlier, the observation requires
samples thinner than 100 nm. Therefore, particles were sampled with a focused ion beam (FIB), especially
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Figure 2.29: Reference XRD pattern (JCPDS no27-1402) for pure cubic diamond silicon, according to
the international center for difraction data (ICDD, formerly JCPDS).

selecting ultraine particles on top of coarse or medium ine particles. Sampling was carried out at SERMA
Technologies and is illustrated by Figure 2.30. The area is selected under a SEM, then covered with
tungsten deposited with the FIB (coating of 1 �� thick). Thus protected, the zone is extracted by ion
milling with the gallium gun of the FIB. Finally, the sampled cross-section thickness is decreased until
100 nm and placed in a TEM sample holder (Fig. 2.30, right). This step is tricky because the thickness
diminution by gallium ions can introduce defects in the the sample structure, ultimately leading to
amorphization. In order to limit the phenomenon, the energy of the gallium ions is depleted as the
thickness becomes closer to 100 nm. It is estimated that less than 20 nm are amorphized after a proper
preparation: so that 60 % of the thickness is preserved for a TEM sample of thickness 100 nm.

10 µm 5 µm 5 µm

Figure 2.30: SEM micrographs (FEG source and SE detection) of an assembly of MG-Si ines and
ultraines on top of a coarse particle. A sampling zone is selected (left), tungsten deposition on this zone
is performed with a focused ion beam (center) and a TEM sample of ines and ultraines on top of a
coarse particle is obtained (right). Yellow rectangle shows the sampling area on the three micrographs.

Figure 2.31 shows TEM micrographs of a coarse particle in (a) and an ultraine particle in (b).
Micrographs similar to (a) were obtained for all of the observed coarse, medium ine and ine particles.
The parallel lines visible on both images are interference fringes resulting from the scattering of the
primary electrons transmitted through the crystalline lattice of silicon. As visible on Fig. 2.31 (a), the
fringes cover the whole micrograph in the same direction: this is a single crystallite. This is consistent
with the fast Fourier transform (FFT) indicating a single lattice orientation. The ring around the 0th

order dot should correspond to the volume amorphized by ion milling during sample preparation. The
measured lattice parameters are comparable with the one of silicon. All of the observed coarse, medium
ine and ine particles exhibit such large crystalline areas. Conversely, ultraines (�F<1 ��) contain
far smaller crystalline areas and feature amorphous zones. The amorphous ring of the FFT of the
whole micrograph (b) is indeed obviously more intense than that of micrograph (a). The FFT inserts
in Fig. 2.31 (b) well conirm the presence of diferent crystalline orientations of small areas (dashed-line
squares, top and bottom) and of amorphous zones (dash-dotted line square, middle). The quantitative
measurement of the mean area of the crystallites is not relevant here, because of statistical issues already
discussed previously (see Visualization techniques, p. 34). For the same reason, it cannot be positively
claimed that all of the ines feature only crystalline areas, due to the small number of particles analyzed.
Medium ine and coarse particles should be mainly composed of crystalline zones.
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(a) (b)

Figure 2.31: Bright ield TEM micrograph of (a) a coarse particle and (b) an ultraine. In each of these
subigures, the red squared insert is the fast Fourier transform (FFT) of the whole image, while the three
inserts right of the Figure correspond to the FFT the speciied areas. The micrographs of medium ine
and ine particles were similar to (a).

2.3.5 Discussion & Highlights

Discussion The cubic diamond lattice observed by XRD and TEM for ground MG-Si particles is con-
sistent with the background knowledge on silicon crystallography. Then, despite the mechanical stresses
experienced by silicon during crushing and grinding, no major crystallographic changes are induced. Since
silicon is a purely brittle solid at temperatures below 770 K, size reduction at lower temperatures should
not allow silicon to store plastic deformation by dislocation formation or twinning. If particles larger than
1 �� were shown to be mainly crystalline consistently by XRD and TEM, we have observed by TEM
that ultraine particles (smaller than 1 ��) can exhibit amorphous areas and small crystallites, likely to
indicate these ultraines experienced higher stresses. This size efect will be discussed and demonstrated
in Section 3.3. Shen et al. obtained 15 % amorphization of pure silicon particles (99.9 %) after high
energy ball milling of these particles down to 800 nm [48]. They proposed that amorphization of silicon
is induced by pressure. These observations are consistent with the size of particles exhibiting amorphous
zones in the present study. The transition between amorphous and crystalline is not necessarily a precise
size threshold: the width of the XRD pattern of ines could be the sign that a fraction of these particles
would sporadically contain amorphized zones.

Highlights

� The analysis of the crystalline structure of metallurgical-grade silicon powder by x-ray difraction
revealed that even after size reduction to a powder smaller than 550 ��, particles larger than 1 ��
remain mainly crystalline (Fig. 2.28), the lattice being cubic diamond (Fd3m).

� Direct observation and difraction with a transmission electron microscope conirmed this crystal-
lography for the analyzed ine, medium ine and coarse particles.

� Conversely, the observation of ultraines showed the existence of amorphized zones and small crys-
tallites in such particles, indicating that the applied stresses were high enough to trigger such
transformations.

� The size reduction and powder processing of MG-Si appear not to provoke signiicant structural
changes for ground particles (except for ultraines), that is consistent with silicon brittleness under
770 K.

The crystallographic transformations raise the issue of the mechanical properties of silicon: the next
Section 2.4 addresses the background of this issue and the experimental investigation of the properties of
the silicon grains and intergranular precipitates by nanoindentation.
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2.4 Characterization of the mechanical properties of MG-Si by
nanoindentation

Nanoindentation, introduced in 2.4.1, is a powerful tool for characterizing mechanical properties of ma-
terials. Like many other topics, a considerable background on the mechanical properties of pure silicon is
available, less for MG-Si, and it is based on nanoindentation or other techniques. As the results of Sec-
tion 2.3, the in-situ investigation of the mechanical properties of the intermetallic compounds in MG-Si
(see 2.4.2) was published in the Proceedings of Silicon for the Chemical and Solar Industry XII [40].

2.4.1 Probing the mechanical properties by nanoindentation

Overview & nanoindentation curve interpretation Macroscopic indentation tests (Brinell, Vick-
ers, Rockwell, etc.) deine hardness as the ratio of the maximal applied load and the area of the residual
indentation print. Nanoindentation proposes to test much smaller volumes of material. The area of the
residual print is then diicult to measure: instead, the applied load is measured as a function of the
penetration depth inside the sample. When using an indenter with a mathematically known geometry,
such as a Berkovich, Knoop or cube-corner, the theoretical geometrical contact area becomes accessible.
The technique and its speciicities are well referenced [49–51].
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Figure 2.32: Load-displacement curve obtained during a nanoindentation test: the continuous stifness
measurement (CSM) method, a fast-oscillating application of the load, enables the determination of the
normal contact stifness at all penetration depths.

Figure 2.32 gives the schematic principle of a nanoindentation test: it provides a load-displacement
curve, where the abcissa is the real penetration depth into surface h and the ordinate is the load P,
applied at a given rate, from 0 to �max and then unloading. Additionally, if the nanoindenter geometry
is known and if the contact stifness is measured, Young modulus and hardness of the tested material can
be determined. The contact reduced Young modulus �

′*
c is:

�
′*
c =

�

2

︂
�

�c

(2.9)

Where S is the normal contact stifness and �c the contact area. The reduced Young modulus of the
material �

′* can be obtained from �
′*
c in Equation 2.10 below, provided that the intenter’s Young

modulus �
′

ind and Poisson’s ratio �ind are known.

1

�
′*

=
1

�
′*
c

− 1− �2ind
�

′

ind

(2.10)

The hardness � is deined as
� =

�

�c

(2.11)

As graphically shown in Figure 2.32, contact stifness � is the derivative of the unloading curve ��/�ℎ:
in the case of a monotonic load, it can only be measured at �max. Therefore, the continuous stifness
measurement (CSM) method proposes to applied the load cyclically at a high frequency (see the zoom
of the load-displacement curve in Fig. 2.32), so that the contact stifness becomes accessible all along
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Figure 2.33: Hardness versus depth curve for two tests, giving respectively a stable (in green) and unstable
(in red) value for hardness. The unstable value results from simultaneously probing two diferent phases,
as can be seen on the SEM micrograph.

the loading curve. Moreover, the projected contact area must be estimated from the indenter geometry,
including both the imperfection of the real Berkovich tip practically used and the possible pile-up or
sink-in around the indent. The mathematical details can be found in [51].

Experimental details The nanoindenter used at the LTDS is a Nano XP with a Berkovich tip (3-sided
pyramid). Loads ranging from 20 to 450 mN were applied with constant strain rate of 1.5 10−2 s−1. The
analyzed samples are crushed silicon lumps, coated in epoxy resin: cross sections have been produced
by mechanical polishing by silicon carbide disks and colloidal diamond suspensions. Silicon grains and
silicides precipitates were located under the CCD camera of the nanoindenter device, then indented.
Afterwards, the cross sections were observed by SEM to locate the indented precipitates. The nature of
the diferent indented phases was determined by EDX analysis (see Fig 2.36 (a)). Chen et al. used a
similar technique to assess the mechanical properties of intermetallics in aluminum alloys in situ [52].

2.4.2 Nanoindentation of MG-Si and its intermetallic compounds

The silicon grains have been indented at maximal loads comprised between 20 and 450 mN: the corre-
sponding load-displacement curves are shown in Figure 2.34. The loading curves consistently superim-
pose. Unloading curves all present a broken slope at approximately mid-unloading ("pop-out"). This
phenomenon is discussed in the next Paragraph. Residual prints are shown in Figure 2.35: the applied
load overcomes the fracture strength of silicon, so that cracks often propagate towards the surface for
loads larger than 80 mN. They often result in chip fracture and the "butterly wing" pattern, as can be
seen in Figure 2.35 (a) and (c). Cracks are also likely to be initiated under the residual print normal to
the surface (thus not visible by microscopy). Intermetallic silicides could not be indented at loads larger
than 20 mN without taking the risk of simultaneously indenting multiple phases (laterally or in depth).
See for example in Fig. 2.35 (a) the residual print indented at 150 mN: not only one phase is probed, so
that the mechanical characteristics calculated are a mixture of the behavior of multiple phases. No chip
fracture and very few cracks were observed when indenting silicides at 20 mN. The hardness and reduced
Young modulus of silicon grains and some intergranular silicides were therefore measured for loads of
20 mN.

The results are detailed in Table 2.5. Note that only a small proportion of the measurements have
been integrated in these data. Indeed, Figure 2.33 shows that the hardness value sometimes varies with
penetration depth. This can be due to the simultaneous probing of diferent phases, either laterally
or axially. All of the hardness and Young modulus curves that presented variations with depth were
eliminated. The uncertainties speciied in Table 2.5 correspond to the dispersion of all of the saved
hardness values. These uncertainties are not negligible, but suggest that the phase FeSi2Ti is the hardest
and comparable to silicon grains, while FeSi2.4(Al) and Al6CaFe4Si8 are softer. No correlation could be
found between the concentration of solute aluminum in FeSi2.4 and its mechanical properties.
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Figure 2.34: Load-displacement curves from nanoindentation tests in Si grains, for maximal applied
loads from 20 to 450 mN. A pop-out phenomenon is observed for all of the unloading curves (circled in
green for the 450 mN curve).
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Figure 2.35: (a) SEM micrograph (BSE) of an indented precipitate and two residual prints of indents
at 450 mN; (b) and (c) are optical micrographs (numerical microscope) of prints at 450 mN in a silicon
grain; (d) is an optical micrographs (numerical microscope) of a print at 80 mN in a silicon grain. At
450 mN, cracks are often induced by the indentation test and can propagate towards the surface (b) to
ultimately detach a lake of material, so-called butterly wing: see (a) and (c).
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Figure 2.36: (a) SEM micrograph (BSE) of an intermetallic compound in the lump, the nature of the
indented zones has been determined by EDX; (b) the corresponding load-displacement curves for the
diferent silicides.

Table 2.5: Hardness and reduced Young modulus of MG-Si and various intermetallic silicides compounds.
The last column speciies the number of successful measurements performed.

Compound Hardness H (GPa) Reduced Young modulus E* (GPa) #
Al6CaFe4Si8 8.5 ±1.5 195 ±25 16
FeSi2.4(Al) 7.5 ±1.5 190 ±30 28
FeSi2Ti 12.5 ±1 250 ±15 4
Si (grain) 11 ±0.5 170 ±10 41

2.4.3 Discussion & Highlights

Discussion The values of E* obtained for silicon are consistent with previous background. Hopcroft
reviewed the elastic properties of silicon and gives a value [53] of 160-170 GPa for the (110) orientation.
For silicon single crystals, Petersen reports a Young modulus of 190 GPa, but a Knoop hardness of 850,
that is only 8.2 GPa [44]. Forwald measured Vickers hardnesses of approximately 9 GPa for diferent
cast MG-Si [38]. The tricky point in silicon hardness in indentation lies in the pop-out phenomenon
observed during unloading (see Fig. 2.34). This abrupt transition results from phase transformations of
silicon under pressure. Several authors characterized this phase transformation by Raman spectroscopy
[54, 55], electron difraction [56], TEM [57] or simulation [58–60]. The cubic diamond structure of silicon
(Si-I) transforms into a �-tin structure (Si-II) under high pressures, with a volume contraction of 1/5.
This may continuously occur during the indentation test, without causing discontinuities on the loading
curve. Then, with unloading, Si-II phase becomes unstable and metastable phases are formed: their
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recrystallization into denser phases thus contracts the material under the indenter resulting in the pop-
out event on the load-displacement curve [55]. Some of the metastable phases may persist at ambient
temperatures (Si-III and Si-XII). The phase transformation is reported to impact depths as large as
twice to three times the displacement into surface [57]. These diferent phase transformations explain the
various data reported with diferent applied loads and loading rates [61]. It has also been claimed that
some plastic low is occurring along with phase transformation [62].
The intergranular silicides were reported by Møll to have hardnesses of 7.2, 7.1 and 8.8 GPa, for

Al6CaFe4Si8, FeSi2.4(Al) and FeSi2Ti respectively [31]. Yet, she underlined the fact that these Vickers
measurements can be underestimated due to the diagonal measurement method. Still, the former values
give the same hardness ranking for the studied silicides as in [31]. FeSi2Ti is the hardest phase and
Al6CaFe4Si8 and FeSi2.4(Al) have close hardness values. A hardness of 12.1 GPa was also measured for
Al6CaFe4Si8 by Vickers indentation at 0.05 N [63], however on a synthetic sample of this quaternary
phase, not in situ in MG-Si.

Highlights

� The mechanical properties of metallurgical-grade silicon were tested by nanoindentation: the be-
havior of MG-Si is similar to the one of pure silicon, which was extensively studied elsewhere [55],
notably the pop-out event during unloading (Fig. 2.34). The impurity content inside the grains,
which has found to be approximately of 0.1 % (see Section 2.2) does not signiicantly modify the
mechanical properties of the studied MG-Si compared with pure silicon.

� Intergranular silicides properties were also characterized by nanoindentation at 20 mN load and
their modulus and hardness have been measured (Table 2.5). The chemical composition of the
tested compounds was measured a posteriori by SEM-EDX.

� The silicides have properties diferent from silicon and from each other: FeSi2Ti is the hardest
phase while Al6CaFe4Si8 and FeSi2.4(Al) have closer properties, consistently with previous literature
measurements.

59



REFERENCES

2.5 Graphical summary of Part 2
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Figure 2.37: Graphical summary of the topics discussed in Part 2. The reference numbers to pages and
Sections can be used as hyperlinks in the digital pdf version.
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Part 3

Size Reduction of Metallurgical-Grade

Silicon for the Direct Synthesis

The two-stepped size reduction process of MG-Si ingots is represented in Figure 3.1. This Part addresses
the grinding of metallurgical-grade silicon lumps, which determines the particle size distribution of the
MG-Si powder. In general, grinding steps are especially energy-consuming and need understanding and
improvement. Therefore, the fundamentals of fracture mechanics are discussed, then fractography and
the concept of critical size of grinding are examined as they apply to silicon. Finally focus is put on the
understanding of the grinding kinetics by the population balance model approach. The production of
ines is particularly investigated, because these particles have a considerable impact on the rest of the
Direct Process, as mentioned in Section 1.3.4.

Crushing

MG-Si ingot 

~ 1 m

Lumps 

0-30 mm

Powder 

0-500 µm

Grinding

Figure 3.1: Block diagram of the size reduction steps of MG-Si from a metric ingot cast at the metallurgist
plant to millimetric lumps and micrometric particles. The Direct Process is represented in Figure 1.7.
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3.1 A review of fracture mechanics of brittle solids

Many eforts have been devoted to link the single crack behavior at the microscopic level to the frag-
mentation of materials by multiple cracks at the macroscopic level: this cannot be physically described
today. This Section reviews diferent approaches to the fracture behavior of materials, i.e. the micro-
scopic level study of crack initiation and propagation, focusing on brittle materials such as silicon. Then,
multiple-crack systems and multiple-particle are addressed, because size reduction obviously comprises
propagation of multiple cracks in a collection of particles.

3.1.1 Microscopic level physics of crack propagation and the case of silicon

A major contribution to the study of fracture mechanics is that of Griith [1], who presented an energy
criterion for fracture to occur. A real material always exhibits a certain surface density of defects, that can
be considered as pre-existing micro-cracks. These only enlarge when the forces pulling its edges overcomes

Figure 3.2: Simulated
(110)[11̄0] crack from [2];
dashed lines are broken bonds.

the molecular attraction in the surroundings of this micro-crack. In
practice, the required energy obviously depends on the geometry of the
pre-existing crack: it decreases with the length of the micro-crack and
with sharper apexes. In this view, the energy required for fracture
is governed by the surface energy of the fresh surface resulting from
fracture, although more complex situations arise with ductile materials,
in which plastic energy can be stored at the crack tip [3].

Mechanical and fracture properties of silicon have been extensively
studied, irstly because of its ubiquitous use in microelectronics tech-
nologies and secondly because Si constitutes an interesting model ma-
terial, its single crystals are close to a perfectly brittle material [4]. It
is only when silicon is cyclically loaded at high frequencies (>kHz) that
fatigue can occur [5]. Due to this brittle behavior, cracks are expected
to more easily propagate along crystallographic planes with lower sur-
face energy, the so-called cleavage planes. In silicon, (110) (see Fig. 3.2)
and (111) are usually reported as the cleavage planes [6], with surface
energies of 1.73 and 1.44 J.m−2, respectively [7]. The (111) plane has
the lowest surface energy and is thus expected to be the preferred plane
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for propagation. Fracture toughnesses for these two cleavage planes, i.e. the critical stress intensity
factor in mode I, �IC , have been calculated to be 0.42-0.44 and 0.40 MPa.m1/2, respectively, depend-
ing on crack orientation. The referenced experimental values are higher: for the system (111)[110],
�IC{111}=0.93 MPa.m1/2 ± 0.05 [8], close to the values of 0.9-1 MPa.m1/2 found by other authors [8–
10]. �IC{110} is reported to be slightly lower: 0.89 MPa.m1/2 ± 0.04 [8]. Forwald studied the mechanical
properties of several high silicon alloys and metallurgical-grade silicon: a �IC of 1 MPa.m1/2 is obtained
for MG-Si, as for several alloys [11] (a fracture strength in compression of 1100 MPa is also reported).
Fracture toughness is solely linked to the strength of Si-Si bonds and should not be signiicantly impacted
by the silicon microstructure, at least for low impurity contents. As a comparison, these �IC values are
comparable to ceramics and minerals fracture toughnesses [12], and ten times as low as the fracture
toughness of metals.

As mentioned above, the direction of propagation of a crack is of importance. In particular, a cleavage
anisotropy for silicon, irst observed experimentally [8], was proved to be associated with energy dissipa-
tion (lattice trapping) for propagation in the [001] direction while the propagation is easy and stable along
[11̄0] [2, 6, 7]. The energy dissipation during crack propagation can lead to crack instability, a change of
the crack plane or even secondary cracks [13, 14]. Kermode et al. have shown by hybrid classical/quan-
tum mechanics simulation that these instabilities may depend on the crack velocity: low-speed cracks
(0.8-1 km.s−1) are found to be unstable in the (111) plane, contrary to what was expected based on the
surface energy approach [14]. Conversely, they found that the high-speed cracks (>2 km.s−1) propagating
in (110) planes are unstable and even delecting towards (111) planes. It was however claimed that crack
speed experiences a discontinuity between 0 and 2 km.s−1 in (111) planes, due to a phase transforma-
tion of silicon at the crack tip [15]. The crack speed was often measured experimentally to be stable at
approximately 2.5-3 km.s−1, with transitions between 0 and 2 km.s−1 [6, 13, 15, 16]. Stable cracks in
the cleavage planes are theoretically expected: their occurrence produces atomically lat surfaces, while
unstable propagation and subsequent delections lead to surface roughness.

These studies are representative for the complexity of crack propagation, even in perfect crystals. In
practice, the environmental medium and the structural defects make the phenomenon even more complex.
As an example, atmospheric water was shown to chemisorb at the crack tip of silicon for low stresses,
with some oxidation of the surface, while at higher stresses water induces tribocorrosion or breaks a
Si-Si bond [17]. Structural defects can be studied by diferent surface treatments or by creating them
artiicially by ion implantation [18]. In general, such produced internal defects decrease the fracture
strength. Another example of structural defects is the internal porosity that can induce cracks from
the inside the strained object: Klein and Reuschlé proposed a physical model for pore crack in mineral
rocks [19].

3.1.2 Fragmentation and dynamic fracture of single particles

In comminution environments such as crushers or grinding mills, the impacts on the material to reduce
correspond to relatively high loads, applied at a high strain rate. Therefore, multiple cracks are initiated,
propagate simultaneously, potentially interacting with each other.

A large amount of research is devoted to impact breakage of single particles, where multiple interde-
pendent cracks propagate simultaneously: this is referred to as fragmentation. Physically, the situation
is often modeled by a brittle material of inite dimensions and an ininite plane that impact each other
(i.e. each has a large speed in the frame of reference of the other). Depending on which is motionless,
this case can correspond to size reduction, e.g. for mining applications, soil mechanics for seismic activity
prediction [20], or even protective walls, e.g. for military applications [21]. In the latter case, a projectile
is launched on a wall, while in the former, the wall (a grinding body larger than particle to grind) is
launched on this particle.

The impacting bodies are frequently chosen to be spherical for simpliication purposes [22–29] but
some authors studied other shapes [30]. The typical situation is illustrated in Figure 3.3, from [28].
Simulations and experiments always predict the "cone of ines" shown in this Figure. Here, additionally,
primary cracks (meridian) are found to induce secondary cracks. The simulations are often based on the
discrete element method (DEM) and consider that the brittle body is an assembly of virtual elements
presenting a certain degree of cohesion [31, 32]. See for example Fig 3.3 center: the discretized elements
initially constituting the brittle sphere are virtual smaller spheres.

Among the papers reviewing the underlying physics [33–35], a challenging issue is the prediction of
the size of the daughter fragments resulting from fragmentation, for a given set of mechanical conditions.
In particular, Drugan proposes to integrate in the model a law spacing parameter, which physically
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Figure 3.3: (Left to right) Physical scheme, DEM simulation and experimental result of a concrete sphere
impacting a wall. Adapted from [28].

accounts for the distribution of internal defects within the fragmented material [35]. A statistical mean
of the fragment size can thus be calculated. The fragment size distribution resulting from impact fracture
of single particles has been empirically studied by the so-called drop-weight method [36–39]. As suggested
by its name, the impact is produced by dropping a mass from a certain height and collect the daughter
fragments to measure their size. Varying the mass and/or the height enables controlling the speed and
the energy input. Drop-weight devices can be more elaborate in order to perform measurements of
the duration of the impact and the strain applied over this time: King and Bourgeois were thus able
to measure a mass speciic fracture energy (verifying that the smaller the particle, the more energy is
required to produce a fracture event, consistent with Griith theory) or to measure the strain wave during
the impact [38].

Figure 3.4: DEM
simulation predict-
ing crack branching,
from [40].

Although many industries consider the inest particles produced during frag-
mentation as a drawback, at least because it represents a loss of mass, few studies
were speciically devoted to the production of ines in such situations. Note that in
many references the word "ines" does not refer to the interval 1<�p<10 �� as in
this dissertation, but rather refers to the size under which the speciic application
of the authors is no longer adapted. As an example, in the recycling of materials
from demolished buildings, ines can be considered as being particles smaller than
a few millimeters [41]; this obviously depends on the parent size considered by
the authors. Donaldson et al. proposed the term "ejecta" to refer to particles
with size 0.1-500 �� release when fragmentation of larger particles occurs [42],
but this concept has not been widely used since. These authors pointed out that
fracture of large particles invariably leads to the production of a large number
but small weight of this ejecta. They studied the size and distribution of ejecta
from diferent classes of materials in order to include it in the energy of the sur-
faces generated by fracture and for fractography considerations. They generally
observed the ejecta to be electrically charged. Bohloli et al. focused on "ines"
(thickness<4 mm) from ore treatment in the mining industry and showed a corre-
lation between the failure load of gneiss samples in the brazilian test (see [43]) and
the amount of "ines" released [44, 45]. The water content was found to decrease
both the failure load and the "ine" particle release. The same author conirmed later that diferent rocks
produce diferent amounts of ines, but the correlation between failure load and the release of "ines" was
always observed [46]. The physical origin of ejecta is uncertain and may be multiple: as mentioned above
(Fig. 3.3) a cone of "ines" can be predicted where a large energy by volume is input during impact [28];
Foulk et al. obtain with DEM studies a crack branching phenomenon that produces such "ine" ma-
terial (see Fig. 3.4) [40]. Alternatively, abrasion (a hard sliding contact) can also produce a lot of ine
particles [47]. Such contact is likely to occur simultaneously with fracture in a comminution device.

3.1.3 Fragmentation and dynamic fracture of multiple particles

The previous scope can be widened to the case of fracture of multiple particles, due to impact. This
case is closer to comminution situations, where a granular media is reduced by impact of grinding bodies.
Some of the previously described studies are still applicable when considering a collection of particles: e.g.
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Figure 3.5: Visualization by photoelasticity of the contacts between particles in a two-dimensional
photoelastic granular media, from http://www.phy.duke.edu/~jt41/research

the drop weight method can be adapted by dropping the mass onto a bed of particles instead of a single
one [38]. In this case, the input energy can be transmitted from a particle to another, raising the issue of
the contacts between particles in a powder. Many aspects of the granular matter remain to be discovered,
even if some concepts have been deined. Figure 3.5 shows the contact and interparticle strain distribution
in a static granular assembly, by a photoelasticity technique: the contact points are distributed only within
a fraction of the particles, these contact points being small and locally inducing high strains. Tsoungui
et al. studied the fracture of two-dimensional beds of circular particles under compaction: they showed
that particles with the least number of contact points were more likely to experience fracture, since an
increasing number of contact points make the situation closer to an hydrostatic pressure, where no crack
can be opened [48, 49]. If not all of the disks have the same radius, smaller disks statistically have
less contact points than larger ones and are then more likely to break irst. Their daughter fragments
are even smaller and the likelihood of their having few contact points is higher, while the number of
contact points of large disks surrounded by smaller ones increases. Consequently, these authors predict
and experimentally observed that in a polydisperse assembly of disks, the disks with smaller radius break
irst, and their daughter fragments continue on breaking while the breakage probability of large disks
even decreases [49]. Other authors studied the compaction stresses of irregular single [50] and multiple
particles [51]: the shape of the particles substantially changes the strain distribution within one particle
and within the whole powder: chain of particles aligned along the direction of compaction experience
larger forces. Even if they did not integrate polydispersity in the simulations, these authors predict irstly
an elastic deformation regime, secondly a particle-by-particle breakage and inally a strengthening of the
powder with compaction (due to the daughter fragments illing the porosity), like Tsoungui et al. Such
models can be used in DEM simulation of a whole comminution process [52]. Some elements of theory
for modeling the mechanics of granular media under compression and impact stresses are also addressed
in [53, 54].

3.1.4 Highlights

� Fracture mechanics was greatly inluenced by Alan Arnold Griith’s work: the energy consumed
by fracture (i.e. by the propagation of a crack) is equal to the surface energy of the freshly created
surfaces, with the input energy being provided by the strain energy. The fracture strength in a
brittle solid is inluenced by the residual stresses and the population of defects (micro-crack).

� Silicon is a brittle solid that does not deform plastically at ambient temperature and non high
frequency stresses and with a fracture toughness of approximately 1 MPa.m1/2.

� Pure silicon and silicon single crystals are commonly used to study experimentally and theoretically
crack propagation: yet, even in perfect crystals, these mechanisms are very complex. The main
trends for silicon brittle fracture are: (1) catastrophic transgranular cleavage on (111) planes at
high energy/high velocity and (2) cleavage on (110) planes at lower energy and crack velocity.

� Mechanical studies of real comminution systems must tackle the issue of multiple cracks within a
single particle and their interdependence, inally the distribution of impact forces in granular media.
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The previous literature review gives good insights into the fundamentals of fracture by impact and/or
in granular media, tending towards complex phenomena using a bottom-up approach.

The next Section 3.2 proposes to analyze the fracture surfaces of MG-Si from a fractography viewpoint,
then Section 3.3 focuses on the critical size of grinding based on energetic principles, to give insights into
the crack propagation and fracture energetics of MG-Si, respectively. Finally, the rest of Part 3 will be
devoted to the study of the comminution of MG-Si in laboratory scale grinding mills from a population
balance model (PBM) perspective. This is indeed one of the most popular approach to describe the data
from industrial processes or laboratory scale models [55] and thus infer the grinding mechanisms. This
approach has been chosen in this dissertation to study the size reduction of metallurgical-grade silicon,
which attracted few investigators so far, in order to shed light on the behavior of this material and provide
an experimental basis for future simulation work. The PBM approach for describing grinding kinetics is
developed later in Section 3.4.

3.2 Fractography

Fractography is the science of the interpretation of surface fracture topography [56]. As mentioned in
Paragraph 2.1.3, all of the MG-Si particle surfaces are fracture surfaces, for they were almost all created
during the grinding step of lumps. Most of the surfaces appear macroscopically lat ("mirrors"): these
originate from the stable propagation of a crack in an atomic plane. When not stable, a crack can slip
from a crystallographic plane to the next one: this results in steps. If slipping is not uniform along the
crack plane, tilting cracks are observed. Both steps and tilting cracks are frequently visible on MG-Si
particles, the latter as concentric circles of steps (marked by red arrows in Fig. 3.6). River patterns are
sometimes observed ahead of steps, arising from the crack front arriving at a crystallographic boundary
and gradually adapting to the new orientation. Finally, the occurrence of chip fracture is proven by the
typical pattern of a small lakes removed from the surface (blue dots in Fig. 3.6). Figure 3.6 presents
these mirrors, tilting cracks, rivers and chips. The examination of the same samples with an optical
microscope leads to the same observation, as can be seen on Figure 3.7, what is due to the fractal
character of fractography: the observation at diferent scales produces the same patterns. In conclusion,
fracture patterns observed on MG-Si particles reveal a pure brittle behavior, relevant with the known
brittle-to-ductile transition temperature close to 770 K for silicon [10, 57] and the fact that such elevated
temperatures are unlikely to be observed when milling MG-Si. These observations are also consistent
with the background knowledge on crack propagation in silicon (see Paragraph 3.1.1): stable cleavage
fracture should result in large mirror faces, while unstable propagation and tilting cracks produce the
mist and river patterns [13].

50 µm 200 µm

Figure 3.6: SEM micrograph (SE) of MG-Si powder: numerous evidence of brittle fracture are observed.
Macroscopically lat planes are very frequently observed, as well as cracks steps, often tilting (marked by
red arrows). Chip fracture patterns (marked by blue dots) are also visible.

The tilting crack behavior can be associated with the production of ine particles [58]. Indeed, under
mixed loading conditions (mode I / mode II), shear stresses can induce parallel cracks (in the preferred
cleavage plan), that can intersect by tilting, thus bending towards each other. The rigorous experimental
study of crack propagation would require more sophisticated devices.

Yet, as a qualitative approach, cracks were induced in a silicon lump in a hot pressure cell used to
embed particles in an epoxy resin (Konductomet, Bühler) at the LTDS. The conditions is the cell are
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100 µm 50 µm

Figure 3.7: Optical image (numerical recontruction) of a coarse MG-Si exhibiting brittle fracture patterns
(rivers, mirrors and mists) at diferent scales, suggesting the fractal behavior of cracks.

set to 150�C and 290 Bar for 1 min. When the embedded lump is polished, crack patterns such as
depicted in Figure 3.8 are revealed. This indicates that the fracture strength has been locally overcome
during polymerization of the resin, despite the isostatic pressure of 290 Bar or 29 MPa, lower than the
fracture strength of 1100 MPa reported for MG-Si [11]. No fracture is observed in cross-sections of lumps
embedded with cold atmospheric polymerizing resins. An interesting feature of this qualitative method is
that the fracture lump is "freezed" in its position during fracture, so that the daughter fragments do not
fall apart. Note that such conditions are not rigorously comparable with the impacts in a grinding mill
environment. However, in such brittle materials, crack propagation and especially crack branching can
be associated with the dissipation of the stored elastic energy in the lattice. The features observed here
are not expected to be completely dissimilar with cracks initiated by impact. Figure 3.8 (right) shows
in particular medium ine and ine particles produced during the compaction. They are numerous and
seem comprised within a crack or between parallel growing cracks. This is consistent with one mechanism
generating ines being linked with multiple crack branching. Conversely, no correlation between the defects
of the microstructure of MG-Si and crack propagation is obvious in this cross-section. Propagation of
cracks at the interface between intermetallic inclusions and the silicon grains was never observed, despite
their diferent mechanical properties (as described in Paragraph 2.4.2). It is consistent with the low
concentration of alloying elements in the ine and ultraine particles (see 2.2.1). Indeed, if failure of the
interface between intermetallic compounds and the silicon grains would occur, ines with a high impurity
concentration would be produced and the concentration of the alloying elements in particles of 1-10 ��

would be high; we have seen that this is not the case (see Fig. 2.20 in Paragraph 2.2.1). Additionally, for
thus induced cracks, no propagation along grain boundaries is observed. Forwald reported the fracture
in MG-Si to be mostly transgranular [11].

Highlights

� The surface of ground MG-Si particles, that results from fracture, exhibits the typical patterns of
brittle fracture, and none of ductile fracture, which is consistent with silicon being purely brittle
under 770 K.

� These surface patterns (see Fig. 3.6 and Fig. 3.7) suggest the propagation of the cracks to be
preferred in some cleavage planes (hence mirrors), although possible instabilities of the cracks can
lead to the river or mist patterns.

� In particular, crack tilting (see Fig. 3.6) could lead to the branching (see Fig. 3.4) of multiple cracks
and ultimately to the production of ines along crack lines. Figure 3.8 presents a cross section of a
lump fractured by compression strain that supports this hypothesis.

� No preference for the propagation along grain boundaries or intermetallics-grain interface is ob-
served: the crack propagation appears to be mainly transgranular, consistent with the observations
by Forwald [11].

� Additionally, patterns typical of chip fracture are visible.
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50 µm

200 µm 50 µm

Figure 3.8: SEM micrograph (left: BSE; right: SE) of a polished cross-section of a silicon lump embedded
in a hot isostatic press (150�C, 290 Bar, 1 min, resin epoxy Konductomet).

3.3 Critical size of grinding

The concept of critical size of grinding stems from an energetic assessment of fracture and plastic defor-
mation. It has been already applied to the case of calcite [59, 60]. This Section describes the application
of this concept to the case of metallurgical-grade silicon and its assessment by a Vickers indentation based
method.

3.3.1 Plastic deformation vs fracture: energetic considerations

Inducing plastic deformation in materials requires applying a stress larger than the yield stress. At this
critical value and using Hooke’s law, the volumetric energy stored in a material with a Young’s modulus
� and a yield stress �y is:

�el =
�2
y

2�
(3.1)

Thus, for a cubic particle with edge length �, the minimal energy to provide to plastically deform the
material is:

�el =
�2
y

2�
�3 (3.2)

Even when for a purely brittle material, a compressive yield stress does exist. In comparison, from
an energetic viewpoint, the fracture energy corresponds to the creation of two surfaces, that is, for a
material with surface energy �:

�S = 2��2 (3.3)

From this simple comparison, it appears clear that the creation of surface (varying with the size
squared) requires less energy than plastic deformation (varying with the size cubed) only until a critical
size �crit is reached. It corresponds to the size at which �S = �el:

�crit =
4��

�2
y

(3.4)

Hence, for sizes � > �crit, �S < �el and fracture is preferred over plastic deformation. In the
ininitesimal strain theory (small deformations), the link between � and fracture toughness �IC is given
by Equation 3.5, while the yield stress �y can be estimated from Equation 3.6.
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Plastic zone
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Figure 3.9: Principle of Vickers indentation and light optical micrograph (magniication x50). Vickers
indenter is a square pyramid inducing a print left on surface and optionally propagating cracks laterally
and under the print.

�IC =

︂

2��

1− �2
(3.5)

�y = 0.5�V (3.6)

Where � is the Poisson ratio of the material and �V its Vickers hardness expressed in MPa. The factor
0.5 in Eq. 3.6 stems from the geometry of the indenter and the type of material [61]. Thus an estimation
of the critical size of grinding is given by:

�crit = 8
(1− �2)�2

IC

�2
V

(3.7)

This deinition is based on energetic principles and for a particular load (mode I): �crit thus corresponds
to the minimal size under which the mechanical input energy will be preferentially dissipated through
plastic low instead of brittle fracture. Equation 3.7 predicts a value of 200 nm for �crit by using the
reported values for MG-Si.

3.3.2 Estimation of the critical size of grinding for MG-Si by Vickers inden-
tation

An experimental method for the determination of the critical size of grinding is based on Vickers inden-
tation. The principle of Vickers indentation is depicted in Figure 3.9. As other hardness tests, Vickers
proposes to measure the load threshold over which plastic deformation is induced in a material, i.e. the
hardness [62]. Vickers indenter is a square pyramid of angle 136�, so that the contact area �c under a
load � can be calculated, then Vickers hardness �V is available as:

�V =
�

�c

=
1.854�

�2
(3.8)

Where � is the average diagonal of the projected indentation left after the test (see Fig. 3.9) and should be
expressed in microns if the load is expressed in MPa. The Vickers test is widely used in various industries
for hardness measurements, but interestingly many authors proposed to extract information on fracture
mechanics from the very same test. Indeed, as visible both on the scheme and optical micrograph in
Figure 3.9, cracks can be induced during a Vickers test. The idea of several authors is to link the fracture
toughness �IC with the length of the induced cracks, all stemming from the hypotheses: (a) the crack
length is larger than the size of the print 2� ≫ �, so that the cracks are assumed to start from the center
of the print; and (b) mechanical equilibrium is achieved and no further propagation of cracks occurs
during unloading. Then:

�IC �
�

�3/2
(3.9)
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Several expressions were then proposed for the proportionality constant in Eq. 3.9. The following
Eq. 3.10, Eq. 3.11, Eq. 3.12 and Eq. 3.13 correspond to the expressions by Evans [63], Anstis [64],
Niihara [65] and Bhat [66], respectively.

�IC = 0.16

︂
0.5�

�

︂3/2 ︁

�V (0.5�)
1/2

︁

(3.10)

�IC = 0.016

︂
�

�V

︂3/2
�

�3/2
(3.11)

�IC = 0.095

︂
�

�V

︂0.4

�V

︂
0.5�

�

︂3/2

(3.12)

�IC = 9.79.104 �0.4 � 0.6

︂
0.5�

�

︂0.36

(3.13)

d/2 c

2 3/2

log(d/2), log(c) 

log P

Pcrit

acrit /√2 

Figure 3.10: Variation of the diagonal
� and crack length � with load � on a
logarithmic plot.

Where 0.5� is the length of the semi-diagonal, E the Young’s
modulus. In Eq. 3.13, �IC is obtained in MPa.m1/2 when E is
expressed in Pa, P in grams and � and � in ��. Note that these
formulas were established for ceramics: they are relevant to use,
for the fracture behavior of silicon is close to these materials.
In particular, Anstis applied Eq. 3.11 on experimental values
for silicon single crystals and showed the consistency of the
results with referenced values of silicon fracture toughness, as
well as various ceramics [64]. The uncertainty of the constant
was estimated by the author to be 0.016± 0.04.
The Anstis formula can be reversed to give an experimental

estimate of the theoretical critical size �crit introduced in the
previous Paragraph 3.3.1. In the case of calcite, Skrzypczak
used Eq. 3.8 and Eq. 3.11 as expressions where the load � is
proportional to �2 and to �3/2 [59, 60]. By varying � during
Vickers indentation, several values of � and � are obtained, so that a graph analog to this of Figure 3.10
should be obtained. As can be seen, straight slopes of 2 and 3/2 are obtained on a logarithmic plot for
� and �, respectively. These lines can be extrapolated until they intersect: at this point, cracks should
not laterally propagate anymore and the input energy is dissipated only through plastic deformation.
Skrzypczak showed the x-intercept provides an experimental estimate of the critical size �crit/

√
2 [59],

where the factor
√
2 scales the fact that �/2 is the semi-diagonal of the created surface, while �crit as

been deined above as the edge length of the elementary volume (Eq. 3.2). Such interpolation of �crit
obviously requires that the values of �, �IC and �V to be constant in the load range considered.
Polished lumps of metallurgical-grade silicon were indented at the LTDS with a Buehler Micromet 5104

Vickers hardness testing device at loads ranging 0.25-3 N. The diagonal length � and the crack length �

are measured for several prints, in order to smooth experimental variability. The results are plotted as
triangles in Figure 3.11. The dispersion of values at a given load is more pronounced for the crack length
than for the print diagonal. A power law is itted to the curves of � and � by a least square method (see
Appendix A for algorithmic details). The it results with the 90 % conidence bounds on the parameters
(due to the regression) is displayed in Fig. 3.11. As can be seen, the theoretical slopes of 2 and 3/2 for �
and � are accurately obtained from experimental data, supporting our base hypotheses for using Eq. 3.8
and Eq. 3.11. A critical size �crit ≃ 1.1 �� is predicted for MG-Si, from the extrapolation of the two
slopes.

3.3.3 Discussion & Highlights

Discussion The critical size �crit of 1.1 �� appears unexpectedly high, because smaller particles were
observed in ground MG-Si, see for example ultraine particles shown in Figure 2.10. Anstis formula was
applied to silicon single crystals and shown applicable within the same load range [64]. The power laws
of 2 and 3/2 are accurately reached. Moreover, the calculation of the constants � and � from referenced
values gives 0.024 and 0.014, respectively, for �=170 MPa, �IC=O.9 MPa.m1/2 and �V=11 GPa. These
values are close to the values 0.022 and 0.020 obtained (see Fig. 3.11). The experimental results are thus
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Figure 3.11: Experimental results of Vickers indentation of metallurgical-grade silicon (indentation left
and crack length) and back-calculated power laws for each curve.

consistent with theory. Then, the extrapolation of these power laws to smaller loads and sizes can be
discussed: it relies on the assumption that hardness, Young’s modulus and fracture toughness do not
change with the applied load. An indentation size efect, that is the variation of the measured hardness
with the volume of material probed, is well-known [59]: this could lead to an inaccurate determination of
�crit. To exclude this hypothesis, Skrzypczak et al. performed nanoindentation tests with a Berkovich tip
at smaller loads. The size of the indentation left by Vickers and Berkovich indenters can be compared, in
order to add the nanoindentation results to the size-load curve (Fig. 3.10). Topographic measurements by
AFM was not carried out here [60], yet qualitatively we observed that nanoindentation at loads as small
as 80 mN did induce small cracks. Nanoindentation tests at loads ranging from 5 to 50 mN with a precise
measurement of the indentation prints by AFM would be helpful to state whether the extrapolation of the
previous power laws is fully relevant. Another explanation worth considering is the presence of residual
strength in the material, due to either MG-Si casting or surface preparation of the samples. Residual
strengths can indeed change the energy required to induce crack propagation. Surface polishing may also
induce pre-cracks in the material.

On a larger scope this discussion questions the physical meaning of the experimentally estimated of
the critical size compared with the theoretical value of �crit. Skrzypczak showed that the critical size
measured by the Vickers indentation method was consistent with the limiting particle size in industrial
milling, yet, particles smaller than this critical size were present after milling, which was explained by
a fatigue fracture behavior of calcite [60]. No fatigue behavior of silicon under the brittle-to-ductile
temperature is reported to our knowledge. Hence, a critical size of grinding of 1.1 �� determined by the
Vickers indentation method seems overestimated. This overestimation could be due to the diference of
strain rate by Vickers and by impact: plasticity of silicon, which is caused by phase transformations or
crystal twinning may not be able to dissipated the energy of an impact in a short time. Equation 3.7
previously established from theoretical bases predicts a smaller critical size of 100 nm, closer to the
smallest particles observed after grinding. This is also consistent with our TEM observations showing
signiicant amorphous zones in ultraines (<1 ��) but not in particles with a size of approximately
1 �� (see Section 2.3 in the previous Part). Overall, the critical size of grinding estimated from Vickers
indentation may provide a fair order of magnitude of the mean size at which crack propagation costs more
energy than plastic deformation. Nevertheless, this remains bound to the Vickers indentation: the energy
balance may depend on the rate at which the constraints are applied. This diference may explain why
the brittle-to-ductile size transition is observed earlier with indentation than it is expected in grinding.
Knieke et al. well showed that the true limit for brittle behavior may be lower than the apparently
observed limit [67].
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Highlights

� A critical size of grinding �crit can be deined as the limiting dimension under which fracture requires
more energy than plastic deformation for brittle materials.

� A method for evaluating �crit is based on the Vickers indentation test: the measurement of inden-
tation print and crack length at diferent loads (see Fig. 3.9 and Fig. 3.10).

� Vickers measurements were performed on polished cross sections of metallurgical-grade silicon
lumps: experimental values were consistent with theoretical estimations and the extrapolation
of the curves predicts a critical size of grinding of approximately 1.1 �� for MG-Si (Fig. 3.11).

� This value seems overestimated, given that smaller particles are observed after the grinding of MG-
Si. Based on Eq. 3.7, a value of 100 nm is obtained. The overestimation by the Vickers method
could be due to the extrapolation of the data to sizes where the Anstis formula (Eq. 3.11) is no
longer valid.

� In the case of MG-Si, the critical size of grinding cannot be considered as the ultimate limiting size
achievable through grinding, but an order of magnitude of the size under which plasticity of silicon
starts dissipating some input energy as plastic deformation.
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3.4 Kinetics of Grinding by population balance model approach

This Section addresses the fundamentals of kinetics of grinding, by introducing a mathematical description
of kinetics of grinding, the population balance model. The core of a size reduction process is the evolution
of the particle size distribution (PSD): a full description of the grinding process is given by � (�p, �), the
passing cumulative particle size distribution of the material in the mill, for all particle sizes �p and after
any time of grinding �. It is thus required to express the rate at which the fracture events occur in the
comminution environment and the products of these fracture events. Comminution operations at the
plant scale also include the issues of the process low, classiication or mineral liberation [55] that will not
be addressed in this dissertation.

3.4.1 The population balance model (PBM) applied to kinetics of grinding

3.4.1.a The concepts of selection and breakage functions

A size reduction process includes a number of stresses applied to a granular media, so that this product
is ground. Many diferent stresses occur and the particles experience simultaneously complex events of
breakage, mixing and compaction. The base simpliication to grasp grinding was deined by Epstein [68].
He proposed to "divide" each ininitesimal time spent inside a grinding environment into a series of two
virtual consecutive events: selection and breakage. The irst step consists in selecting the particles that
will be broken. The second step is the breakage of the selected particles only, hence the fraction of
particles that are not selected remains unchanged. The concept is illustrated in Figure 3.12. Selection
thus corresponds to the probability of a given particle to experience a breakage event, regardless of the
product obtained after breakage. On the other hand, breakage deines the composition of the daughter
fragments obtained when a given particle is broken, regardless of the likelihood of this breakage event to
occur; note that the breakage step only concerns the selected particles (Fig. 3.12).

Particle

Size Distribution 

at time t

Selection Breakage of 

selected particles

Particle

Size Distribution 

at time t+dt

Non selected particles

Figure 3.12: Epstein’s concept of each ininitesimal time �� to be divided into the selection and breakage
steps.

The interest of Epstein’s concept lies within this deconvolution of the probability to break and the
result of breakage. Picture yourself hitting a sand grain on a glass table with a sledgehammer. It is very
unlikely that you will break the sand grain and very likely that you will break the table: the selection
function tells you how much unlikely it is for the sand grain and how much likely it is for the table. The
breakage function tells you what size the daughter fragments of a sand grain and of a glass table have
when broken with a sledgehammer, i.e. the number of fragments (and their size) you would obtain for
both cases. Note that the two events do not exclude each other: you could break both the sand grain
and the table at once. The principle is the same in the mill, with obviously a much larger number of
particles and an wide distribution of stresses due to the impacts of the grinding bodies. After selection
and breakage, a new particle size distribution is obtained and corresponds to the time � + ��: this PSD
undergoes the same selection and breakage steps. By repeating these ininitesimal steps on and on,
grinding can be time-continuously described.

3.4.1.b Mathematical formalism

Rapidly after Epstein deined the concepts of selection and breakage functions, a mathematical formalism
was built to describe the kinetics of grinding. Assuming a irst-order kinetics (Eq. 3.14), the so-called
integro-diferential equation for batch grinding (Eq. 3.15) is obtained, based on mass balance. This
Equation was irst introduced by Bass [69] (as cited in [70]). First we will discuss the hypotheses and
conditions of this fundamental equation before detailing the formalism of Equation 3.15.

Batch processes contain by deinition a constant mass: this simpliication is helpful and the results
can be extrapolated to continuous processes [71]. Further hypotheses are required to establish the batch
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grinding equation: (A) breakage events are considered irreversible, (B) the mill is perfectly mixed and
(C) breakage kinetics is irst-order (Eq. 3.14). Hypothesis (A) is no strong hypothesis: fractured par-
ticles cannot be reformed. Note nevertheless that at micron or submicron sizes (for so-called ultraine
grinding [72]), agglomeration of particles does increase back the size of particles [67] and hypothesis (A)
should be revised. (B) is a common hypothesis in chemical engineering and is fairly acceptable as long
as the mixing in the mill is suicient (e.g. cascade regime in a tumbling mill). Finally, hypothesis (C)
is the strongest and most questionable. First-order kinetics means that the rate of disappearance of the
particles with a size of � is proportional to the mass fraction of these particles �(�, �):

��(�, �)

��
� �(�, �) (3.14)

Where �(�, �) is the frequency PSD of particles with size � at the time �. As a reminder, frequency
PSD are probability density functions, see deinitions and mathematical properties in Paragraph 2.1.1.b.
Since we consider batch grinding, the total mass is constant, and the frequency PSD � is equivalent to
the mass fraction �. Grinding kinetics has successfully been considered irst-order in a large number of
experimental studies, which explains the popularity of the mass balance batch grinding equation. Yet, the
physical sense of irst-order breakage has been questioned for long [71]: we will examine its applicability
for the case of MG-Si in this dissertation.
If hypotheses (A), (B) and (C) are true, then the variation of the frequency PSD � (same as mass

fraction �) of particles with size � in a batch mill veriies, for the sake of mass balance:

��(�, �)

��
⏟  ⏞  

Variation

= −�(�, �)�(�, �)

⏟  ⏞  

Disappearance

+

︁ ∞

x

�(�, �)�(�, �)�(�, �)��

⏟  ⏞  

Appearance

(3.15)

Where � is the selection function and � the breakage distribution function. These mathematical functions
are associated with the concepts of selection and breakage, as deined above. Such population balance
equations are also relevant for describing other rate processes [73]. Let us make the diferent terms in the
mass balance of Equation 3.15 explicit:

� Variation ∂q(x,t)
∂t

This represents the variation of the population of particles with size � within a single breakage
event of duration ��. Mass balances usually imply that: Variation = Input - Output + Creation -
Destruction. For we consider batch grinding, no mass is added or removed from the mill, particles
cannot spontaneously be created or destroyed in any size �. All particles appearing with size �

must be daughter fragments of a larger particles, and all particles disappearing from size � must
be converted into a proper amount of daughter fragments in sizes smaller than �. Therefore, no
creation nor destruction terms appear in the batch grinding equation (which would not be the case
for continuous processes).

� Disappearance (output)

If a single breakage event occurs during ��, then �(�, �)�� corresponds to the fraction of particles with
size � that are selected for this breakage event. It thus consistently corresponds to the likelihood
of breakage for particles with size �: if �(�, �)�� = 0.6, then 60 % of the particles with size �

will be broken during ��. Therefore, among the particles with size � (that is �(�, �)), the selected
fraction −�(�, �)�� �(�, �) is broken, subsequently they do not have the size � at �+ �� anymore. In
conclusion, we showed that the term −�(�, �)�(�, �) encompasses all of the particles disappearing
from size �.

� Appearance (input)

Potentially, any particle larger than � can be broken and have daughter fragments having size �.
It is therefore required to integrate from � to ∞ to explore all possible sources for appearance. In
practice, no particle is ininitely large and a size �max does exist (for example the truncation size of
the mill feed). Amongst the particles larger than �, non-selected particles must be excluded, because
they will not produce any daughter fragment: as discussed, the particles with size � > � that are
broken are: �(�, �)�(�, �). Yet, not all of the fragments will have a size of �: this is the role of the
breakage distribution function. By deinition, for a ixed �, the function � ↦−→ �(�, �) represents
the frequency PSD of the daughter fragments of an average breakage event of a particle with size
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�. Therefore, �(�, �) is the fraction of the daughter fragments of a broken particle with size �

appearing with size �. Moreover, �(�, �)�(�, �)�(�, �) is the quantity of particles appearing with size
� due to the breakage of particles of size �. In conclusion, we showed that

︀∞
x

�(�, �)�(�, �)�(�, �)��
encompasses all of the particles appearing with size �.

Equation 3.15 can be expressed in diferent ways, but the above deined concepts remain their funda-
mental basis. In particular, the cumulative particle size distribution may be used instead of the frequency
PSD. This gives Eq. 3.16:

�2� (�, �)

����
= −�(�, �)

�� (�, �)

��
+

︁ ∞

x

��(�, �)

��
�(�, �)

�� (�, �)

��
�� (3.16)

Equations 3.15 and 3.16 may be referred to as size and time-continuous. Nevertheless, empirical size
measurements cannot be continuous: experimental data are usually obtained through classiication by
sieving and are thus intrinsically discretized by the number of sieves used (see Paragraph 2.1.1.d). To
match this practical constraint, the time-continuous size-discrete Equation 3.17 is utilized:

��i(�)

��
= −�i(�)�i(�) +

i−1︁

j=1

�ij�j(�)�j(�) (3.17)

Where �i is the mass fraction in size interval �, equal to the discretized (volume-weighted) frequency PSD
�(�, �). The cumulative counterpart of �i(�) is usually noted �i(�) in the specialized literature (� , rather
than �, referring to the passing cumulative PSD). This Eq. 3.17 is analog to Eq. 3.15. The convention
used for labeling the discretized size intervals is the following: the largest particles are in size interval 1
and smallest in � . This latter interval is sometimes referred to as "the sink", because particles can only
accumulate in it. The size interval � is delimited by the sizes �pi and �pi+1, meaning that the index of
the interval refers to the upper limit of the interval. This implies that �p1 is the absolute maximal size.
�pi refers to the equivalent spherical diameter of the particle, based on the experimental sizing method
(see 2.1.1.a). Often, sieving is used and the size �pi is equivalently named �i. The series of sizes is usually
chosen to decrease as a

√
2 or 4

√
2 geometric progression, with the

√
2 being suicient for accuracy while

avoiding experimental complexity [74].
The mass balance concept of the discretized batch grinding equation is depicted in Figure 3.13. The

physical meaning of the functions implies:

∀ � ≥ �, �ij = 0 (3.18)

∀ �,
N︁

i=j+1

�ij = 1 (3.19)

∀ �,
N︁

i=1

�i(�) = 1 ; ∀ �,
N︁

i=1

�i(�) = �tot (3.20)

�N = 0 (3.21)

Equation 3.18 means that the daughter fragments of a particle cannot be larger than the particle that
is broken. This corresponds to the deined above hypothesis (A) used to establish the batch grinding
equation. Please note that this implies that a fracture that lets the sieve size �pi unchanged (e.g. chip
fracture removing a small lake from a large particle) is therefore not considered as a breakage event.
Equation 3.19 is the normalization condition of �, that is by deinition, a frequency PSD. The cumulative
counterpart of � is noted �: �ij =

︀N
k=i �kj . Equations 3.20 are the normalization of the mass fractions

�i and mass �i, for the total mass �tot is constant (batch). Finally, Equation 3.21 is for the sake of
mass balance and implies that breakage event of particles in the sink interval � is impossible. Note that
fracture of these particles could physically possible, but breakage event refers only to fracture that lead
to a change in size interval: this is impossible for the sink interval because there is no lower interval.

Since Equations 3.15 and 3.17 are not based on irst principles, there is no reason for considering that
the integro-diferential form is true and the discretized from is an approximation of the truth [71]. The
discretized form has proven its applicability to experimental results and is discussed further here.
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Figure 3.13: Graphical representation of the discretized batch grinding equation (Eq. 3.17), which
expresses the variation between � and �+ �� of the mass fraction �i(�) of size interval �. The fraction of
particles of this size interval that are broken during �� must be withdrawn: this fraction is determined by
the Selection function �i(�). All of the particles larger than �pi may produce daughter fragments into size
interval �, therefore, ∀� < �, among the broken particles with size �pj (that is �j(�)�j(�)), the fraction of
daughter fragments that belong to size interval � (that is �ij�j(�)�j(�)) are summed.
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3.4.1.c The Reid Solution to the discrete batch grinding equation

Reid irst solved the discretized batch grinding equation 3.17 assuming that the selection function does not
depend on time [70]. This hypothesis is referred to as the LTINV (linear time-invariant) model [75, 76],
Equation 3.17 thus becomes:

��i(�)

��
= −�i�i(�) +

i−1︁

j=1

�ij�j�j(�) (3.22)

A general solution has the form �i(�) =
︀i

n=1 �n,i exp (−�n�). The �n,i coeicients can be determined
by injecting this expression in Equation 3.22. The Reid solution is then obtained:

�i(�) =
i︁

n=1

�n,i exp (−�n�) (3.23)

With �n,i =

⎧

⎪⎨

⎪⎩

�i(0)−
︀i−1

n=1 �n,i if � = �

︀i−1
j=n

Sjbijan,j

Si−Sn
if � ̸= �

As can be seen from Eq. 3.23, the Reid solution can be calculated by recursion from � = 1 if the initial
condition on all �i is known, i.e. if the initial PSD in the mill is known, and if the selection function
and breakage distribution function are known for all � and �. The determination of � and � is discussed
further in Paragraphs 3.4.2 and 3.4.3, respectively.

To test the � time-invariance assumption, hence the applicability of the Reid solution above, a simple
way is to consider the top size interval 1, whose equation is given by:

��1(�)

��
= −�1(�)�1(�) (3.24)

If � is time-invariant, this Equation 3.24 can easily be integrated to give:

�1(�) = �1 (0) exp (−�1�) (3.25)

In conclusion, plotting the mass fraction in the top size interval produces a straight line with slope
−�1/2.3 on a semi-logarithmic graph, if �1 is a time-constant (see Figure 3.14). This is the common
practice to test the time-invariance of �, which implies that the breakage is irst-order: that is why such
plots are often called the irst-order plots. Nevertheless, �1 being a constant does not guarantee that �i
is constant for all �. Figure 3.14 illustrates the curves that can be obtained on a irst-order plot. Straight
lines are the cases of irst-order kinetics (solid lines): the slope of the straight line is identiied as �1/2.3,
with �1 the selection function of the top size interval. Note that the kinetics of the red case is faster than
this of the blue case (�1 < �′

1). As dashed and dash-dotted lines, non irst-order behavior are illustrated:
the deviation versus a straight slope implies that �1 varies with time, thus the LTINV model (Eq. 3.22)
should not be considered. The deviation can be either an accelerating (dash-dotted) or a decelerating
kinetics (dashed).

3.4.2 Models for the Selection Function

The selection function or speciic rate of breakage � physically represents the likelihood of breakage for
a given particle size. Expressed in inverse units of time, it gives the number of breakage events that the
particles of a given size class statistically experience per unit of time. It is important to note that the
selection function was shown to strongly depend on the mill environment: the distribution of the impact
energy inside the mill obviously inluences the likelihood of breakage. The selection function should not
be identical for diferent milling devices or for various conditions within the same device. Besides, as size
reduction proceeds, the environment inside a batch mill can change so that � is modiied, what explains
why � is sometimes considered a function of time (see Eq. 3.17). In the LTINV discretized form, it is
a set of � elements �1, . . . ,�N , corresponding to the � discretized size intervals, with �N = 0. Thus,
these � − 1 parameters have to be determined to solve the batch grinding equation.

As suggested in Fig. 3.14, experimentally determining the selection function of a particular size interval
is achievable by using a monodisperse feed start of this interval. If the breakage is irst-order, then the
selection function of the feed is the slope on the irst-order plot (Fig. 3.14), as given by Eq. 3.25. Depending
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Figure 3.14: First-order plot illustrating two cases of irst-order kinetics (as solid lines) with selection
functions �1 and �′

1. As a dashed and dash-dotted lines, two cases of non irst-order kinetics are shown:
slowing-down kinetics and increasing kinetics, respectively.
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Figure 3.15: Example of the selection function versus particle size obtained from Austin model (Eq. 3.26).

on the discretization, it is sometimes imaginable to perform � − 1 experiments to estimate the selection
functions of all of the discretized intervals. Most of the time, the number of size intervals make this
solution tedious, also mentioning that suicient amounts of each size interval should be available, which
is not always the case. Therefore, functional expressions of the selection function have been proposed.

One of the most popular functional forms for � was given by Austin as a power-law function of the
particle size. Although a simple power-law ��α with Z constant was irst used [77], a more versatile
expression was found to be the following [78]:

�(�) = �(�)�α =
��α

1 +
︁
x
µ

︁Λ
(3.26)

Where � is the particle size. The Austin S-functional can also be expressed in terms of discretized
equation: �i = �(�pi). �(�) = �/(1 − �� (�)) is a correction factor, with �� the log-probability
function. � (inverse units of time), � (dimensionless), � (units of length) and Λ (dimensionless) are
model parameters, with Λ � 0. The general shape of such curves is illustrated in Figure 3.15. � is a
scale factor, � gives the slope towards smaller particle sizes, while � and Λ control the maximal selection
function and its further decreasing at larger sizes. This maximum accounts for the fact that practically,
when particles reach a size of the order of the grinding bodies, these particles cannot be nipped properly
between the grinding bodies and their likelihood of breakage decreases: so does their selection function.

Other models were proposed for determining the selection function (as reviewed in [55]):

� Herbst and Fuerstenau correlated the speciic rate of breakage to the power provided by the mill,
pondered by a speciic energy distribution coeicient that is function of particle size.

� The JKRMC model proposes to model the media mills as perfect mixers with post classiication
and determine the speciic rate of breakage as an arbitrary function of the particle size.
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3.4. KINETICS OF GRINDING BY POPULATION BALANCE MODEL APPROACH

� Other authors rely on the drop weight method (mentioned in Paragraph 3.1) to link the speciic
rate of breakage to the speciic energy input. � was often shown to be a log-normal function of the
speciic input energy [38]. This method then requires the estimation of the distribution of the impact
energy within the mill, which can be performed by discrete element method simulations [32, 79, 80].

3.4.3 Models for the Breakage Function

By deinition, the breakage distribution function represents the particle size distribution of the daughter
fragments after breakage in a speciic environment. �i,j is the frequency particle size distribution (PSD)
and �i,j the cumulative undersize PSD of the daughter fragments with size �i arising from the breakage
a particle of size �j :

�i,j ≡
Mass of daughter fragments with size i
Total mass of size interval j broken

(3.27)

Frequency and cumulative PSDs are linked through Eq. 2.1, i.e. �i,j =
︀i

k=1 �k,j . Note that the
breakage of a single particle with size �j will not necessarily produce the exact PSD given by �i,j : the
breakage distribution function includes a statistically representative amount of breakage events. Indeed,
several types of breakage events are worth considering and are often sorted as three diferent breakage
mechanisms: shatter, cleavage and abrasion [55, 81, 82]. The general trend of the daughter fragments
resulting from these events is depicted in Figure 3.16 (inspired from Figures in [55, 82]). Shatter occurs
when compressive stresses are applied at a high rate: in this case, the strain energy is high and cannot be
dissipated in the material so that many crack systems are simultaneously activated (or the residual energy
of the activated crack system activates other crack systems), leading to crack branching and ultimately
a wide PSD of daughter fragments. Cleavage presents a fracturing pattern similar to those of impact
fracture of spheres described above (see Fig. 3.3), especially the "cone of ines". This mechanism produces
relatively large fragments and a certain proportion of ines and is associated with the preferential propa-
gation of cracks, for example along cleavage planes, inner interfaces of the material like grain boundaries.
Finally, abrasion is caused by stresses of low intensity, so that only supericial cracks are activated. Chip
fracture belongs to the abrasion mechanisms and occurs when an initiated crack propagates in a cleavage
plane close to the particle surface. Particles created by this particular mechanism are not expected to be
more spherical, as they depend on the crack system of the crystal [58]. Particles created by attrition are
expected to be smaller and rounder than those created by chip fracture. Note that the parent particle
size hardly changes through abrasion breakage, but is only smoothened during the process: if the parent
size and the abraded daughter fragment belong to the same discretized size interval, this mechanism may
be complex to include in the PBM model.

Even if dissimilar environments would lead to diferent proportions of these breakage mechanisms,
thus diferent breakage functions, � was shown to be hardly inluenced by changes in the mill conditions,
unlike � [83–85].
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Figure 3.16: Illustration of the three main breakage events occurring in a grinding mill and the resulting
particle size distribution of the daughter fragments (i.e. the breakage distribution function), adapted
from [55, 82].

If the particle size is discretized into � intervals, the breakage function represents �2/2−� parame-
ters, since �i,j represents �2 parameters without the � +�2/2 values given by Equations 3.18 and 3.19.
When using the cumulative form �, these equations collapse into:
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∀ � � � + 1, �i,j = 1 (3.28)

To determine these �2/2 − � parameters, several methodsX were built. In particular, Austin and
Luckie proposed three experimental methods called BI, BII and BIII [86]. BI proposes to measure the
PSD of a monodisperse feed ground for a short time, so that only primary breakage occurs, i.e. breakage
of the feed but no further breakage of the daughter fragments. It is unfortunately complicated to avoid
secondary breakage while obtaining a suicient amount of daughter fragments to perform an accurate
size measurement of these daughter fragments. Therefore, the BII method was devised: it allows to grind
a monodisperse feed for a longer time to obtain larger amounts of daughter fragments and correct for the
rebreakage of these. It is however stated that no more than 30 % of the feed must be broken. In these
conditions, the breakage function is given by Equation 3.29.

�i,1 =
log [1− �i(0)]− log [1− �i(�a)]

log [1− �2(0)]− log [1− �2(�a)]
(3.29)

Where �i,1 is the cumulative breakage function of the feed size (assigned size interval 1), �i(�) is the
cumulative undersize PSD for interval � at time � and �a is a grinding time verifying �1(�a) > 0.7 (with
�1(0) = 1). The key assumption for utilizing Equation 3.29 is that the product �i�i,j is a constant [86].
The BII method is one of the most popular empirical route to the breakage function because simply
performed and leading to somewhat precise breakage functions. The BIII method is also precise, but
requires the selection function to be known (hence incorporating the uncertainties in the determination
of � in the calculation of �).
Obviously, the BII method does not give all of the �2/2 − � parameters contained in �i,j : as the

selection function, performing � − 1 experiments with the � − 1 size intervals as monodisperse feeds is
required. As for the selection function �, functional forms are assumed to express the breakage distribu-
tion function with respect to the size of the primary particle and its daughter fragments. Equation 3.30
by Austin and Luckie [87] (but often referred to as Austin-Klimpel [55, 88]) gives the most popular func-
tional form to it the experimental data (e.g. from BII method) for some of the size intervals, so that the
breakage function of the other intervals is determined. This functional has the form of the sum of two
Gaudin-Schuhmann distributions (see Table 2.1), normalized via a coeicient �.

∀ � � � + 1, �i,j = �(�i−1,�j) = �

︂
�i−1

�j

︂γ

+ (1− �)

︂
�i−1

�j

︂β

(3.30)

Where � and � are the shape factors of the two Gaudin-Schuhmann (GS) distributions and � ponders the
relative weight of each of these distributions within �i,j . Note that consistently with the deinition of �,
the truncation size �100 of the GS distributions is the primary particle size �j , since no daughter fragment
can be larger after breakage than before. The two GS distributions refer to two of the mechanisms
presented above (Fig. 3.16): usually � > �, so that the irst power term in Eq. 3.30 represents shatter
and the second the large particle contribution to cleavage. Note that moderate abrasion is encompassed
into the cleavage term; when abrasion by e.g. chip fracture becomes non negligible, it can be accounted
for by modifying Eq. 3.30 into:

�i,j = �(�i−1,�j) = �

︂
�i−1

�0

︂ν ︂
�i−1

�j

︂γ

+ (1− �)

︂
�i−1

�j

︂β

(3.31)

With �

⎧

⎪⎨

⎪⎩

= 0 if �i−1 � �0

> 0 if �i−1 < �0

Where � is the power exponent of the abrasion products distribution and �0 is the largest chip size, with
0 < �0 < �j . Note that expressed as in Eq. 3.30, the breakage function is invariant for a constant �i−1/�j ,
if � does not vary with �i−1. In this case, the breakage function is said normalized with respect to the
parent size, meaning that the breakage function of diferent parent sizes �j are all similar apart from
a scale factor. Consequently, the breakage distribution curves for all of the parent sizes collapse into a
unique curve when plotted against �i−1/�j . Mathematically this reads:

∀�i−1, �(�i−1) = �0 =⇒ ∀�, �, �(�i−1,�j) = �

︂
�i−1

�j

︂

(3.32)

84



3.4. KINETICS OF GRINDING BY POPULATION BALANCE MODEL APPROACH

Figure 3.17: Non-normalized cumulative breakage distribution functions for various sizes of ball milled
cement clinker, from [87].

On the contrary, � can be parent-size-dependent [87]: in this case, the breakage function is non-
normalized and the breakage distribution curves for all of the parent sizes do not collapse into a unique
curve when plotted against �i−1/�j (see e.g. Fig. 3.17). � must then be expressed as a function of the
parent size: often, an inverse power function as in Eq. 3.33 is used:

�(�j) = �0

︂
�

�j

︂δ

(3.33)

Where �0 is the scale factor, � > 0 is the degree of non-normalization and � is a reference size. This
reference size is not unique in the literature: sometimes it is arbitrarily set to 5 mm [55], but it can also
be ixed to �1, the largest possible parent size [89]. Hence, the comparison between diferent parameters
�0 is not relevant if the normalization basis of � is not identical.

Unless their being widely used, alternatives have been developed both for the experimental deter-
mination of the breakage function (BII method, see Eq. 3.29) and for the functional expression of �i,j

(Austin-Klimpel formula, see Eq. 3.30). The most helpful experimental alternative is the method based
on the impact energy, which can be based on the study of drop weight on single particles to determine
the primary breakage function [37–39]. Other methods and functionals are mentioned in reviews [55, 88].

3.4.4 PBM back-calculation

Instead of directly estimating the selection function and the breakage function as above, it is possible
to calculate the PSD at various times with an initial estimate of � and � and assuming the LTINV
hypothesis (see p. 81), so that a model PSD �LTINV can be calculated from Reid solution (Eq. 3.23).
Then, the parameters describing � and � can be adjusted so that the predicted PSD approaches the
experimentally measured PSD for a batch grinding test. This is referred to as LTINV back-calculation [90]
and can be mathematically summed up as:

�obj =

Nt︁

k=1

N︁

i=1

︀
�LTINV (�i, �k)− � exp(�i, �k)

︀2
(3.34)

Where �obj is the objective function to minimize, � is the number of size classes, �t is the number
of experimental time measurements, �LTINV (�i, �k) and � exp(�i, �k) are the cumulative PSD for the
i-th size class �i at grinding time �k, predicted via the LTINV model and experimentally measured,
respectively. Models other than Reid’s can be used to calculate the model PSD. More details are given
about computational methods in Appendix A.2.
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3.4.5 Analogy with chemical kinetics

To sum up the concepts of kinetics of breakage, a parallel can be drawn with chemical kinetics. The
fracture events can be compared with a consecutive set of monomolecular chemical decompositions:

�11�1 →�21�2 + �31�3 + �41�4 + . . .+ �N1�N

�22�2 →�32�3 + �42�4 + . . .+ �N2�N

. . .

�N−1N−1�N−1 →�NN−1�N

Where the �is are the particles with size �pi and by deinition the �ij values give the relative proportion
of the product fragments, that is the role of the stoechiometric coeicients of the reaction. Table 3.1
summarizes the diferent comparisons that can be drawn between the two kinetics.

Table 3.1: Elements of the analogy between kinetics of grinding and chemical kinetics.

Kinetics of grinding Chemical kinetics
Classes of particles Chemical reactants

Fracture events
Consecutive quantitative
reactions (irreversible)

[%]
Mass fraction in interval �,

�i
Molar concentration of Xi [mol.L−1]

[s−1] Selection function S Kinetics constant k
[s−1] if 1st

order reactions
Kinetics law
(size class 1)

dw1

dt
= −�1�1(�)

d[X]
dt

= −�[�]
Kinetics law
(reactant)

Austin law �i = ��αi � = �0 exp
︀
Ea

RT

︀
Arrhenius law

[dimensionless]
Elements of the matricial
breakage function �ij

Stoechiometric numbers �i [dimensionless]

Breakage matrix � Petersen matrix

[J.m−2]

Strain energy � Thermal energy ��

[J.mol−1]

Critical strain energy �IC Activation energy �a

Surface energy 2� Enthalpy of reaction ∆r�

Dissipated energy �−�IC Dissipated energy (heat)

As suggested by Table 3.1, in chemical kinetics, the kinetics constant is directly related to the thermal
energy available for the system �� and the energy barrier �a, through Arrhenius law. On the contrary,
Austin’s law is empirical and does not include explicitly the strain energy available and the energy barrier
that is the critical strain energy �Ic. Obviously, molecules of a kind are all identical and the thermal
energy is well deined, while in a comminution environment, there exists a complicated distribution
of strain energy available. In addition, critical failure energies are diferent for all of the particles.
Nevertheless, this analogy suggests that an equivalent of the Arrhenius law should exist and link the
complex statistics inside the mill (expressed by �i and �ij) with the fundamental concepts of fracture
mechanics (see 3.1).
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3.4.6 The fractal aspect of grinding

If we step backwards to consider the population balance model from a fresh viewpoint, it is fair to wonder
why power laws are so frequent in these equations. The dependence of � with particle size in Equation 3.26
or the Gaudin-Schuhmann distributions in Equation 3.30 were not initially built from irst principles but
from empirical observations. Still they have proven of remarkable versatility in a number of situations.
The answer probably lies in the fractal nature of fracture and fragmentation. Both the size distribution
of the fragments and the shape of these fragments was shown to be of fractal nature [91–94], i.e. they
are insensitive to scale variations. In this dissertation, we already pointed out that the shape descriptors
of the MG-Si particles were identical over several decades (see Fig. 2.12), or that fracture patterns are
similar regardless of the magniication used (see Section 3.2). When transposed to the mathematical
formalism, the scale invariance of a property is rendered by a straight line with slope � on a log-log
plot of this property against size, hence a power-law with exponent �. A so-called fragmentation fractal
dimension �F is given by �F = 3− � (power-laws with n>3 have no physical meaning) [95]. This may
explain the ubiquitous presence of power laws in the mathematical formalism used in the PBM model.
The scale invariance however does hold until ininity like in Mandelbrot’s fractals: boundary conditions
limit the phenomenon. For example, the power-law on � (Equation 3.26) is pondered towards the largest
particle sizes, because the rate of breakage is limited by the size of the grinding bodies. Similarly, the
Gaudin-Schumann PSDs should not be valid for sizes coming closer to the critical size of grinding deined
in Section 3.3. The use of these power laws should therefore be cautiously bound to the relevant intervals,
i.e. the intervals included in the boundary behaviors of the problem.

3.4.7 Discussion & Highlights

Discussion The population balance model is a popular mathematical approach for describing the ki-
netics of size reduction [71, 74] in a wide range of comminution operations (see examples in the next
Section 3.5). The applicability of the model covers other ields of study that include rate processes [73].
Some alternatives to the Reid analytical solution (Eq. 3.23) have been developed to solve the batch grind-
ing equation (Eq. 3.17) [96–99]. In particular, Das [98] and Hos̨ten [99] proposed equivalent solutions that
are based on the calculation of the cumulative PSD rather than the frequency PSD. The advantage of
such algorithms is that the experimentally obtained cumulative PSDs are far less noisy than the frequency
PSD, so that the computation of these solutions decreases the uncertainties compared with the direct
Reid solution. Historically, the approach by the cumulative PSD was initiated by Kapur [100, 101].

Several hypotheses have been presented along this Section, the stronger being: (a) the irst-order
assumption (Eq. 3.14), (b) the linear assumption (or S time-independent, see Eq. 3.22) and (c) the
normalization of the breakage function (Eq. 3.32). (a) is always assumed, because the batch grinding
equation cannot be written otherwise. Yet, Leonard G. Austin stated that there was no physical ground
for the kinetics of grinding to be irst-order and that if we could study the grinding of a monodisperse
feed between 1000 �� and 1001 ��, it is unlikely that the kinetics of grinding would be irst-order [71].
Hypothesis (a) however gives an insight into a phenomenological description, that helps understanding
the underlying physics, even if it is not true in itself. When the irst-order plot does not give a straight
line (see Fig. 3.14), the kinetics is said non linear or non irst-order, but Eq. 3.17 is still considered,
while questioning hypothesis (b) [75, 76, 102]. Then, the rate of breakage is still irst-order (Eq. 3.14),
but with a time-dependent selection function �(�, �) in Eq. 3.17. Such non-linear approaches have been
scarce until recent years (� was always assumed time-constant), but seem to give a better description
of experimental data [75, 76]. As for hypothesis (c), a number of materials have shown non-normalized
breakage functions: e.g., cement clinker [87] or quartz and colematite [103]. Therefore, it is necessary
to experimentally test the breakage function before assuming any normalization. Note that this theory
focuses on the largest particles present in the mill. It was claimed that the production of "ines", which
most probably refers to the sink interval, follows a zeroth order rate [104, 105], i.e. the rate of production
of particles in the sink interval is constant. This is expressed in Eq. 3.35, with �pr the rate constant
(kg.s−1). No general expression states what the size of the sink interval �N should be for this Equation
to be valid [104].

��N

��
= �pr (3.35)

Highlights
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� The population balance model is based on the Epstein concept, that divides the fracture events
into selection and breakage (Fig. 3.12), the former being related to the likelihood of a particle to
be broken, while the latter describes the daughter fragment size if the particle is actually broken.

� A mass balance on each of the particle sizes in a grinding mill can be expressed (Eq. 3.15), preferably
in the size-discrete time-continuous form: Equation 3.17 is the discretized batch grinding equation.
The mass balance is based on identifying the mass variation in a size interval � to the sum of
negatively the mass of particles leaving this size interval (because broken) and positively the particles
of all of the upper intervals that are broken and give daughter fragments in the i-th size interval
(see Fig. 3.13).

� The linearity assumption, that is considering the selection function as time-invariant, enables an
analytical solution to the discrete batch grinding equation (Eq. 3.17) called the Reid solution (see
Eq. 3.23). For the topmost size interval 1, the linearity assumption implies that the mass fraction
�1(�) gives a straight slope against time on a semi-logarithmic plot called the irst-order plot (see
Eq. 3.25 and Fig. 3.14). Otherwise, the linearity hypothesis is disproved.

� The discrete batch grinding equation (Eq. 3.17) comprises the selection function � and the breakage
distribution function � as parameters, that need to be known to use the Reid solution. The
experimental determination of � and � is achievable for a given size interval � when grinding a
monodisperse feed of this interval � for a short time and using the irst-order plot (Eq. 3.24) for �
and Eq. 3.29 for �. The selection and breakage function can then be determined through functional
expressions given by Equations 3.26 and 3.30, respectively.

� This whole model was developed after empirical observations, not irst principles, although the
fractal aspect of grinding appear through the power laws for � and �. It is therefore necessary to
question this applicability of the model to practical cases and include non linearities if required.

The next Section 3.5 introduces some practical devices operating size reduction, in particular the
tumbling mills. Then, in Section 3.6, the batch milling of metallurgical-grade silicon is investigated in
a laboratory scale tumbling mill (operated as a ball and rod mill) and studied using the PBM model,
carefully considering the validity of the assumptions discussed above.

3.5 Overview of comminution unit operations

As discussed in the previous Section, the population balance model can be applied to a wide range of
comminution devices. This Section gives a concise overview of industrial size reduction systems before
focusing on the tumbling mills, which appear amongst the suitable devices for hard materials and a
reduction from centimeter to micron [106].

3.5.1 Grinder and crushers

Size reduction can refer to crushing or grinding, depending on the size of the feed and the target size for
the product. The equipment is industrially chosen according to this reduction ratio, to the mechanical
properties of the material and to the process constraints. Primary crushing designates operations starting
with a feed size of 30-150 cm to comminute down to 10-50 cm, while secondary crushing concerns 1-
10 cm feed and 0.5-2 cm products [106]. These operations concern for example the mining industry,
for the extraction of ore, or the crushing of silicon ingots into silicon lumps in the production of MG-Si
(see 1.3.4.b). Crushers can be of diferent types, such as jaw crushers, gyratory crushers, hammer mills
or roll crushers, that are described in details elsewhere [55, 106, 107].

Grinding refers to the size reduction of feeds smaller than 4 cm and comprise devices such as media
mills, roll mills, jet mills, etc [106]. The media mills are of wide use for hard materials such as silicon and
will be described further hereafter. Such mills are constituted of a container partly illed with grinding
bodies; energy is transmitted to these grinding bodies so that they produce impacts on the material
to grind. In particular, in tumbling mills, potential energy is transmitted to balls, rods or pebbles via
a rotating drum so that these grinding bodies fall on the material to grind (see Fig. 3.18). These are
referred to as the ball, rod and pebble mill, respectively. Ball and rod mills are discussed further in the
next Paragraph. If no grinding bodies are necessary for the material to break in a tumbling mill (case
of soft ores), it is called an autogeneous tumbling mill. Other designs exist to transmit energy to the
grinding bodies: in a vibratory mill, the vibration amplitude of the container inputs energy [108]; in a
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stirred media mill, a central paddle rotates to stir the media; in a planetary ball mill, the whole container
rotates around a central point so that the energy is transmitted to the grinding bodies via centrifugal
forces [106].

Figure 3.18: Mechanism of grinding in tumbling mills with balls and rods, from [109].

As any industrial systems, comminution systems can be operated batchwise or continuously, i.e.
reducing the size of consecutive batches or of a continuous low of solids. Similarly, depending on the
applications and industrial constraints, mills can be illed with a liquid or a gaseous media, which is called
wet and dry grinding, respectively. In wet grinders, the mixture of the material and the liquid is called
slurry or pulp. Note that in both cases, a small amount of liquid additives (surfactants) can be added
to the feed material to reduce the fracture strength of the material, or to embrittle ductile materials, so
that less energy is dissipated through plastic deformation [59, 72, 110]. In general, the decrease of energy
requirement is an issue of comminution: these operations are amongst the most energy ineicient of the
industry: the speciic energy input to produce medium ine particles is approximately 10 kWh/t [111], with
usually reported energy yields of no more than 1-10 %. Famous phenomenological laws for the assessment
of comminution energy were proposed by Kick, Bond and Rittinger [112, 113]. Yet, energy assessment
of comminution processes, especially understanding the main sources of energy dissipation remains a
challenging issue [114–116]. In this dissertation, energy eiciency of MG-Si comminution will not be
discussed, since it is strongly dependent on the process low. Note nevertheless that useful information
can be extracted from industrial scale data [117]. Hereafter, the focus will be set to understanding the
grinding mechanisms of MG-Si in laboratory scale experiments.

3.5.2 Tumbling mills

Tumbling mills were historically the most common grinder because of their simplicity. The PBM method
has proven helpful for those mills, especially batchwise (for which it has been devised), such as ball
milling [77, 82, 90, 102, 103, 118–120] but also for rod milling [118, 121–124], semi-autogeneous and
autogenous milling [55, 125]. Several studies succeeded in implementing/scaling-up this model to contin-
uous industrial processes [89, 126–129]. All of the above-mentioned studies were not conducted with the
same experimental conditions: apart from the nature and size of the grinding bodies, a tumbling mill is
experimentally characterized by two main parameters, that are the load, i.e. the illing of the mill and
the rotational speed.

Fractional illing A dry mill is illed by grinding bodies (balls, rods, ...), the material to grind - the
mixture of the two being called the "load" -, and voidage (gaseous media). The case of wet mills where
a liquid medium also partially ills the mill is not under topic hereafter. The equations below give the
expressions of the volume of grinding bodies, particulate material to grind and voidage, with the volume
fractions being �G, �P and �v, respectively.

�G =
Mass of grinding bodies/Density of grinding bodies

Mill volume
=

�G

�G�
(3.36)
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�P =
Mass of material/Density of material

Mill volume
=

�P

�p�
(3.37)

�v = 1− �G − �P (3.38)

Where � is the total mill volume, �G, �p, �G and �P are the true densities and masses of the grinding
bodies and the material to grind (see Fig. 3.19). A ternary diagram thus characterizes the volume charge
of the mill. Note that the volume fractions deined above do not vary in a batch process (for the mass
does not vary in a batch process), because the volume occupied by the voids between the load is not
included. It can however be important to evaluate the apparent fraction of the mill that is occupied by
the load, that is the load plus its internal porosity (in light green in Fig. 3.19). Usually, to include this
porosity, the following fractional illing are deined:

�G = �G
1

1− �G
(3.39)

�c = �P
1

1− �P
(3.40)

� =
�c

�P�G
(3.41)

Where �G is the apparent fractional illing in grinding media, whose porosity is �G; �c is the apparent
fractional illing in particulate material, whose porosity is �P ; and � is the fraction of the voids in
the grinding media bed that are illed with the particulate material [83]. The above equations enable
an estimation of these fractions: if the porosities are known. Since its measurement is diicult, the
porosities �G and �P are often recommended to be set to 0.4 [83, 103, 109]. Nevertheless, as size
reduction proceeds, the particles of the ground material will ill the voids between the grinding bodies
diferently, so that �, then �G, �c and � should vary when the PSD of the particulate material varies
(as grinding proceeds), while the volume fractions deined above remain constants. The illing of the
mill fundamentally determines the distribution of the impact energy inside the mill: the inluence on
MG-Si grinding will be investigated in the following. Other optimization parameters include the shape
and the size distribution of the grinding media, which will not be discussed here: see e.g. S. Lameck’s
thesis [130]. Apart from balls and rods, elaborate shapes are proposed to increase the grinding eiciency,
such as Cylpebs [119, 131].

Rotational Speed The force balance on a particle (or a grinding body) inside the mill is given by the
sum of the centrifugal force �c = 0.5�p�

2�m and gravitational force � = �p�, where �p is the particle
mass in a cylindrical mill of diameter �m and length � rotating at an angular velocity �. The particle
remains against the wall for a whole revolution if these forces counteract each other (centrifugation).
It can be demonstrated by equalizing these two forces that this happens at a critical angular velocity
�c (rad.s−1) given by Equation 3.42 [55].

�c =

︂
2�

�m

(3.42)

Above this critical speed, there is centrifugation of the load. Note that the critical speed of a mill
depends on its diameter �m only. Tumbling mill speeds are given as %�c the percentage of the critical
speed (�/�c) and usually range 65-82 %, but other speeds can be used [55].
The rotational speed determines the load behavior inside the tumbling mill: several regimes can be

obtained depending on the speed of rotation. At low speeds, the load only slides against the wall, while at
higher speeds, part of load can be lifted and falls on the rest of the load (see Fig. 3.20). Diferent types of
regimes called avalanche, cascade, cataract are observed: detailed experimental studies were devoted to
the description of granular media in rotating drums [130, 132, 133]. A numerical study of the movement
of the load in a tumbling mill (DEM simulation) can be found in [79]. In practice the behavior of the
load is a superposition of several regimes, Table 3.2 and 3.3 (from [109]) give qualitative estimation of
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VG = true volume fraction occupied

by the grinding media

VP = true volume fraction occupied

by the particulate material to grind

V = volume of the mill

Apparent volume of the bed

Vv = true volume fraction occupied by voidage

    =1-VG-VP 

    = Apparent voidage + internal porosity of the bed

Figure 3.19: Scheme of a static mill cross section illed with grinding media (balls or rods, in gray) and
particles to ground (black). The true voidage fraction includes both the apparent voidage (light yellow)
and the internal porosity of the media and particles (light green).

Figure 3.20: Movement of the load inside a mill in the cascade regime (from [109]).
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Table 3.2: Flow regimes in a rotating drum depending on mill speed, where 1, 2 and 3 denote the intensity
of the regime, by ascending order (from [109]).

% Critical Speed Sliding Cascading Centrifuging
10 3 - -
20 3 - -
30 3 1 -
40 2 1 -
50 2 1 1
60 2 2 1
70 1 3 3
80 1 3 2
90 - 2 3

Table 3.3: Flow regimes in a ball mill depending on ball charge, where 1, 2 and 3 denote the intensity of
the regime, by ascending order (from [109]).

% Ball Charge �G Sliding Cascading Centrifuging
5-15 3 - -
15-25 3 1 (higher speeds) -
25-35 2 2 (higher speeds) 1 (higher speeds)
35-45 1 3 (all speeds) 1
45-50 1 2 (all speeds) 3 (all speeds)

the behavior of the load in a ball mill according to the fraction of critical speed and the ball charge �G,
respectively. Note that in order to increase the cascade regime, so-called lifters are added on the inner
wall of the mill, thus reducing the energy loss through sliding of the load.

3.5.3 Discussion & Highlights

Discussion The operating parameters inluence the grinding mechanisms in a tumbling mill, therefore
afect the kinetics of grinding. The rotational speed changes the impact energy distribution between
the grinding media and the material [130], while the illing ratios can determine how the impacts are
distributed within the load bed. Some authors proposed correlations to link the operating parameters
with the breakage and selection function deined in the previous Section 3.4, based on the apparent illing
ratios �G, �c and � [83]. Yet, this does not take into account the variation of the porosity of the powder
as grinding proceeds, therefore other authors used correlations based on the PSD of the particulate
material [84, 134]. Overall, no preferred set of conditions arises when the experimental conditions in
several papers are summarized, as can be seen in Table 3.4.
The operational parameters also determine �w the net power driven by the mill. This information

can be measured directly on the milling device, or an estimation can be provided be Beecks’s empirical
correlation [139] (as cited in [140]), which is given in Equation 3.43. In this correlation, the net power
is proportional to the total mass in the mill, rotational speed %�c and square root of mill diameter �m

and an empirical function of the mill fractional illing.

�w = (�tot + �G�G) 42.3(0.374− 0.47�G) �
0.5
m %�c (3.43)

Highlights

� Comminution operations can be performed with a various range of devices, depending on the
material size and mechanical properties.

� In this dissertation, the focus is put on tumbling mills that are rotating drums partially illed with
grinding bodies (often balls or rods) and with the particulate material to grind, here MG-Si (see
Fig. 3.18). The choice of tumbling mills is motivated by their wide use in the literature as model
devices.

� Even for a particular tumbling mill, kinetics of grinding are strongly dependent on: (a) the size
and shape of the grinding bodies, (b) the illing ratios inside the mill, that is the volume fraction of
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Table 3.4: Experimental conditions (type of grinding media, mill diameter and length, material used,
fractional illing in grinding media and material, fraction of critical speed) in several experimental studies.
� links �G and �c through Eq. 3.41.

Ref Grinding Mill dimensions Material �G (�G) �P (�c) %�c
Media �m - � (mm)

[121] Rod (wet) 304 - 458
Calcite and

quartz
0.2 65

[72] Rod Quartz 0.8 �=0.11 Vibratory

[123] Rod 193.5 - 245
Bituminous

coal
0.23 �=1

[102] Ball 195 - 175
Cement
clinker

(0.25)

[77] Ball 195 - 175 Various 0.12 0.03 91

[83] Ball 195 - 175 Quartz (0.1-0.6) - (0.02-0.2) 70

[84] Ball 305 -292 Quartz 0.24 (0.5) �=1.2 60

[119] Ball 305 - 305 Quartz 0.12 0.03 91

[135] Ball 250 - 290
Limestone,
copper ore

(0.5) 60

[136] Ball 305 - 305 Gold ore 0.12 0.03 91

[103] Ball 305 - 305 Colematite 0.132 (0.22) 4.8 (0.08) 86

[137] Ball 254 - 292
Quartz,
limestone

0.26 (0.44) �=0.97 60

[138] Ball 254 - 292
Quartz, lime-
stone,dolomite

0.26 (0.44) �=0.97 60

the load (grinding bodies and material) and voidage (see Fig. 3.19); (c) the rotational speed that
determines the behavior of the load inside the mill.

� The illing ratios can be expressed as true volume fractions (calculation based on mass, Eq. 3.36, 3.37
and 3.38) that do not change as size reduction proceeds. They can also be expressed as apparent
illing fractions: �G is the apparent volume fraction occupied by the grinding media inside the mill,
�c the apparent volume fraction occupied by the particulate material inside the mill and � is the
fraction of the internal porosity between the grinding media illed with the particulate material.
The use of apparent volumes requires an estimation of the porosities of the diferent materials, not
neglecting the fact that the porosity of the material that is reduced can change.

� The rotational speed is commonly expressed in revolutions per minutes or preferably as a fraction
of the critical speed, i.e. the minimum speed at which the load is centrifuged in the mill (given
by Eq. 3.42). Diferent behavior of the load like sliding, cascading and centrifuging are predicted
depending on the fraction of critical speed (see Table 3.2 and 3.3).
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3.9 Graphical summary of Part 3
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Part 4

Flowing properties, Fluidization and

Elutriation: collective behavior of

Silicon powders

As shown in Part 3 the production of metallurgical-grade silicon powder by comminution leads to the
unavoidable formation of ine and ultraine particles. Such particles adhere on coarser particles and are
known to strongly afect the lowing properties of powders. Therefore, the behavior and the inluence of
ine and ultraine particles on the collective behavior of MG-Si powders are investigated, using static and
quasi-static tests (angle of repose and compaction dynamics). Then, the focus is set on dynamic tests
in a luidized bed, which models the industrial application of these powders in the Direct Process. We
will show that such exploration of the lowing properties provides a wealth of instructive information,
particularly concerning the interparticle adhesion.
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4.1 State of the art

As already addressed in Section 1.3.4, powder processing and the underlying issues of lowability and
interparticle adhesion are scientiic challenges faced by a wide range of industries. Flowability loosely
refers to the ease of low, i.e. the change of relative position of the powder particles constituting a
powder bed. This ease to low is strongly related to frictional and cohesive forces. Handling of solids
requires an in-depth knowledge of the lowing properties of the powders, in order to implement appropriate
plant design and operating conditions. The characterization of such properties is not commonplace and
remains challenging, despite the wide literature available. In spite of the number of empirical, more or less
elaborate, tests that have been devised, there is no ubiquitously reliable quantiication of the lowability.
Lumay et al. proposed to distinguish between static, quasi-static and dynamic tests [1]. These authors
suggest that one test belonging to each of these categories should be used to comprehensively describe the
lowing properties, the dynamic one being chosen depending on the application of the powder. Following
these recommendations, we will here use the static angle of repose test, the quasi-static compaction test
and more extensively the dynamic behavior of powders in a luidized bed.

4.1.1 Static and quasi-static tests

4.1.1.a Angle of repose (AOR)

The angle of repose (AOR) �r of a powder is deined as the critical stability angle of a pile of powder
on a plane in the gravitational ield [2]. Fundamentally, the angle of repose can be seen as the critical
point at which the internal shear stress of the powders exactly compensates the gravitational force.
Such condition can be obtained by various methods, that leads to as various measurements of the AOR.
Figure 4.1 presents some of the methods. The measured angle of repose is expected to increase from the
injection methods (ixed height cone and ixed base cone) to the discharge method and further to the
tilting methods (tilting table and rotating drum) [2]. AOR testing is fairly simple and rapid, but lacks
of reproducibility [3]. Some experimental devices have been proposed in order to decrease the dispersion
of AOR measurements, such as the Mark4 AOR tester [4, 5].

φr

Fixed height cone Fixed base cone

φr

φr

Tilting table

φr

Rotating drumDischarge method

φr

Figure 4.1: Various experimental methods to obtain the angle of repose (AOR) �r, from [2, 4].

The AOR is expected to increase with increasing internal friction, thus notably with interparticle
cohesion. The AOR should therefore increase with decreasing particle size or with ine particle content [1,
5]. Note the water content of the powder, controlled by the particles wettability [6], induces the presence
of capillary bridges which strongly inluences the angle of repose [7]. The following Table 4.1 links the
AOR with a qualitative lowability: low AORs are correlated with good lowing properties. Besides, the
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AOR has also versatile applications in operation design, it is a useful criterion in silo dimensioning or
prediction of the behavior in rotating drums or mixers [8].

4.1.1.b Compaction dynamics

The packing properties of a powder can be evaluated by measuring the bulk (i.e. apparent) density of
a powder, comparing the aerated bulk density and the tapped density. The former is the density of a
random loose packing obtained by gently pouring a powder sample in a vessel while the latter results
from the maximal packing after shaking the vessel. The ratio of these quantities is called the Hausner
ratio [9]:

�� =
�t

�b
(4.1)

Where �� is the Hausner ratio and �b and �t are the aerated bulk density and the tapped density,
respectively. Note that the Carr index � is equivalently used:

� = 100
�t − �b

�t
= 100 (1− 1

��
) (4.2)

Initially, either a ixed mass of powder can be used and its volume measured, or a ixed volume of
powder whose weight is determined. The latter solution has to be privileged, as it limits the experimental
uncertainties [10]. The powder is then poured in a volume-graduated cylinder and the mass necessary for
illing the cylinder with the loosely packed powder is measured. The experimental device also includes a
small hammer able to hit the bottom of this cylinder, which results in a calibrated "tap", that allows the
particles to rearrange and the powder to compact. After a large number of taps, the apparent volume
of powders does not decrease anymore: the apparent volume is measured, thus determining the tapped
density. The tapped density corresponds to the maximal possible compaction, i.e. the geometrically
optimal packing of the powder (geometrical considerations can be found in [11]).

As the above addressed AOR, the Hausner ratio can be used to evaluate the lowing properties of
powders [3, 10, 12–15]. Table 4.1 links �� with a qualitative lowability: values of �� close to 1 are
correlated with good lowing properties. �� and AOR generally correlate [4]. �� is expected to decrease
with increasing particle size, until a critical size above which�� does not further decrease [10]; for example
in the case of SiC abrasives, �� stabilizes over a particle size of approximately 50 �� (monodisperse
powders) [1]. At a ixed particle size, an increase in sphericity was shown to reduce the Hausner ratio [13].

Table 4.1: Classiication of the lowability and the AOR and compaction tests measurements, after [1].

Flowability Angle of repose (�) Hausner Ratio
Excellent 25-30 1.00 - 1.11
Good 31-35 1.12 - 1.18
Fair 36-40 1.19 - 1.25

Passable 41-45 1.26 - 1.34
Poor 46-55 1.35 - 1.45

Very poor 56-65 1.46 - 1.59
Very very poor >66 >1.60

To extract quasi-static information from compaction tests, the whole compaction curve must be taken
into account, while �� only considers the initial and inal state. A physical model describing the com-
paction dynamics reads [1, 12, 15]:

�(�) =
�(�)

�p
= �(∞)− �(∞)− �(0)

1 + ln
︀
1 + n

τ

︀ (4.3)

Where �(�) is the packing fraction, that is the ratio between the bulk density after � taps and the true
density of the material �p. A compaction time � (in number of taps) characterizes the compaction speed.
� is expected to increase with increasing interparticle cohesion, as well as with increasing energy necessary
for rearranging the particles (thus with increasing inertia, i.e. particle size for constant density) [1].
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4.1.2 Fluidization

Unlike the above described angle of repose and compaction dynamics tests, luidization is not solely
a characterization technique. Fluidized beds were industrially used in the process of coal gasiication
as early as 1926 [16] and they have found a particular importance in a wide range of industries ever
since. Fluidization is indeed a dramatically eicient technique for promoting gas-solid contact, while
guaranteeing homogenization, mass and heat transfer. It is therefore a irst choice technique for e.g.
gas-solid reactions. The interest of luidization is here double: it is a helpful method for powder char-
acterization and gives insights into the industrial application of the MG-Si powders. As the following
of Paragraph 4.1.2 will show, luidization is a complex phenomenon, whose investigation can provide a
wealth of information about powder lowability and interparticle adhesion.

4.1.2.a Overview

Fluidization is an operation involving a lot of complex features. Comprehensive books are devoted to
the subject, from the fundamental to the industrial aspects, notably Fluidization Engineering by Daizo
Kunii and Octave Levenspiel [16] and the Handbook of luidization and luid-particle systems edited by
Wen-Ching Yang [17].

As deined in [16], "luidization is the operation by which solid particles are transformed into a
luidlike state through suspension in a gas or liquid". Only gas-solid luidization is under topic here. The
luidization phenomenon arises when a gas is passed through a bed of particles. The quantity of gas is
preferably expressed in terms of supericial gas velocity �g, i.e. the ratio of the volumetric low rate of
the gas � (in m.3.s−1) and the cross sectional area of the vessel �b (m2):

�g =
�

�b

(4.4)

At low supericial gas velocities, the gas goes through the voids between particles, which is accompa-
nied by a pressure drop across the bed ∆� , because the gas looses mechanical energy by friction on the
solid particles. This pressure drop increases with �g: at a certain point, the energy loss by the gas can
overcome the weight of the powder bed. Particles then become suspended and the velocity is referred to
as the minimum luidization velocity (MFV). Over this speed, further increase in �g does not increase the
pressure drop. The gas rather forms bubbles in the bed. These bed regimes and corresponding pressure
drop variations are illustrated in Figure 4.2. As can be seen, over the MFV, diferent regimes can be
obtained: (i) luidization can irst be smooth (aggregative luidization) or (ii) large voids called bubbles
can form in the bed (particulate luidization). The former case is rare for gas-solid systems, because
over the MFV (sometimes at the MFV), bubbling occurs. In this latter case, the two-phase theory of
luidization proposes to consider the bed as a bubble phase and an emulsion (or particulate) phase. Any
gas in excess for luidization contributes to the bubble phase. Both material and gas can transfer from one
phase to the other. With further increasing gas velocities, slugging, a particular case of bubbling where
slugs being bubbles whose size is close to the column width, is likely to occur in small vessels. Diferent
shapes of slugs are shown in Fig. 4.2. At even higher speeds, a relatively large fraction of the bed can be
entrained by the gas, which is referred to fast luidization (not shown) and pneumatic conveying, when
all particles are entrained by the gas (used for particle transport).

Not all powders have the same propensity for luidization. The most famous classiication is the
Geldart classiication, shown in Figure 4.3, that estimates the luidization behavior, based on only two
parameters, which are the Sauter mean diameter �[3, 2] and the true density of the material [18]. This
classiication distinguishes among four groups of particles: D (spoutable; e.g., roast cofee beans), B
(sand-like; e.g., coarse sand, glass beads), A (aeratable; e.g., FCC catalyst), C (cohesive; e.g., dust).
Most of industrial luidized bed are operated with group A or B powders, because C and D are diicult
to luidize. The use of the Sauter mean diameter as a unique size descriptor of the powder PSD in
this classiication relects the importance of small particles in luidization. Indeed, ine particles strongly
afect the luidization properties: in moderate proportions, they improve the luidization by the so-called
lubricating efect [19] (or Trawinski’s model [17]), a role analog to ball bearings assisting interparticle
contacts. Conversely, large proportions of ines make the powder cohesive and diicult to luidize. It has
been claimed that the luidization quality of a mixture of several Geldart groups is always better than
that of the individual ones [20]. The Geldart classiication has proven versatile and provides a relevant
idea of the luidization properties of a powder. The boundaries have been interpreted as changes in the
interparticle cohesion of powders [21]. Note that it was constructed at ambient conditions and that some
research was devoted to extend this classiication in various conditions of pressure and temperature [22].
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Figure 4.2: Fluidization regimes and corresponding bed pressure drops: the bed pressure drop ∆�

increases (and the bed expands) with increasing gas velocities �g until the minimum luidization velocity
�mf is reached. Further increase in �g does not afect ∆� , but changes the luidization behavior, from
the formation of bubbles, even slugs in narrow vessels, until the whole bed is entrained (pneumatic
conveying).

Figure 4.3: Original Geldart classiication of the types of luidization, from [18]. The diagram correlates
the luidization behavior depending on the Sauter mean diameter �[3, 2] and the true density of the
material, hence deining four groups: D (spoutable), B (sand-like), A (aeratable), C (cohesive).
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Fluidization is very often described with empirical laws, due to the diiculty of establishing physical
laws for this system. In particular, the interparticle interactions strongly inluence the bed hydrodynamics
and are diicult to account for in a multi-particle system. Reviews on this topic may be found in [23–
25]. The use of numerical methods to investigate luidization is being developed [26, 27]. A more
detailed background of luidization research since the 1930s and of the outlooks of the ield can be found
elsewhere [28].

Most often, luidized beds are industrially used as chemical reactors: speciic research is devoted to
each application in order to optimize the reaction performances (conversion, selectivity). Yates showed
that higher ine (<45 ��) particle content should enhance conversion [29]. Sun and Grace reviewed the
efect of the PSD on the reactor performances [30, 31]. Research at the laboratory scale level has proven
useful in understanding the physical phenomena occurring in luidized beds, but note that great care must
be taken when it comes to scaling-up to the plant scale [32–34]. Process intensiication provides solutions
to avoid performance losses when scaling-up [35]. In particular, the operating parameters optimizing
reactor performances may signiicantly change with scale-up. A very broad range of phenomena, wanted
and unwanted, occur in luidization. The issues include the design of the gas distribution, bubble size
and distribution, mass transfer, heat transfer and removal through internal bales, etc. As luidization in
general, these parameters are particularly afected by the ine particles. These topics will not be reviewed
here. In the following 4.1.2.b and 4.1.2.c, the focus is set on the lowing properties of the luidized
powders, through the minimal luidization velocity, and on elutriation of ines.

4.1.2.b Minimum luidization velocity (MFV)

As explained above, the onset of luidization occurs when the energy loss of the gas by frictional force �g
on the bed of particles exactly compensates the total weight of particles. This occurs at a gas speed �mf

called the minimum luidization velocity (MFV). The physical equations describing the pressure drop of
gases lowing through porous media will be irst addressed and applied to the determination of the MFV.
Then, three experimental methods for estimating the MFV will be described.

Gas low through ixed beds and onset of luidization One of the irst descriptions of the low
through porous media was that of Darcy in the mid 1850s. Speciic research was then devoted to luidized
beds in the irst half of the 20th century, by among others, Blake, Carman and Kozeny, Burke and
Plummer, and Ergun [36]. The latter contribution by Ergun [37] is the most widely used, because it
encompasses the Blake-Carman-Kozeny’s and the Burke-Plummer’s, for laminar and turbulent lows,
respectively. The Ergun correlation of the frictional pressure drop ∆� of a gas across an �b-high ixed
bed of particles with size �p and sphericity �s reads:

∆�

�b

= 150
(1− �)

2
��g

�3 (�s�p)
2 + 1.75

(1− �) �g�
2
g

�3�s�p
(4.5)

Where � is the voidage of the ixed bed, �g, � and �g are the gas density, viscosity and speed, respectively.
Eq. 4.5 stands for �g < �mf , as it applies to ixed beds. Note that it is recommended for bed of
polydisperse particles to substitute �p by the Sauter mean diameter �[3, 2] to account for the particle
size distribution. This is generally valid for lots of equations built for monodisperse particles when applied
to luidization [38]. The bed voidage � is easily accessible by measuring the bed height �, when knowing
the bed weight �B and the cross sectional area of the vessel �b:

� =
�B

�b�b

(4.6)

On physical bases, Gibilaro et al. proposed a modiied Ergun Equation, assumed to improve it (cited
in [36]), expressing the pressure drop across the bed as:

∆� =

︂
17.3�

�g�s�p�f
+ 0.336

︂
�f�g�b

�s�p
(1− �) �−4.8 (4.7)

At the minimum luidization velocity, by deinition, the frictional force of the gas on the particles �g
equals the weight of the bed of particles:

At MFV, �g = �B� (4.8)
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Substituting these quantities by their respective deinition, Eq. 4.8 can be rewritten as:

∆�mf�b = �b�mf (1− �mf ) (�p − �g) � (4.9)

Or:
∆�mf

�mf

= (1− �mf ) (�p − �g) � (4.10)

Where �b is the cross-sectional area of the bed and �p is the true density of the luidized material. At
the minimum luidization velocity, this Equation 4.10 and the Ergun Equation 4.5 can be combined to
give:

1.75

�3mf�s
��2p mf +

150 (1− �mf )

�3mf�
2
s

��2p mf = �� (4.11)

Where ��p mf is the particulate Reynolds number at the minimum luidization velocity and �� is
Archimedes number. These dimensionless numbers are deined in the following Equations 4.12 and 4.13,
respectively.

��p =
�p�g�g

�
(4.12)

�� =
�3p�g (�p − �g) �

�2
(4.13)

Equation 4.11 can be reduced and rewritten as:

��p mf =
︀
�2

1 + �2��
︀0.5 − �1 (4.14)

Where �1 and �2 are constants to determine, which are functions of �mf and �s. Wen and Yu irst
remarked that the values of �1 and �2 gave relevant predictions for �mf within a wide range of exper-
imental conditions [39]. Then, many authors proposed sets of values based on their own experiments,
some of which are detailed in Table 4.2 [39–50]. Other correlations include among others power-law on
Archimedes number and are summarized in Table 4.3 [36, 51–59]. Other not quoted here correlations
can be found in the comprehensive study by Gupta et al. [60]. As will be shown in the following, many
of these correlations do not difer much from others. Note that these correlations have been built using
various materials, sizes and distributions, but none for Geldart groups other than A or B. Nevertheless
some of the correlations still hold for very ine tailing powders belonging to group C (with Sauter diameter
of 16-24 ��) [59, 60].

Powders belonging to the group C of the Geldart classiication (Fig. 4.3) are considered extremely
diicult to luidize [18], because their cohesiveness leads to the formation of channels (preferential gas
paths by-passing most of the bed) and to unstable luidization [61]. A number of articles are devoted
to special devices assisting the luidization of submicronic powders, by e.g. vibrations [62, 63], acoustic
waves [64] or magnetic ields [65]. Other alternatives include adding easy-to-luidize large particles or
nanosized additives to improve the luidization quality [66]. This indicates that the MFV should increase
under a critical particle size, contrary to the above mentioned correlations of the MFV predicting a
monotonous decrease with particle size. Several authors showed that nanopowders can be luidized when
they rearrange as larger agglomerates, rather than as individual particles [66–68] and these Group C
powders may thus unexpectedly exhibit relatively low MFVs and good luidization properties. In this
case, the density and size to consider are those of the agglomerates, that are less dense and larger
than the individual nanoparticles. Morooka et al. back-calculated the equivalent characteristics of these
agglomerates from the apparent minimum luidization velocity [67]. Then, the trend of a monotonous
decrease of the MFV with the apparent particle size (agglomerates) could remain valid even in the
cohesive group C, while this trend does not hold for the individual particle size. In conclusion, group C
particles may behave as group A or group B particles when they form agglomerates, whose characteristics
determine the luidized bed dynamics.
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Table 4.2: Empirical correlations for the minimum luidization velocity from Ergun-based equation 4.14,
after several authors.

Reference �1 �2

Wen and Yu, 1966 [39] 33.7 0.0408

Bourgeois and Grenier, 1968 [40] 25.46 0.0382

Richardson, 1971 [41] 25.7 0.0365

Saxena and Vogel, 1977 [42] 25.3 0.0571

Babu et al., 1978 [43] 25.25 0.0651

Grace, 1982 [44] 27.2 0.0408

Chitester et al., 1984 [45] 28.7 0.0494

Thonglimp, 1984 [46] 31.6 0.0425

Nakamura et al., 1985 [47] 33.9532 0.0465

Zheng et al., 1985 [48] 18.75 0.03125

Lucas et al., 1986 [49] 29.5 0.0357

Tannous, 1993 [50] 25.83 0.043

Table 4.3: Correlations for the minimum luidization velocity after several authors.

Reference Correlation for MFV Basis

Rowe and Henwood,
1961 [51]

8.1 10−4(ρp−ρf )gd
2

p

µ

Experimental work on isolated
and regularly piled spheres at
low Reynolds numbers

Goossens et al., 1971 [52] 0.00061�� �� power-law

Doichev and Akhmakov,
1979 [53]

0.00108��0.947 �� power-law

Liu et al., 1983 [54] 0.09687��0.0535 �� power-law

Barbosa et al., 1995 [55] 1.9 10−3��0.87 �� power-law

Cen et al., 1998 [56] 0.129��0.54 �� power-law

Gauthier et al., 1999 [57] 0.0022��0.818
�� power-law for incipient ve-
locity �fi

Chen et al., 2010 [58]
0.01036��0.7107 �� power-law

Yang, 2003 [36]
1.14 10−3(ρp−ρf )gd

2

p

µ

Estimation of �mf as the
loosest regular packing of
monodisperse particles

Coltters et al., 2004 [59] 2.7568.10−6

︂
d2p(ρp−ρf )g

µ

︁
ρp
ρf

︁1.23
︂0.81455 Correlation for various re-

ported values for densities
ranging 0.7-2.7
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Temperature is expected to afect the MFV, not with a monotonous efect. Indeed, the gas den-
sity is expected to decrease with increasing temperature, while its viscosity conversely increases with
increasing temperature [69]. On the other hand, the interparticle forces should also be afected [70]. Gen-
erally, the MFV is experimentally observed to decrease with increasing temperatures until approximately
700 K [69–71]. Lin et al. found that the MFV reaches a minimum at 1000-1100 K and increases at
higher temperatures [70]. Several techniques can be used to decrease the MFV, hopefully improving the
luidization quality, such as vibrating the luidizing column [72].

Experimental determination by the pressure drop method As depicted in Fig. 4.2 (bottom),
�mf is observed when ∆� does not increase anymore with further increase of the supericial gas velocity.
Thus, monitoring the pressure drop across the bed for various supericial gas velocities can be used to
determine the MFV. For normalizing experimental data, a luidization index (FI) ∆� * is deined [62, 72,
73], which is independent on the powder weight and vessel dimension:

∆� * =
�b ∆�

�B�
(4.15)

∆� * is also referred to as luidization quality, because its closeness to unity is an indicator of homoge-
neous luidization [66]. The so-called pressure drop method proposes to monitor the pressure drop across
the bed at several supericial gas velocity, so that a curve similar to Fig. 4.2 (bottom) from which the
MFV is determined. Note that the situation represented in Fig. 4.2 is often diferent in practice. As an
example, Figure 4.4 presents several cases of actual curves obtained by the pressure drop method. In the
above developed models, only particle-gas friction was taken into account, but no particle-particle fric-
tion. However, when the powder is somehow pre-consolidated, e.g. compacted through its own weight, or
when interparticle interactions are strong, a particle-particle friction component should be added to the
force balance of Eq. 4.8. The force necessary to start luidization is then larger than the bed weight and
a maximum value superior to one is observed on the luidization index versus gas velocity curve [74, 75].
This case is illustrated in Fig. 4.4 by the blue dashed lines. Castellanos et al. proposed to utilize the
peak obtained from repeatably obtained bed of powders to extract mechanical information about the in-
terparticle interactions in the powder, notably estimating the uniaxial tensile yield stress �t as the height
of the peak [75]. Note that this peak should only occur when �g increases. The red dash-dotted line
illustrates the case of partial luidization, generally occurring for wide particle size distributions [57, 74].
Indeed, for such powders, segregation by size is likely to take place, so that a fraction of particles in the
bed is luidized, while the rest is not. This was observed by Gauthier et al. for binary mixtures and wide
PSDs, but not for Gaussian and monodisperse PSDs, consistently with the segregation hypothesis [57].
The gas velocity inducing luidization of part of the bed and of the whole bed are called the incipient gas
velocity �fi and the full circulating velocity �fc, respectively. The minimum luidization velocity remains
deined as the intercept of the initial ixed bed slope (before �fi) and the inal plateau value (after �fc).
Wu and Baeyens also studied segregation by size in luidized beds [76].

Gas 

Velocity

Ug

0

Fluidization 

index

∆P*
1

0

Umf Ufc UtUfi

σt

Figure 4.4: Typical experimental luidization index versus increasing supericial gas velocity curves.
The four curves lead to the same minimum luidization velocity �mf . The solid green line corresponds
to the "ideal" theoretical test; the blue dashed lines to the case of a pre-consolidated powder; the red
dash-dotted line to a case of partial luidization, between the incipient luidization velocity �fi and the
full circulating velocity �fc.

Experimental determination by collapsing bed tests Collapsing tests have been devised to study
the properties of the dense phase of a luidized bed [20, 30, 77]. It simply consists in luidizing a powder
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Figure 4.5: Schematic representation of a collapsing test, after [77].

Figure 4.6: Variation of the collapsing time �95 with initial gas velocity and ines content, adapted
from [79]. The maximum value correlates with the MFV obtained by the pressure drop method.

at a constant velocity �g, abruptly cutting of the gas supply and monitoring the deaeration rate of the
bed, by measuring the pressure drop and/or the bed height (see Fig. 4.5). This also gives an alternative
access to the compaction dynamics [74].
The collapsing rate (loss of height per second after cut of) was found to be stable for large initial gas

velocity, then it increases with decreasing initial gas velocity [77, 78] and can reach a maximum value
under which it decreases dramatically [78]. Lorences et al. itted the pressure drop loss after cutting of
the gas supply by a logistic dose function deined in Eq. 4.16 [79]:

∆� (�) =
∆� 0

1 +
︀
t
a

︀1/b
(4.16)

Where ∆� 0 is the luidized pressure drop at �g, � and � are model coeicients. Furthermore, they found
a correlation between the variation of the characteristic collapsing time �95 = � · 19b, deined as the time
necessary for the pressure drop to fall under 5 % of ∆� 0, and the minimum luidization velocity. Indeed,
as represented on Fig. 4.6, �95 reaches a maximal value at the MFV. They proposed it as a alternative
method for measuring the MFV. Note that the level of ines increases the collapsing time, which is analog
to the characteristic compaction time � in compaction dynamics presented above (Eq. 4.3).

Other experimental methods Several authors proposed other methods to determine the minimum
luidization velocity. Punc̆ochar showed that the instantaneous luctuations of the pressure drop are
proportional to the supericial gas velocity [80], as shown in Fig. 4.7. Extrapolating the straight line to
the zero luctuation points, the intercept of the line with the abscissa axis gives the MFV [80, 81]. This
original feature of this method is that it does not require any measurement at gas velocities under �mf ,
which means the MFV can be estimated without stopping the luidization.
Verloop and Heertjes proposed a method analog to the pressure drop, but with a tilted vessel, and an

open leak at the level of the ixed bed surface [82]. When the MFV is reached, the powder starts leaking
out of the vessel. They correlated their results with the angle of repose.
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Figure 4.7: Variation of the pressure luctuations of the pressure drop across the bed, after [80]. Extrap-
olating the curve to the zero luctuation point leads to the MFV (Punc̆ochar method).

4.1.2.c Entrainment and elutriation

The stream of gas in a luidized bed may carry a certain amount of particles out of the column, i.e. from
the bed surface to the top outlet of the vessel. The void in the vessel, i.e. the space not occupied by the
bed of particles, is known as the freeboard. The lux of solids �(�) (in kg.m−2.s−1) carried at a height �
over the bed surface is referred to as entrainment. This lux may depend on the shape, size and density
of the entrained particles, elutriation thus characterizes the selectiveness of the removal of particles out
of the bed [83]. Entrainment can be a deleterious efect, which causes a loss of material due to entrained
particles and requires that a recovery system (ilter, gas-solid separator such as a cyclone) is placed at
the outlet of the column. One major industrial stake is then predicting the magnitude of entrainment
to properly design these recovery systems and the height of the column. As we will see in Section 4.3,
ine particles have a major efect on the lowing properties of powders, especially in luidization, thus
entrainment can lead to signiicant changes in the bed hydrodynamics. Note that entrainment can also
turn into an advantage in the case of solid classiication, or e.g. the removal of ine ash as it is formed in
incinerators [83].

This Paragraph 4.1.2.c reviews the physical grounds for entrainment: the equilibrium between the
drag force and the weight of a particle leading to the terminal velocity. Then it addresses the complex
mechanisms that actually lead to entrainment and inally entrainment kinetics, that is the rate at which
entrainment is expected to occur.

Terminal velocity of a particle A particle in the freeboard is subject to its own weight, the force
of the upward moving gas and the drag force of the gas luidizing the bed. When the forces balance,
a maximal speed is reached and called the free-fall terminal velocity (or terminal velocity) �t. This
velocity can be expressed as a function of the weight of the particle and the drag force of the gas on the
particle [16]:

�t =

︃

4�p (�p − �g) �

3�g�D

(4.17)

Where �D is the drag coeicient, which is by deinition the ratio of the force on the particle and the luid
dynamic pressure caused by the luid times the area projected by the particle. As logically expected,
Eq. 4.17 shows that the free-fall velocity of a body in a luid decreases with the luid density (compare
a rock falling in air and water) and increases with the body’s density and size (compare a steel ball and
a polystyrene ball falling in air). The complexity arises from the drag coeicient �D, which includes
the shape of the particle, corresponding to the so-called "coeicient of penetration" in the luid. Several
physical models give the drag coeicient in particular regimes, such as the Stokes regime (low Reynolds,
viscosity of the luid dominates) or the Newton regime (high Reynolds, inertia of the luid dominates) [38,
84]. Empirical correlations were proposed to determine the drag coeicient over a wide range of conditions.
The expression by Haider and Levenspiel [84] given in Equation 4.18) includes the particle shape through
its sphericity �s and has been successfully used since [38, 85]:
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Figure 4.8: Theoretical terminal velocity �t for silicon particles with a sphericity of 0.7 in dry nitrogen
for various particle sizes �p and supericial gas velocities �g, as calculated with Eq. 4.17, with the drag
coeicient given by Eq. 4.18. The black line indicates the particle diameter �p at which �t(�p,�g) = �g.
Above, inelutriable particles can fall back to the bed (downward �particle), while below, elutriable particles
can be entrained (upward �particle).

�D =
24

��p

︁

1 +
︀
8.1716�−4.0655φs

︀
(��p)

0.0964+0.5565φs

︁

+
73.69

︀
�−5.0748φs

︀
��p

��p + 5.378�6.2122φs
(4.18)

Where ��p is the particulate Reynolds number (deined in Eq. 4.12). This expression is especially helpful
for the case of luidization, where the particles falls into an upward moving gas at velocity �g. Note
that diferent expressions should be used in the case of porous particles and for particles less dense than
the gas [38]. By combining Equations 4.17 and 4.18, the terminal velocity of a particle with size �p
and sphericity �s can be calculated in a luidized bed with a gas velocity of �g. Figure 4.8 presents
the terminal velocity of silicon particles, obtained from Eq. 4.17 and 4.18 with �s = 0.7 (see shape
estimation of MG-Si in Paragraph 2.1.3, p. 38) and various sizes and gas velocities. As can be seen in
Fig. 4.8, at a constant �g, �t consistently increases with increasing particle size (increasing weight) and
at a constant �p, �t increases with increasing supericial gas velocity (increasing drag force). The solid
black line distinguishes between two domains, which verify �g < �t and �g > �t, that are referred to as
inelutriable particles (also called coarse) and elutriable particles (also called ine) respectively. Note that
these deinitions of coarse and ines do not match our deinition of coarse particles being particles larger
than 100 �� and ine particles having a size ranging from 1 to 10 �� (see 2.1.1.a). We will therefore
refer to inelutriable and elutriable particles. Note that these notions remain valid for any height: as the
terminal velocity stems from an equilibrium between the weight and the drag force, as long as none of
these parameters varies, the upward motion of an elutriable particle will persist. Therefore, in this view,
if the cross sectional area of the column and the gas low are unchanged, an elutriable particle is entrained
out of the vessel, regardless of the vessel height.

The above developed model concerns particles in the freeboard, only when the equilibrium is reached.
Note that we so far did not take into account the transport of particles from the bed to the freeboard,
the freeboard wall, nor the actual gas low in the freeboard. This is developed in the following.

Ejection of particles and freeboard hydrodynamics The process of entrainment can be divided
into three subprocesses [83]: at irst, particles are transported from the bed into the freeboard, then
the velocity of these particles shifts from this initial velocity towards the terminal velocity (equilibrium),
inally elutriable particles are entrained to the gas outlet, while inelutriable particles fall back to the
bed. In particular, the notion of transport disengaging height (TDH), i.e. the length necessary to allow
complete velocity shifting (completing the second subprocess) will be deined hereafter.

There is general agreement for the main cause of the presence of particles in the freeboard being the
eruption of bubbles [16]. Several mechanisms are assumed to occur and are presented in Figure 4.9 [16].
There is conversely no agreement concerning the mechanism by which particles are sprayed into the
freeboard [83]: several mechanisms could co-exist [86]. As there is no "selection process", the ejected
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Figure 4.9: Proposed mechanisms for particle ejection into the freeboard, from [16]: (a) the particles at
the roof of the bubble are ejected into the freeboard because the inner pressure of the bubble is higher
than in the freeboard; (b) the solids at the wake of the bubble are ejected; (c) the solids at the wake of
two coalescing bubbles are ejected.

particles are not necessarily particles with �t < �g, but rather a representative clump of solids, whose PSD
depends on the eruption mechanism. The roof mechanism (Fig. 4.9 (a)) is expected to preferentially eject
material iner than the mean bed content, while the wake mechanism (Fig. 4.9 (b)) is expected to eject
all particles with equal probability [83]. Other research works indicate that there is a maximum particle
size above which particles cannot be ejected in the freeboard, deined as the particle whose terminal
velocity �t is equal to the bubble rise speed [87] (as cited in [88]). The ejected particles thus acquire
initial velocities higher than the gas velocity, even higher than the bubble rise speed [89]. Experimental
measurement of the angular distribution of particle velocities at bubble burst have been reported and
they conirmed that coalescing bubbles (Fig. 4.9 (c)) result in higher speeds [90].

The trajectory of the particle after this initial ejection can then be calculated from simple ballistic
models, based on the integration of Newton’s equations. This assumes considering single particles with
independent behavior [88, 89, 91]. Such models predict trajectories as depicted in Fig. 4.10. The speed
of inelutriable particles (�t > �g) initially decreases until it reaches a maximum where the forces are
at equilibrium, then accelerates back downwards to the bed, reaching a speed ‖�t − �g‖. Hence, larger
particles (having higher �t, see Fig. 4.8) fall back with a larger speed. They are conversely entrained
higher in the column, and reach the maximum height later, which is due to higher inertia. Elutriable
particles (�t < �g) never reach a maximum height: they decelerate, as inelutriable particles, but this
deceleration cannot exceed the terminal velocity (by deinition, the maximum free-fall velocity). At this
point, they acquire a constant speed ‖�t − �g‖, upwards, as �t < �g. This model obviously holds only
for dilute concentrations in the freeboard, so that the independence assumption remains plausible [88].

Experimental measurement of the radial proiles of the particle velocities in the freeboard proved that
the ballistic models rapidly become invalid when substantial entrainment occurs [92, 93]. Figure 4.11
summarizes the dynamics in a freeboard, mostly based on the work of Horio et al. [92], Morooka et
al. [94], Pemberton and Davidson [86] and Hamdullahpur and MacKay [93]. The irst step (a), the
ejection of particles by bubbles has been addressed above. Step (b) corresponds to the largest ejected
particles, with �t ≫ �g, falling back to the bed, corresponding to the two short-dashed lines in Fig. 4.10.
The weight of these particles is high enough for the ballistic model to be valid. On the contrary, for
inelutriable particles with �t � �g (corresponding to the long-dashed line in Fig. 4.10), the inluence of
the other particles cannot be neglected. As can be seen in Fig. 4.11, the particles do not decelerate in the
center of the vessel, but disengage by migrating towards the freeboard wall, where a falling ilm forms.
Note that elutriable particles can also be caught in this downward low and disengage. Provided that
the freeboard is high enough, all of the inelutriable particles may disengage: above this height, called the
transport disengaging height (TDH), only elutriable particles can be found. At the right of Fig. 4.11 can
be seen the typical axial velocity proiles, based on the above mentioned experimental studies [92–94].
Close to the bed surface, high velocities (due to bubble burst) are observed, especially in the center of
the vessel (consistently with later reported angular measurements [90]). In the disengaging zone, the
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Figure 4.10: Height reached by elutriable (�t < �g, red solid line) and inelutriable particles (�t > �g,
purple dashed lines) versus time after ejection at � = 0 with the same initial speed, as predicted by
ballistic models (assuming independent particles). Adapted from [88, 89]

downward motion of the particles at the wall is observed. Interestingly, the observed particle velocity in
the center is larger than the supericial gas velocity �g. As a reminder, �g stems from the gas low passing
through the cross sectional area, but is not valid for local gas velocities. The decrease in cross-section
due to the falling ilm thus increases the gas velocity in the center of the vessel [86, 92, 94]. This efect
diminishes with increasing height, as less solid is present and the falling ilm shrinks. The excess in gas
velocity compared to �g thus decreases, until the proile becomes lat and equal to �g in the transport
zone. Additionally, the bursting bubbles at the surface of the bed are expected to cause gas velocity
luctuations in the freeboard that should superimpose to these proiles at relatively low heights [92].
In practice, the picture is even more complicated, due to the interparticle interactions. Pemberton and
Davidson postulated the existence of ghost bubbles [86], later supported by experimental observations [93].
This explains that a clump of solids ejected by a single bubble remains as a bound entity while moving
in the freeboard, due to the similar initial conditions for all the particles of the clumps. Due to viscosity,
they gradually loose their integrity at a certain height. This could be the link between bubble burst and
gas luctuations in the freeboard [83, 86]. Besides, clusters of particles can form in the freeboard (or be
ejected as clusters already formed in the bed), so that the apparent properties of the individual particles
are no longer valid, i.e. the terminal velocity and migration properties are those of the agglomerate [95].

The above described ballistic and phenomenological models lead to two distinct deinitions of the
transport disengaging height, referred to as TDH(C) and TDH(F), respectively [96]. TDH(C) is the
height above which no particle with �t > �g can be found, i.e. in the ballistic point of view, the
maximum height reached in trajectories such as presented in Fig. 4.10. TDH(F) is by deinition the
height above which the composition of the carryover remains constant or varies slightly. These deinitions
are graphically summarized in Fig. 4.12. TDH(C) is again more adapted when entrainment is low, so
that the TDH is determined by the maximum height reached by the larger particles ejected by bubbles
(see Fig. 4.10). When a substantial fraction of the bed is elutriable, the independence assumption does
not hold anymore and the process limiting disengagement is the migration of particles with �t � �g to
the falling ilm on the wall (see Fig. 4.11). For this reason, TDH(F) increases with the gas luctuation
in the freeboard (hence the bubble size) and also with vessel diameter. TDH(C) is not systematically
higher than TDH(F), notably when the ballistic model is not relevant [88]. Empirical correlations for the
TDH have been proposed, Zenz and Weil’s being one of the most cited [97]. Other authors investigated
the TDH in various conditions and correlated the TDH versus bed parameters [87, 92, 93, 96, 98–101].
Several correlations are mentioned in Table 4.4. Consistently with the discussion above, TDH(F) is found
to depend on (and increase with) bubble size, supericial gas velocity or bed height. If the bubble size
�b is not known nor measurable, the correlation by Darton (as cited in [88]) can be used:

�b(�,�g) =
0.54 (�g − �mf )

0.4 ︀
�b + 4

√
0.001

︀0.8

�0.2
(4.19)

Figure 4.13 shows examples of the dependence of the TDH(F) with �g. The bubble size has been
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Table 4.4: Correlations for the transport disengaging height TDH(F), according to several authors. �g

is the supericial gas velocity, �b the maximum bubble size (that can be computed from Eq. 4.19), ��p
the Reynolds particulate number and �b the bed height.

Authors Correlation for TDH Ref

Fournol et al., 1973 ���(� ) = 103�2
g /� [98]

George and Grace, 1978 ���(� ) = 18.2�b [99]

Horio et al., 1980 ���(� ) = 4.47�0.5
b [92]

Chan and Knowlton, 1984 ���(� ) = 0.85�1.2
g (7.33− 1.2 log�g) [100]

Hamdullahpur and MacKay,
1986

���(� ) = 12�b [93]

Sciazko et al., 1991 ���(�) = 1500�b��p/�� [96]

Fung and Hamdullahpur, 1993 ���(� ) = 13.8�b [101]

Smolders and Baeyens, 1997 ���(� ) = 6 [(� − �mf )�b]
0.6 [87]

George, 1978
Horio, 1980
Chan, 1984
Hamdullahpur, 1986
Fung, 1993
Smolders, 1997
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Figure 4.13: Transport disengaging height (TDH) as predicted by several correlations (see Table 4.4)
for a MFV of 0.1 m.s−1 and a bed height of 0.5 m. The bubble size was computed with the Darton
correlation (Eq. 4.19).

computed from the Darton correlation (Equation 4.19). Note that other correlations for the bubble size
exist [102, 103]. As can be seen, TDH(F) is predicted to range from 1 to 2 m for gas velocities below 0.2-
0.3 m.s−1, consistently with Zenz and Weil estimation. For sand, whose density is close to that of silicon,
Choi et al. experimentally observed a TDH of 1.2 m at 0.65 m.s−1 [104]. As a comparison, the reported
values of TDH(C) from ballistic models are much smaller, e.g. a few tenth of centimeters at 0.5 m.s−1

in [88]. Note that, in order to limit entrainment, it is possible to introduce solid bales in the freeboard
of a bed, thus facilitating the formation of falling ilms, hence disengagement. For example, an inclined
freeboard with internal lat bales was proposed to minimize entrainment [105]. A certain amount of the
particles can also adhere to the freeboard wall instead of falling back or being entrained, which is referred
to as wall fouling [106]. These particles may be reentrained by the gas low or by purposely implemented
vibrating wall [107].

Entrainment kinetics: quantitative description by the elutriation rate constant Entrainment
kinetics describes the rate at which particles are removed from the bed, i.e. are carried out to the upper
gas outlet. This rate is a direct consequence of the above explained mechanisms of transfer from the bed
to the freeboard and of freeboard dynamics. As these mechanisms can have efects on particles depending
on their size or shape, the entrainment kinetics itself depends on the particle characteristics. This means
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that particles with various sizes are entrained at diferent rates, leading to a classiication efect called
elutriation. Hereafter is addressed the entrainment kinetics above the transport disengagement height
and the concept of the elutriation rate constant is described. This concept is the most widely used in
experimental investigations of entrainment; the concepts can be found in [16, 83].

Let us consider a bed of particles with total mass �B ; a particle size distribution discretized in �

intervals, so that �Bi represent the bed mass fraction in size interval �. Particles within size interval � have
a size �pi and a terminal velocity �ti. If this bed is luidized with a gas at the supericial gas velocity �g,
which overcomes the terminal velocity of part of the bed (∃ � / �ti < �g), the resulting entrainment lux
(carryover) due to particles of size interval � at a height � above the bed surface is �i(�) (kg.s−1.m−2).
By deinition of a lux, this quantity is the derivative of �E

i (�,�), the cumulative mass of particles of
this interval collected at height � after a time � divided by the cross-sectional area per unit of time:

�i(�, �) = − 1

�b

�

��

︂

�E
i (�, �)

︂

(4.20)

The total entrainment lux �(�) is the sum of these luxes for all intervals (Eq 4.21).

�(�) =

N︁

i=1

�i(�) (4.21)

If � is larger than TDH(F), by deinition of TDH(F), the entrainment lux does not vary with height
anymore and the notation becomes �i∞ (Eq. 4.23).

�i∞(�) = − 1

�b

�

��

︂

�E
i (�)

︂

(4.22)

� (� > TDH(F)) = �∞ =

N︁

i=1

�i∞ (4.23)

The elutriation rate constant approach relies on the assumption that the entrainment lux �i(�, �)
is directly proportional to the weight fraction of this particle size in the bed �Bi , with a ratio being the
elutriation rate constant �*

i (�). This assumption is a irst-order kinetics assumption (rate proportional
to concentration) for constant �*

i∞. By deinition, the elutriation rate constant is:

�*
i∞ =

�i∞

�Bi
(4.24)

Physically, the elutriation rate constant �*
i∞ gives the entrainment lux of a monodisperse bed with

size �pi only: indeed, if �Bi = 1, entrainment �i∞ equals �*
i∞. This deinition is analog to Henry’s

law. As Eq. 4.24 suggests, the elutriation rate constant enables the prediction of the individual �i∞ and
the total entrainment �∞, provided that the initial bed composition is known (i.e. the �Bi ). A major
assumption also stems from this deinition: the size intervals have no interactions, i.e. �*

i∞ is independent
on the bed weight fraction �Bj or the entrainment lux �j∞ of the other particles with size �pj .

The experimental determination of the elutriation rate constant is usually achieved using batch de-
vices, with various particles sizes and gas velocities, as shown by Table 4.5. Additionally, the entrained
ines can be recycled back to the bed (steady-state recirculating system) or collected outside of the bed
and permanently removed (batch unsteady-state system). In the former case, the mass fraction �Bi of
each size interval � is constant (no mass loss) and the elutriation rate constant can directly be calculated
from the measurement of the entrainment rate at steady-state from Eq. 4.24. Note that this requires
in-line measurement of the PSD of the carryover. In the latter case, the elutriation rate constant can be
extracted from the elutriated mass versus time using the following equations. Starting from the deinition
of �*

i∞ in Equation 4.24 and the deinition of entrainment in Equation 4.22, the following Equation 4.25
is obtained:

− 1

�b

��E
i

��
= �Bi �

*
i∞ (4.25)

We assume that the weight of ines adhered on the freeboard wall is negligible, therefore each particle
leaving the bed is then entrained out of the column (Eq. 4.26). This assumption is relevant if the vessel
is not far taller than the TDH and if the entrainment lux is substantial.
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Table 4.5: Examples of operating conditions for studying the elutriation rate constant, operation type,
column diameter ∅, height �, supericial gas velocity �g, particle size range �p.

Ref Operation ∅ (m) � �g �p Material
(m) (m.s−1) (��)

[72] Unsteady 0.064 1 0.2-0.6 0.0001-0.6 Sand, Al2O3, TiO2, CaCO3

[73] Unsteady 0.052 0.5 0.1-0.4
0.004 + 0.5
(binary)

Si, Si3N4

[94] Steady 0.12 2.8 0.15-0.5 0.03-0.12 SiO2, FCC

[98] Steady 0.6 7.8 0.2-0.75 0.058 FCC

[104] Steady 0.1 2 0.65-2 0.001-0.425 Sand

[108] Unsteady 0.1 7.5 0.9-4 0.3-1 SiO2, polyethylene, ZrO3

[109] Unsteady 0.5 1

[110] Unsteady 0.1 1.5 0.55 0.03-1.8 Sand, polyethylene, FCC

[111] Unsteady 0.076 2.72 0.21-0.7 0.001-0.08 FCC

[112] Unsteady 0.082 3.08 0.1-0.8 0.001-0.1 Various

[113] Steady/Unsteady 0.076, 0.15 2.4 0.1-0.8 0.01-0.14 FCC

[114] Steady/Unsteady 0.073 2 0.3-0.9
0.01-0.08 +
0.3 (binary)

Limestone + sand

[115] Unsteady 0.046 1 0.15-0.4
0.05 +
0.17-0.2
(binary)

Fe2O3 + Sand

[116] Steady 0.103 2.5 0.3-0.7 0.001-0.7 FCC, PVC, Al2O3, SiO2

[117] Steady 0.103 2.5 0.3-0.7 0.001-0.2 PVC, Al2O3, Sand

[118] Steady 0.1 2 0.8-2.2 0.001-0.6 Sand

[119] Steady 0.103 2.5 0.2-1.05 0.001-0.05 Various

[120] Unsteady 0.19 3-5 0.9-2 0.08-0.5 Glass beads

[121] Steady 0.184 4 1.5 0.17-0.32 Sand, polystyrene

[122] Steady 0.6 5.5 0.2-0.4 0.001-0.08 FCC

�E
i (�) = �B

i (0)− �B
i (�) (4.26)

With �B
i = �Bi �

B . For batch unsteady experiments, entrained particles are removed deinitively,
so that �Bi and �B depend on time. However, if the total entrained weight is relatively small, e.g.
less than 20 % of the total bed weight, then �B may be regarded as constant for the integration [16].
Equation 4.25 can be integrated as:

�E
i (�) = �B

i (0)

︂

1− ���

︂

−�*
i∞�b

�B
�

︂︂

(4.27)

In Equation 4.27, �E
i (�) is the total cumulative weight entrained out of the bed, and �B

i (0) = �Bi (0)�
B

is the total weight of particles of the size interval � in the initial powder bed. The exponential coeicient
is often expressed as the rate �i∞:

�i∞ =
�*
i∞�b

�B
(4.28)
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The elutriation rate constant �*
i∞ must be used because it is supposed to be unafected by bed weight or

column diameter [16] and does not depend on size discretization. Note that some authors alternatively
chose to normalize [73, 115]:

�i∞ =
�*
i∞�b

�Bi (0)�
B

(4.29)

Where the initial mass of particles with size �pi in the bed has replaced the total mass of the bed compared
to Eq. 4.28. This choice seems to be motivated by the fact that these authors deal with heterogeneous
binary mixtures, i.e. adding ines in an luidization assisting bed of coarse inelutriable particles (e.g.
active iron oxide in neutral coarse sand [115]). They thus considered that the relevant normalization
mass was that of the active ine particles and not the assisting bed.

The initial condition for the above integration relies on the hypothesis that every particle entrained
after a long time was already present in the bed at the beginning of the experiment.

This fact is not obvious, since particles can actually be created during luidization. Colakyan and
Levenspiel irst presented a model accounting for elutriable particles created during batch experiments
by interparticle abrasion [108]. Under this condition, Equation 4.25 becomes:

− 1

�b

�

��

︂

�Bi �
B

︂

= �Bi �
*
i∞ − �i

�b

(4.30)

�i is an abrasion rate that represents the weight of particles in size interval � created in the bed per time
unit, due to interparticle abrasion. Under the assumption of a constant abrasion rate, the integration of
Equation 4.30 gives:

�E
i (�) =

︂

�B
i (0)−

�i

�i∞

︂ ︂

1− ��� (−�i∞�)

︂

+�i � (4.31)

If the carryover is considered to be a single size interval (neglecting the polydispersity of the entrained
ines), then the total cumulative mass entrained �E

tot(�) =
︀

�E
i (�) is:

�E
tot(�) =

︂

�B
e (0)− �

�∞

︂ ︂

1− ��� (−�∞�)

︂

⏟  ⏞  

Particles freely elutriable
in the initial bed

+ � �

⏟ ⏞ 

Particles becoming
elutriable

during luidization

(4.32)

where �E
tot is the total cumulative entrained mass (kg), �B

e (0) is the total weight of freely elutriable
particles in the initial bed (kg) and � is the total production rate of elutriable particles (kg.s−1). If no
interparticle abrasion nor agglomerate release occur, then �i = 0 and the Eq. 4.31 reduces to Eq. 4.27.

The abrasion rate � was shown to depend on the material: Colakyan and Levenspiel distinguished
between attriting solids (e.g. sand) and non-attriting solids (e.g. polyethylene) [108]. Non-attriting
solids exhibit a slope of zero at long times (∀� / �i = 0) while attriting solids exhibit a positive slope
(∃� / �i > 0). [123]. For very friable char particles, the abrasion rate was found to be proportional to
the supericial gas velocity [124]. Attrition is the dominant particle breakage mechanism in luidized beds,
which therefore produces ine material, and is expected to occur in the core of the bed, especially near
the gas distributor where the gas speed is locally very high [125]. Wu et al. proposed diferent relations
between the attrition rate and the jet velocities at the distributor, supericial gas velocity and particle
size (also predicting higher abrasion rate for smaller particles) [123]. Ray et al. proposed a surface model
to relate the abrasion rate to the breaking energy, thus deducing that smaller particles would have higher
attrition rates [126]. Overall, the attrition rate is expected to increase with increasing supericial gas
velocity, bed height and especially with gas velocity at the distributor (jets).

Liu and Kimura later stated that ines could initially be attached to larger non-elutriable particles [73].
Their generation from agglomerates due to interparticle friction would also contribute to the abrasion
rate. In this view, �B

i (0) should be regarded as the fraction of particles in the size interval � in the initial
bed that can be freely entrained, in opposition to the particles in size interval � in the initial bed that
are agglomerated and whose liberation is accounted for by �i. Note that when all of the free elutriable
particles are entrained (e.g. after a time longer than 3/�i∞), the exponential term in Equation 4.31 is
negligible compared to the linear term, the cumulative entrained weight curve thus becoming a straight
line of slope �i.

Figure 4.14 shows qualitative examples of entrained fraction curves based on Eq. 4.31, enhancing the
role of each of the parameters. Graphs (A) and (B) are plotted for non-attriting solids and graph (C)
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Figure 4.14: Examples of predicted curves from Eq. 4.31 (and Eq. 4.27 in the case of �i = 0) showing the
relative efect of each of the parameters describing the rate of elutriation. The dashed line on the three
graphs indicates identical curves. The initial weight of particles in interval � (A), the reduced elutriation
rate (B) and the abrasion rate (C) afect the scale, curvature and inal slope of the curve, respectively,
consistently with Eq. 4.31.

presents the case of diferent attriting and non-attriting solids. These curves have provided a good ap-
proximation of the data obtained by several authors and have proven useful in interpreting the elutriation
rate constant and interparticle attrition [72, 73, 96, 108, 115].

Elutriation rate constant is mainly afected by particle size: as intuitively expected, it increases
with decreasing particle size [83]. Yet, it has been consistently shown that under a critical size, the
elutriation rate constant levels of or even decreases [72, 110–115, 119]. Even if iner material should
"thermodynamically" be entrained more easily (because of lower �t), their migration can kinetically slow
down the migration of iner particles: this is attributed to the impact of the interparticle interactions.
Particles smaller than the critical size have a greater tendency of forming clusters [95] with large particles
and are then more diicult to entrain. This tends to contradict the deinition of �*

i∞, which does not
depend on particles in other size intervals �. The critical particle size is usually in the ine (1-10 ��) or
medium ine (10-100 ��) range. Several authors proposed equations to determine the critical diameter
�crit [111, 114, 116], in �� if the true density of the material �p is inserted in kg.m−3 for the three
following Equations:

�crit =
10325

�0.725p

from [111] (4.33)

�crit =
101000

�0.731p �
from [114] (4.34)

�crit =
101000

�p�0.731
from [116] (4.35)

Counterintuitive observations of the entrainment of particles with �t > �g above the TDH were
reported [96, 113, 121, 127]. The gas luctuations (actual gas velocity in the freeboard larger than the
supericial gas velocity) have been proposed to explain this fact, but this could actually result from a
momentum transfer from upward moving elutriable particles, thus applying an additional upward force
on the inelutriable particles [121, 127]. This assumption is valid for high entrainment rates, i.e. large
amounts of material in the freeboard. As a consequence, inelutriable particles (�t � �g) could be
entrained above the TDH.

Other factors possibly afecting �*
i∞ are the supericial gas velocity and the bed geometry [83]. The

elutriation rate constant is unanimously found to increase with increasing supericial velocities, following
a power-law with an exponent between 2 and 4 [128]. Wider vessels are sometimes observed to have
increased elutriation rate constants, which could be caused by the larger radial distance necessary for
migrating to the falling ilm (see Fig. 4.11). Colakyan and Levenspiel pointed out this efect to be
limited [108]. Using a freeboard diameter larger than the bed diameter decreases the entrainment, due
to subsequent decrease in �g. Provided that the freeboard height is higher than the TDH (see Fig. 4.11),
the elutriation rate constant does not depend on the height of sampling, nor on the shape of the gas
outlet [83]. Parameters afecting bed hydrodynamics, e.g. size of the inelutriable particles, presence of
internals in the bed or mode of operation, has been found to have very little efect on �*

i∞ [116, 129].
Choi et al. observed an initial decrease in elutriation rate constant with increasing temperature, then
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increasing �*
i∞ with further increase in temperature [104]. The pressure in the bed can substantially

increase the TDH and the entrainment rate, due to the increasing density of the gas [100].
Despite the general consensus on the efect of most of these variables, tremendous discrepancies exist

between the quantitative correlations of �*
i∞ by several authors. Chew et al. recently published a

comprehensive review of many correlations of the literature [128]. They showed that predictions based on
empirical correlations can disagree by up to 20 (sic) orders of magnitudes. We show in Fig. 4.15 several
correlations (see Equations in [128]) as applied to metallurgical-grade silicon. Two curves can difer from
up to nine orders of magnitude.
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Figure 4.15: Application of several tabulated correlations for the elutriation rate constant listed in [128].
The solid parameters are those of MG-Si, the gas parameters those of nitrogen at a supericial gas velocity
of 0.2 m.−1. The terminal velocities were computed from Eq. 4.17 and 4.18.

In conclusion, entrainment is a phenomenon resulting from complex mechanisms, which still lack of
physical understanding. The existing empirical models seem to be only valid on the short ranges for
which they were built, including the geometry of the experimental device. No other material parameter
than density, size and shape is usually included in the models.

4.1.2.d Electrostatic phenomena in luidized beds

Electrostatic phenomena were soon identiied as an important issue in luidization, because their oc-
currence can be associated with changes of the bed hydrodynamics and sparks discharges, which is a
major stake of safety (in order to limit explosion and ire hazards) [130]. A few literature is available
on the topic, but it has to tackle the same challenging problems than the other researchers dealing with
tribocharging or contact electriication. Contact electriication refers to solids brought into contact and
acquiring charges when they are separated. Tribocharging is the frictional charging of two solids rubbed
against each other. Not all authors distinguish between these two concepts, for they consider "contact"
is necessarily accompanied by friction. Despite this ield of physics has been widely studied, many un-
knowns remain and contradictory results and conclusions are sometimes even obtained [131]. Lacks and
Sankaran recently comprehensively reviewed the topic of contact electriication [132] and reviews focused
on electrostatic phenomena in powders can be found in [131, 133–135].
Experimental access to the electrostatic charges in luidized beds is challenging. A long used tech-

nique is the immersion of an electrode in the bed [136–139]. Nevertheless, this technique is very limited.
Guardiola et al. showed that the measurement of the bed potential by this technique was very unreliable
under a critical relative humidity (RH) of approximately 30 %. The potential also depends on its im-
mersion depth in the bed, whose height is not ixed, so that the measurement is not very reliable [130].
Other device were proposed, notably the use of Faraday cups, encompassing the whole bed or in which
the particles are dropped, to non-intrusively measure the charge to mass ratio of the particles [140].
This technique was extensively used these recent years, notably to investigate the charges generation and
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wall fouling in the case of polyethylene [106, 141–146]. A device based on internal collision ball probe
also proved helpful [147]. Alternatively, ex-situ tests can be performed to investigate the propensity of
particles for tribocharging [141].

Ciborowski and Wlodarski published one of the irst articles devoted to the occurrence of static charges
in luidized beds, and notably reported that electric potentials as high as 15 kV could be attained, due to
charges created by the particle-particle and particle-wall contacts [136]. Values of thousands of volts have
again be reported since [139]. They found that the MFV could be inluenced by the charge in the bed
and studied the efect of the supericial gas velocity, humidity of the luidizing gas and even of external
relative humidity, which, by adsorption on the outer column surface, can afect the dissipation of the
inner charges [136]. This latter efect is not dominant though. The bed charging is found to increase
with �g [136], which was latter attributed to a larger bubble size, as Boland and Geldart showed that
charges are mostly created in bubble wakes [130]. More charges were observed to be created in bubbling
than in slugging regime [139, 143, 144]. Particle-gas and gas ionization were proved to have negligible
contribution to the charging in the case of glass beads: particle-particle and particle-wall contacts are
responsible for the charges [140]. This is supported by the fact that decreasing the particle size in the
bed (from 500 to 300 ��) was found to decrease the degree of electriication, which was interpreted by
the diminution of the number of particle-particle contacts [139].

The material’s nature is also an important parameter afecting electrostatics in luidized beds [117].
More charges were for example observed in glass beads than in polyethylene luidization. Even the
composition of a given polyethylene can afect the electrostatic phenomena, which was interpreted as
the inluence of the thickness and ionic concentrations of the surface water layer on the particles [147].
Besides, electrostatic phenomena were found to afect the luidization quality of polyethylene particles,
but not that of sand [110]. Metallurgical-grade silicon was not used as a model material in luidized-bed
studies and few information is available on its electrostatic behavior in this context. Dotson studied
the luidization of MG-Si with copper for Direct Synthesis application, but did not report anything on
electrostatics [148], like Liu and Kimura, who also studied the luidization of silicon, in the context of
nitridation [73, 149]. The triboelectric series are empirical ranking of the materials, based on the charges
obtained on two diferent materials rubbed against each other. The published data put silicon on the very
bottom of the triboelectric series, i.e. it is expected that Si acquires a negative charge (with relatively high
magnitude) when rubbed against anything but telon [150]. Such empirical series have proven useful in
interpreting the charges acquired by solids transported by pneumatic conveying in pipes made of various
materials [151].

The humidity of the luidizing gas was shown not to modify the building up of the charges in the bed,
but dramatically afects the dissipation of the created charges [130]. Guardiola et al. proposed a diagram
correlating decreased electriication degree with increasing RH [139]. Avoiding electrostatic charges is
then usually performed by increasing the luidizing gas humidity, when possible. An alternative is to add
antistatic particles, such as the so-called Larostat [141, 147], to the bed to assist the charge dissipation.
Contrary to a common belief, grounding the column was shown to have little efect on charge build up,
which was justiied by the fact that the area of the column wall is small compared with the total area of
the particles of the bed [145]. Eicient charge dissipation should therefore occur in the bulk of the bed
(what is the case for humidity and antistatic powders).

The efect of electrostatic phenomena on the freeboard and on entrainment were also the topic of
several investigations. As mentioned above, freeboard wall fouling is extensively studied in the case
of polyethylene, due to frequent related problems in polyolein luidized bed reactors [106, 152, 153].
Sowinski et al. quantiied wall fouling in diferent conditions, stating notably that it increases with
decreasing particle size, as the adhesion of the adhered layer [106]. They proposed a model of wall
coating based on the fact that the wall and the smallest particles acquire opposite charges, thus resulting
in adhesion of the inest material. The larger particles would have an opposite charge and adhere to
the irst layer of ines, thus leading to stacked layers of particles charged with alternate signs [144, 153].
For binary mixtures of medium ine (10-80 ��) and coarse (500-600 ��) glass beads, Mehrani observed
bipolar charging of the particles, with negative charges being preferentially carried by coarse particles and
positive charges by ines [140]. This polarity has been conirmed for glass as well for polyethylene with
bench-scale tests [141]. Such bipolarity was again observed later [143, 147], with the magnitude of the
charges carried by entrained particles larger than that of the bed particles, in the case of polyethylene [143].
Entrainment of ines carrying charges was observed to create a corresponding net charge in the bed [140].
To assess the inluence of electrostatic phenomena on entrainment, several authors proposed to measure
the elutriation rate constant of particles at diferent relative humidities [117, 154]. For silica sand (�[3, 2]
= 85 ��), Baron et al. observed an increase in entrainment rate with increasing relative humidity from
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0 to 30 %, and a plateau value above 30 % (maximal RH tested: 60 %) [154]. Li and Kato showed
that the elutriation rate constant of alumina increases from 0 to 30 % RH, then stabilizes until 65 %,
inally decreasing again above 65 % [117]. They thus deined two critical relative humidities, RHe and
RHc, assuming that under 30 %, electrostatic forces are dominant, while above 65 % capillary forces
are dominant. A mixed behavior would occur between RHe and RHc. Besides, the electrostatics were
found not to afect particle agglomeration, nor the carryover PSD [110, 154]. This seems to be consistent
with the comparison between forces estimating that Van der Waals interactions are always dominant,
even when electrostatic phenomena occur [23, 25]. The total entrainment rate �∞ was conversely found
to strongly increase with increasing RH (decreasing charges) by the same authors [110, 154], which was
explained by an extra pressure drop induced by electrostatics ("electrostatic braking"). This phenomenon
is known in pneumatic conveying. For 0.8 kg.min−1 conveyed at 4-20 m.s−1, the pressure drop can be
increased from 250 Pa.m−1 to 300-600 Pa.m−1 [155]. Pneumatic conveying is also an industrial operation
where the occurrence of electrostatic charges is frequent and it can be used to investigate the tribocharging
of powders [156], like luidisation. The electrostatic contribution to the pressure drop is proportional to
the electric ield, thus the total entrainment rate would be decreased by higher charges resulting in higher
pressure drops (easier disengagement). They evaluated the electrostatic pressure drop to range between
0.05 and 0.3 Pa.m−1, which is close to 50 % of the total freeboard pressure drop of their device.

4.1.3 Discussion & Highlights

Discussion A wide range of techniques can be used to investigate the lowing properties of powders
among which angle of repose, compaction dynamics or luidization tests. Most of these methods are
empirical because of the lack of comprehensive physical description of complex powders, e.g. polydisperse
non-spherical. Note that many other tests exist to characterize the lowing properties, such as rotating
drums [157–159], shear cells (Jenike, rotational split level,...) [160], uniaxial compression [161], penetration
strength [5], etc. We here chose to focus our attention on the method closer to the industrial application,
luidization in the present case, in order to get knowledge on the ine particle inluence on the collective
behavior of MG-Si powders. If all other tests provide valuable information, they may not be relevant to
this application. For example the shear conditions in a Jenike cell are not representative of the conditions
of luidization [3]. Note that Wong proposed a correlation between the angle of repose and the minimum
luidization velocity [162].
Fluidization can be used as a remarkably versatile tool for studying the lowing properties through

minimum luidization velocity measurements or collapsing tests, but these tests and others, such as
elutriation tests, also give information on the interparticle interactions within the powder. This technique
will be investigated here because it is close to the industrial application of MG-Si.
Other cohesiveness tests would also be of interests, such as centrifugation testing [163], dust removal

tests [3] and near-ield techniques. Nevertheless, the elutriation phenomenon has been widely studied but
still sufers from a lack of understanding. Many studies were performed on model materials (glass beads,
alumina ines) or material used by speciic industries (luid cracking catalyst, polyethylene).

Highlights

� The static angle of repose (AOR) �r is a very simple test to carry out (Fig. 4.1), yet poorly
reproducible unless special care is devoted to the testing device. High AORs are correlated with
poor lowing properties (see Table 4.1) and high interparticle forces.

� The Hausner ratio (��) is the ratio between the aerated density and the packed density of a
powder. Like the AOR, high HR is correlated with poor lowing properties (see Table 4.1) and high
interparticle forces. �� is obtained in standard compaction devices, from which a characteristic
compaction time � can also be measured (Eq. 4.3).

� Fluidization is an extremely eicient industrial process applied to many reactions, but can also be
used as an analytical tool for accessing the lowing properties and the interparticle interactions.
The phenomenon of luidization occurs when a low of gas through a bed of particles looses enough
energy through friction to compensate for the weight of the bed. The particles acquire a luid-like
behavior, with several possible regimes depending on the supericial gas velocity (Fig. 4.2) and
powder properties.

� The minimum luidization velocity (MFV) �mf is the supericial gas velocity at which the frictional
force of the gas equals the bed weight (Eq. 4.10). This value can be estimated by various correlation

165



PART 4. COLLECTIVE BEHAVIOR OF MG-SI

proposed in the literature (see Tables 4.2 and 4.3) or experimentally measured. Low MFVs indicate
good lowing properties.

� The pressure drop method (Fig. 4.4) is the most employed experimental way of determining �mf

and by monitoring the pressure drop across the bed at various gas speeds. At the MFV, the pressure
drop stops increasing with increasing gas velocity.

� Collapsing tests were initially devised to assess the lowing properties of the powder, by analogy
with dynamic compaction tests. They can also be used to measure the MFV (Fig. 4.6).

� Entrainment refers to the lux of particles carried out of the bed by the uprising gas. Indeed, with
a certain size and shape, a given particle may have a terminal velocity (maximum free-fall velocity)
�t smaller than the supericial gas velocity �g in the column. An expression of �t is given by
Eq. 4.17. Thus, if such particles are in the freeboard (the void between the bed surface and gas
outlet), they are entrained upwards until they reach the gas outlet.

� The occurrence of particles in the freeboard is due to bubble bursting at the surface of the bed
(Fig. 4.9) that eject representative amounts of bed material in the freeboard. The complex particle
motion in the freeboard is summarized in Fig. 4.11. Particles disengage by forming falling ilms at the
freeboard wall. If the terminal velocity determines whether a particle is elutriable (thermodynamic
criterion), the rate of which entrainment proceeds is mostly governed by the freeboard phenomena
(kinetic criterion).

� Entrainment kinetics is assumed to be a irst-order phenomenon (Eq. 4.24), whose characteristic
kinetic constant is called the elutriation rate constant �*

i∞. The working equation, also used in
many papers, for extracting the elutriation rate constant from experimental data is Equation 4.31.
No consensus exists in the prediction of the elutriation rate constant: two literature correlations can
disagree by a factor of up to 1020 (sic). A major issue of luidization is unraveling the mechanisms
of entrainment and understand their range of application.

� Electrostatic phenomena are frequently observed in luidized beds when the relative humidity of the
luidizing gas is low (less than 30-40 %). As in triboelectriication in general, many elements remain
to be explained. Recent studies experimentally measuring the charges with Faraday cups suggest
that bipolar charging of the luidized powder occurs depending on particle size. Electrostatics would
be one of the grounds for many phenomena, such as wall fouling or bed hydrodynamics perturbation.

4.2 Experimental

Angle of repose The ixed height cone method (Fig. 4.1) was used to obtain piles of powders. This
was performed in ambient air (40 % RH). Photographs of the pile, perpendicular to it, were taken and the
angles were measured by image processing afterwards. The right angle and the left angle were sometimes
diferent: in the rare cases where an asymmetry larger than 10 % was obtained, the AOR measurement
was not recorded.

Compaction dynamics For each compaction test, a ixed volume of 250 mL of powder was gently
poured in a test tube and weighed prior to experiments. The instrument used at Bluestar Silicones is a
Granuloshop Densitap ETD-20, shown in Fig. 4.16. The apparent volume of the powder after each series
of taps was measured using the graduations of the test tube. This was performed in ambient air (40 %
RH).

Laboratory scale luidized bed The luidization set-up at Bluestar Silicones is schematically rep-
resented in Figure 4.17. The glass column has an inner diameter of 75 mm and height of 2 m, easily
transformable to 1, 1.4 and 1.6 m high. The gas distributor is a perforated steel plate, which results in a
pressure drop of 102 mbar at 0.05 m/s. The luidizing gas was dry nitrogen (Air Liquide, 99.999999 %)
for all experiments. Using such gas ensures a humidity of a few percent [75]. The used pressure gauges
are Delta Ohm HD-408T with diferent pressure ranges, with a maximal sensitivity of 0.1 mbar. The
probe of each pressure gauge is inserted inside the column from a branch connection in the column glass.
The bed pressure drop can be measured either by directly measuring the pressure just above the grid and
in the freeboard, or in the wind-box and in the freeboard, then subtracting the contribution of the grid
to the pressure drop. Both measures showed almost no diferences.
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Figure 4.16: Compaction dynamics device, the Granuloshop Densitap ETD-20.
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Figure 4.17: Laboratory scale luidized bed used in this study.

For each elutriation experiment, 2 kilograms of powder was luidized batchwise at a constant supericial
gas velocity, ranging from 0.05 to 0.2 m.s−1. Table 4.6 presents the critical elutriable size (i.e. boundary
between elutriable and inelutriable particles at a given �g, see Fig. 4.8), calculated from Eq. 4.17 and
Eq. 4.18.

Sizing of powder sampled on top and bottom of the bed during luidization showed that speeds larger
than 0.05 m.s−1 ensures bed homogeneity. Such speeds are also higher than the full circulating velocity
�fc of all tested powders, as will be shown in Paragraph 4.3.3. The static bed height is approximately
0.35 m. The luidized bed height at 0.05-0.2 m.s−1 was not higher than 0.5 m, so the freeboard was
always higher than 1.5 m, which is reasonable according to TDH correlations at �g < 0.2 m.s−1 (see
Fig. 4.13). Fluidization is not stopped as powder is entrained from the bed and collected by two parallel
(identical) recovery systems from which the elutriated material is regularly sampled and weighed. It has
indeed been established as a preliminary result that stopping the luidization to sample in a recovery
system modiies the entrainment kinetics. Each recovery system consists of a cyclone separator and an
absolute bag ilter, which increases the pressure in the column by 5-30 mbar compared with atmospheric
pressure, depending on the gas velocity. It is expected that the entrainment rate at an absolute pressure
slightly lower than 1 atm will not difer from atmospheric pressure, as few entrainment disparities are
observed between entrainment rates at pressures of 0.5, 1 and 2 bar at 0.25 m.s−1 [100] (as cited in [83]).
Nevertheless, the pressure drop due to the recovery system could reduce entrainment rates, compared
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Table 4.6: Maximal elutriable particle size �p (i.e. verifying �t(�p) = �g) for various supericial gas
velocities �g.

�g (m.s−1) 0.05 0.075 0.1 0.15 0.2

Maximal size elutriable (free-fall diameter) (��) 32.4 41.0 48.6 63.5 77.0

with no pressure drop (the pressure drop of the ine particle collection system is often omitted in the
published literature). This conversely do not afect the carryover PSD [154]. At higher gas velocities, we
may therefore expect elutriation rates to be somewhat lowered, without particle size bias.
The sum of the collected masses �E

cyclone and �E
bag gives the total cumulative entrained weight

�E
tot(�). In order to access the individual �

E
i (�), the particle size distribution collected by each of the

separators is obtained by laser difraction, with a MasterSizer 2000 (see Paragraphs 2.1.1.d and 2.1.2, for
the theory and the experimental device, respectively). The mass of particles in all size intervals is thus
determined for the two separators and can inally be combined to give the cumulative entrained weight
of each fraction �E

i (�):
�E
i (�) = �i cyclone(�)�

E
cyclone(�) + �i bag(�)�

E
bag(�) (4.36)

Where �i cyclone(�) and �i bag(�) are the frequency PSDs at time � in size interval � recovered by the cyclone
and the bag ilter, respectively, as determined by laser difraction.
The potential at the outer column surface was monitored by a portable JCI140 static monitor (ield

mill) [164], with a measurement range from -20 kV to +20 kV and a resolution of 10 V. The potential
was measured at several heights of the 2 m column: 10 cm above the distributor (hereafter bed level),
at the bed surface level, 90 cm above the distributor (hereafter freeboard level) and 190 cm above the
distributor. The initial neutrality is controlled by measuring the potential at the surface of grounded
copper pipes. The potential is accessible directly when the ield mill is placed at 100 mm of the surface
whose potential is measured. This distance could not be accurately controlled during the experiments to
avoid discharging the column by touching it. Therefore, the accuracy measurement in the present work is
not as good as the ± 2 % claimed by the manufacturer, but rather ± 20 %. The same device has proved
useful for detecting electrostatic charges in an other study [165].
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4.3 Static, quasi-static and dynamic lowing properties of MG-Si
powders

This Section presents the experimental results of the investigation of the lowing properties of MG-Si by
angle of repose, compaction dynamics and minimum luidization velocity measurements. These notions
have been deined in the previous Section 4.1.

4.3.1 Angle of repose of MG-Si powders

The angle of repose of various particle size distributions of MG-Si have been analyzed. The repeatability
of the measurements showed a dispersion of the measurements so that the experimental uncertainty is
approximately �r ± 4�. Large disparities were observed for powders having PSDs difering from each
other only by their ine content. Figure 4.18 shows the appearance of two powders whose diferences lie
only within the 20 % inest particles. Angles of repose of 36-40� and 50-55� are obtained for the PSD
corresponding to the solid and dashed lines, respectively.
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Figure 4.18: PSDs of two powders and corresponding photographs of the AOR measurement. The
diferences between the two PSDs, lying only within the particles smaller than 60 �� (accounting for
20 % of the distribution only), leads to very diferent AORs.

Figure 4.19 depicts the evolution of the AOR for similar PSDs with various ine particle contents.
The color of the triangle representing the AOR corresponds to the one of the PSD of the powder in
the insert. As can be seen, for large Sauter mean diameters, the AOR is stable at approximately 35-
40�, then increases from 35-40� at �[3, 2] of 60 �� to reach 50-60� at �[3, 2] of 40 �� and below. An
additional measurement was performed on ine particles only (black PSD in Fig. 4.19) which showed
that the AOR remains constant for �[3, 2] below approximately 40 ��. This is consistent with the
ine particles to increase the powder cohesion and internal friction. The AOR appears as a very rapid
and convenient method for verifying whether the ine particle content in a MG-Si powder sample is
above a certain threshold, that is if the cohesion level is low or high. Nevertheless, it is diicult to
deduce more information from AOR measurements: as illustrated by Figure 4.19, diferent PSDs can
have indistinguishable AORs.

4.3.2 Compaction dynamics of MG-Si powders

Figure 4.20 presents the results for powders with relatively narrow distributions (with spans of 1.1-1.5)
and various sizes (PSDs shown in Fig. 4.20 (A)). Fig. 4.20 (B) details the compaction dynamics for each
of these PSDs by showing the variation of the packing fraction � with the number of taps. As can be
seen, Eq. 4.3 provides a relevant expression for itting these curves. Finally, Fig. 4.20 (C) and (D) present
the Hausner ratio �� and the characteristic compaction time � against the Sauter mean diameter of
the distributions. �� increases monotonously with decreasing Sauter mean diameters. Note that other
distribution descriptors would have lead to the same graph, because the considered PSDs have similar
shapes. The lowing properties are good (see Table 4.1) only for �[3, 2] above 30 ��. Smaller Sauter
diameters thus indicate that the cohesive particle proportion leads to an overall cohesive powder. The
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Figure 4.19: Angles of repose of various MG-Si powders with PSDs difering by their ine content and
the corresponding AOR plotted against the Sauter mean diameter of the PSD (triangles). The dotted
line only represents some qualitative trend.

characteristic compaction time � follows a similar trend, except the fact that an optimum seems to be
reached.

Figure 4.21 shows the correlation between the Sauter mean diameter and �� and � respectively, for a
wider range of PSDs, including continuous ones. The trends identiied in Fig. 4.20 for narrow distributions
is conirmed, both for �� and � . Nevertheless, a ixed value of �[3, 2] can correspond to a certain range
of �� and � . The �10 is intrinsically correlated to �[3, 2] and the same correlation is obtained, but no
correlation exists between �� or � and either the volume weighted mean �[4, 3], the median or the span
of the PSD.

4.3.3 Dynamic lowing properties: minimum luidization velocity (MFV)
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Figure 4.22: Four typical wide particle size dis-
tributions whose pressure drop method is pre-
sented in Fig. 4.23.

Pressure drop method The pressure drop method
was applied to MG-Si powders with various PSDs, pre-
sented in Fig. 4.22. PSD-1 corresponds to "naturally
ground" metallurgical-grade silicon, that is a particle
size distribution of the Gaudin-Schuhmann slope of ap-
proximately 0.85, as discussed in the previous Part 3.
PSD-1b and 1c are obtained by depleting the level of
ines by elutriation in PSD-1. PSD-2 was obtained
by further grinding silicon in the laboratory-scale mill
and sieving under 315 ��. This latter PSD there-
fore includes a larger quantity of ines compared to
the Gaudin-Schuhmann slope of naturally ground sil-
icon. As can be extracted from the Geldart classiica-
tion (Fig. 4.3), PSD-1c belongs to group B, PSD-1b and
PSD-1 belong to group A and PSD-2 to group C. Their
pressure drop curves (obtained by increasing then de-
creasing gas velocity) are plotted in Fig. 4.23, showing
for each one the test with the as-poured in the column
powder and an immediate re-test. The minimal lu-
idization velocities �mf are indicated. Each of these graphs carries a lot of information, as discussed in
Paragraph 4.1.2.b.

As can be seen in Fig. 4.23, the MFV decreases with decreasing Sauter mean diameter (i.e., increasing
ine content) except for the smallest one. This decrease is predicted by much of the correlations presented
in Tables 4.2 and 4.3, which were built based on group A and/or B data. The increase in MFV for the
group C powder is consistent with the increase in interparticle adhesion for such small particles [61],
sign of poorer lowing properties. Note also that, for the three largest �[3, 2], the luidization index
reaches one, that is the pressure drop equals the weight of the bed. For PSD-2, even at high velocities,
the luidization index is not larger than 0.6. This indicates that for such high ine particle content,
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Figure 4.20: (A) PSDs of ive powders, with spans smaller than 1.5 (narrow distributions); (B) the
corresponding compaction dynamics curves � = �(�) itted by Eq. 4.3; (C) Hausner ratios �� and (D)
Characteristic compaction times � (error bars are 90 % conidence bounds).
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Figure 4.21: Hausner ratios �� (left) and characteristic compaction times � (right) of various PSDs
plotted against the Sauter mean diameter.
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either channeling occurs and/or part of the bed weight is supported by the column wall instead of the
gas frictional force. Therefore, the obtained MFV could depend on the vessel diameter. For the re-test
of PSD-2 at increasing gas velocities, the pressure drop remained very low and consolidated channels
were visible in the column, by-passing the luidized state. It was only at much higher gas velocities that
channels broke and luidization occurred. This is consistent with PSD-2 belonging to group C [66, 72, 73],
especially with the observations reported by Pacek and Nienow of bed constituted of group C particles,
when using the pressure drop method [166]. Measuring the MFV of powders with such small Sauter
mean diameter by the pressure drop method is often diicult due to this channeling [61]. PSD-1c and
PSD-1b present partial luidization as deined by Gauthier [57] (see Fig. 4.4). At �g = �mf , ∆� * only
reaches approximately 0.8 and slowly increases to 1. This should indicate that a fraction of particles is
not luidized, i.e. segregation is occurring between a luidized layer and a settled ixed layer of particles.
The bed is full circulating at 0.021 and 0.017 m.s−1 for PSD-1c and PSD-1b, respectively, meaning that
the bed is fully luidized above these velocities. PSD-1 exhibits a smoother luidization as soon as the
MFV is reached, at which the luidization index is 1, indicating homogeneous luidization [66].

Compare the test and re-test for each PSD: the decreasing velocity curves of the test and re-test
superimpose well, except the case of PSD-2 where the two slopes difer. Nevertheless, the inlexion
point is observed at the same gas velocity. This shows proper reproducibility of the test and of the
MFV measurement. The increasing velocity curves conversely do not superimpose. A larger peak is
obtained for the test than for the re-test, which indicates consistently that the powder is initially more
compacted before the test (as poured in the column) than before the re-test (having just been luidized
and gently settled). The height of the peak, that is the uniaxial tensile yield stress �t of the powder
in its state of consolidation, increases from the higher �[3, 2] to the lower. This is due to the increased
ine particle content for small Sauter diameters that allow the powder to reach higher levels of packing,
as demonstrated in the previous Paragraph 4.3.2. Figure 4.24 shows that the characteristic compaction
time (Fig. 4.20 D) has similar variations with the uniaxial tensile yield stress, supporting that these two
tests can be used to probe analog properties (physically the geometrical packing of the powder particles).

The MFV reported in Fig. 4.23 and MFVs of other particle size distributions of MG-Si are compiled
along with many literature correlations as applied to MG-Si in Fig. 4.25. As can be seen in this Figure,
our experimentally measured MFVs are in the predicted range of most of the literature correlations
(especially the Ergun-based ones), except the MFV value for the Sauter mean diameter of 18.6 ��. The
reader should remind that all of these correlations were built for groups A or B and were subsequently
expected not to be valid for cohesive group C powders, where interparticle adhesion changes the collective
behavior of the powder. In terms of cohesive luidization, we may deduce that the particles of PSD-2
agglomerate during luidization, so that the apparent Sauter mean diameter is higher than 18.6 ��,
explaining the higher MFV. If we assume that our correlation is true, the apparent �[3, 2] in the bed
(taking the agglomerates into account) should be approximately 70 ��. A more careful look at the 80-
120 �� �[3, 2] range in this graph shows that disparities are still observed between powders with close
Sauter mean diameters (these disparities also appear for the literature correlations). This may indicate
that if the use of the Sauter mean diameter to represent a whole PSD gives fair predictions of the MFV
range, it is nonetheless not suicient to predict �mf with accuracy. The other PSD descriptors such as
the span, the DeBroucker mean �[4, 3] or the �90 (see Paragraph 2.1.1.b) may be used to distinguish
between powders with close �[3, 2] but presenting slight diferences in �mf .

The measurement of the pressure at velocities smaller than the MFV can also be used to get an
average estimate of the sphericity [16, 36], which can be used complementary to shape characterization
presented in Paragraph 2.1.1.c. Indeed, under the MFV, the sphericity �s and the bed pressure drop are
linked by the Ergun correlation (Eq. 4.5). Provided that the bed height is measured, all of the terms in
this Equation but �s are known, so that the sphericity can be deduced. Using a mean value (�[3, 2]) for
the particle size of polydisperse powders unavoidably leads to some inaccuracy in the determination of
�s. For the tests presented in Fig. 4.23, the back-calculated values of �s range from 0.7 to 0.73, which is
consistent with the two-dimensional shape measurements presented in Paragraph 2.1.3. This is slightly
higher than the reported value of 0.68 for sharp sand [16]. Note that using the pressure drop obtained
while increasing the gas velocity leads to irrelevant values of sphericity, which is probably due to the
excess of energy necessary for overcoming the initial interparticle cohesion, as discussed previously.

Collapsing tests Several collapsing tests were performed in the double drain condition. Figure 4.26 (left)
shows the variation of the luidization index with time after gas supply has been cut of (corresponding to
time � = 0) for the same powder with various levels of small particles content (indicated as percentage of
particles smaller than 30 ��). Such powders could be obtained by gradually elutriating particles smaller
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Figure 4.23: Fluidization index ∆� * (as deined in Eq. 4.15) against supericial gas velocity �g for
various powders with wide PSDs, whose Sauter mean diameter is indicated on each plot. For each of
the powders, ∆� * is given for increasing and decreasing gas velocity, both for a test and an immediately
following retest.

than 30 �� and performing collapsing tests after diferent elutriation times. Figure 4.26 (right) shows the
corresponding variation of the characteristic collapsing time �95, which has been deined in Eq. 4.16. It
was obtained by back-calculating the model coeicients � and � from itting Eq. 4.16 to the experimental
data. The collapsing time increases with increasing ine content, indicating smoother luidization for
higher ine content.

In order to determine the MFV, collapsing tests should be performed from several gas velocities and
the characteristic collapsing time �95 examined versus the initial gas velocity. This has been performed
for several powders and is plotted for PSD-1c in Figure 4.27. Results similar to Lorences et al. were not
obtained. For most of the tested powders, �95 remains very stable even at low gas velocities (approaching
or lower than the MFV as measured by the pressure drop method). In several cases, such as depicted
in Fig. 4.27, the characteristic collapsing time even increases for the lower gas velocities. In the case of
PSD-1c, the intercept of the plateau value and the slope is close to �mf measured by the pressure drop
method. However, this was not very reproducible for all tested powders.
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4.3.4 Discussion & Highlights

Discussion For all of the described techniques, the small particle content (ultraine, ine, medium ine)
was found to be the most important parameter inluencing the lowing properties. This is supported
by the Sauter mean diameter �[3, 2] (mostly inluenced by the small particle content) being correlated
with many lowing property descriptors, such as the AOR (Fig. 4.19), the Hausner ratio �� and the
characteristic compaction time (Fig. 4.21), the minimum luidization velocity (Fig. 4.25) and the charac-
teristic collapsing time (Fig. 4.26). No other PSD descriptor was found to be correlated to all of these
values. Much of the luidization studies consistently rely on the Sauter mean diameter to account for
polydispersity of luidized powders [36]. Nevertheless, the unique value of �[3, 2] may not be suicient to
distinguish precisely between two powders: other PSD descriptors accounting for the distribution width
or the coarse particle content may improve the prediction based on particle size.

100 µm

Figure 4.28: SEM micrograph of the powder with PSD-2 (see Fig.4.22).

Wide particle size distributions ranging approximately 1-500 ��, such as used in the silicones industry
(see Paragraph 1.3.4.b and Fig. 2.13) were found to have improved lowing properties with increasing ine
content, i.e., decreasing Sauter diameters. Indeed, even if the quality of the lowing properties was found
to be slightly lowered by decreasing the �[3, 2] from 120 to 50 �� based on angle of repose (Fig. 4.19)
and Hausner ratio measurements (Fig. 4.21), the minimum luidization velocities were found to decrease
within the same range (Fig. 4.25). Fine contents that are expected to degrade the lowability based on
other techniques are therefore improving the luidization properties. The lower MFV due to the ine
content has been long reported (lubricating efect) [19, 167]. Under a certain Sauter mean diameter, the
MFV starts to increase with further decrease in �[3, 2]. Authors dealing with cohesive powders consider
that luidization occurs with particles agglomerates, rather than with individual particles [66–68, 166].
The prediction of the luidization property of such agglomerates is diicult: these authors conversely
calculate the apparent particle size of the agglomerates from reported correlations for the MFV. They
obtain consistent results with in-situ measurement of the clusters, obtaining MFVs ranging from 0.01 to
0.2 m.s−1 [67, 68, 166]. In our case, we may expect that the PSD modiied by taking the clusters into
account would have a Sauter mean diameter of 70-80 ��. Figure 4.28 shows a micrograph of the powder
with PSD-2: such ex-situ observation of the powder seem to conirm that the formation of agglomerates
is likely, but does not provide a measurement of the actual agglomerate size in the luidized bed. Even
if the luidization of powders with Sauter mean diameters ranging from 1 to 20 �� is reported (e.g. in
several references discussed above [67, 68, 166]), it has been recently claimed that metallurgical-grade
silicon powders with sizes 1-50 �� exhibit unexpectedly smooth luidization, thus making such small
powders suitable for industrial operations [168]. A certain level of ine particles is known to improve
the chemical reactions in luidized bed reactors, e.g. the conversion [29]. In conclusion, we showed that
the luidization behavior of the investigated MG-Si powders seems to be improved by the ine particle
content up to at least �[3, 2] of 50 ��, even if other methods such as AOR or compaction predict poorer
lowing properties. Further decreasing the particle size leads to a higher cohesiveness inside of the bed,
that still can be luidized if particles agglomerate as luidizable clusters, whose luidization properties can
be degraded compared with what is predicted for individual particles.
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Highlights

� The angle of repose of several MG-Si powders was measured: the AOR increases from 35� to 55�
with decreasing Sauter diameters from 100 to 10 ��, that is with increasing interparticle cohesion.
The sole AOR measurement for an unknown MG-Si powder gives few information but may provide
a rough estimate of its ine content (Fig. 4.19).

� Dynamic compaction experiments were performed on MG-Si powders and proved the applicability
of the compaction models of the literature (Eq. 4.3). The Hausner ratio and the characteristic
compaction time both overall increase, from 1.15 to 1.8 and from 30 to 1000, respectively, with de-
creasing Sauter diameters from 110 to 5 ��. This indicates a gradual degradation of the lowability
of the powders (see Table 4.1).

� Conversely, the minimum luidization velocities determined in a laboratory scale luidized bed
showed how the MFV decreases with decreasing Sauter diameters from 120 to 55 �� indicating a
better luidization propensity (Fig. 4.25). This is supported by longer characteristic collapsing time
for higher ine content (Fig. 4.26).

� Powders with lower Sauter diameters (in the cohesive region of the Geldart classiication) show less
lowability but the degradation is relatively slow. This could be due to the formation of clusters of
ines that are luidized rather than individual particles. The agglomerates, rather than individual
particles, determine the luidization properties.

� The investigation of the lowing properties of MG-Si reveals that even if the lowability predicted by
classical tests (AOR and HR) should be lower for higher ine content, the actual luidization quality
of iner powders is higher. In conclusion, relatively high levels of ines, even appearing deleterious
by classical tests, can be beneicial in luidization.
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4.4 The sequential elutriation behavior of MG-Si powders

This Section investigates the behavior of MG-Si in batch unsteady-state entrainment conditions. The
preliminary Paragraphs 4.4.1 and 4.4.2 intend to show the applicability of the method developed in 4.1.2.c
to determine the elutriation rate constant and to examine the impact of secondary parameters (column
height, humidity) on the obtained elutriation rate constants. Then, the focus is set on the inluence of
supericial gas velocity and initial bed PSD on the elutriation behavior: we observed and analyzed a new
elutriation behavior, the so-called sequential elutriation.

4.4.1 Applicability of the theoretical background to experimental data

This short Paragraph intends to expose the typical batch unsteady elutriation results and show how the
elutriation rate constant is computed from it. The interpretation of these curves for several PSDs and
supericial gas velocities is detailed in the following Paragraph 4.4.3.
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Figure 4.29: Experimental and computational method enabling the calculation of the elutriation rate
constant, with �g = 0.075 m.s−1 and initial bed PSD-1 (see Fig. 4.22). (A) Experimental data (as
triangles) of the total cumulative entrained mass �E

tot(�), which can be itted by Eq. 4.32 (result of the
it being the solid line, constituted of the sum of the abrasion and free-elutriation components as red
dash-dotted line and blue dashed line, respectively). (B) represents the same curves in terms of total
entrainment �∞ (deined in Eq. 4.23). (C) Cumulative entrained mass �E

i (�) for each fraction (size �pi
in ��), as experimentally determined after laser difraction analysis (symbols). This data can be itted
by Eq. 4.31 and the result of the it is shown as dashed lines. This latter it leads to the determination
of the elutriation rate constant �*

i∞ for each interval �, represented in (D) versus particle size (scatter
diameter). Each �*

i∞ is obtained from the corresponding curve in (C).

As described in the experimental Section 4.2, the amount of particles collected by the recovery system
is sampled and weighed at several times, so that the total cumulative entrained weight �E

tot(�) is deter-
mined. An example curve of experimental �E

tot(�) is shown as triangles in Figure 4.29 (A). As exhibited
by the black dashed line, after a short initial transitory state, adjusting the parameters �∞, �B

e (0)
and � of Eq. 4.32 provides a relevant it of the experimental data, composed of the free-elutriation and
abrasion components, plotted as dashed and dash-dotted lines, respectively. The total entrainment �∞,
which is simply the derivative of this curve versus time, normalized by the column cross-sectional area, is
plotted in Figure 4.29 (B). This alternative representation is often chosen to analyze steady-state elutria-
tion tests. The cumulative entrained weight �E

i (�) is directly obtained from experimental sizing by laser

178



4.4. THE SEQUENTIAL ELUTRIATION BEHAVIOR OF MG-SI POWDERS

10
−2

10
−1

10
0

10
−2

10
−1

10
0

10
−2

10
−1

10
0

10
−2

10
−1

10
0

Experimental data

y=x correlation line

K
i∞

*
Elutriation rate constant       (kg.s-1.m-2) with 2m column K

i∞

*
Elutriation rate constant       (kg.s-1.m-2) with 2m column

K
i∞*

E
lu

tr
ia

ti
o
n
 r

a
te

 c
o
n
s
ta

n
t

 (
k
g
.s

-1
.m

-2
)

 (
1

m
 c

o
lu

m
n
) K

i∞*
E
lu

tr
ia

ti
o
n
 r

a
te

 c
o
n
s
ta

n
t

 (
k
g
.s

-1
.m

-2
)

 (
1

.6
m

 c
o
lu

m
n
)

0.05 m.s-1 0.2 m.s-1

Experimental data

y=x correlation line

Figure 4.30: Dispersion graph of the determined elutriation rate constants �*
i∞ determined from several

tests with diferent column heights for two supericial gas velocities, while all other parameters remain
equal.
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Figure 4.31: Dispersion graph of the determined elutriation rate constants �*
i∞ determined from several

tests with or without drying the powder prior to the elutriation test at 0.063 m.s−1, while all other
parameters remain equal.

difraction and presented as symbols in Fig. 4.29 (C) for 12 discretized intervals. Note that particle size
in Fig. 4.29 is the scatter diameter. Again, itting by Eq. 4.31 provides a relevant it of the experimental
data. Fitting each of these curves provides an estimate of the corresponding value of the elutriation rate
constant: �*

i∞ versus the particle size is plotted in Fig. 4.29 (D). The color and type of symbol specify
the origin of the value in (C). The error bars are the 90 % conidence bounds due to the regression.
In conclusion, the working equations 4.31 and 4.32 appear relevant to analyze our experimental data

of �E
tot(�) and �E

i (�), respectively. The elutriation rate constant �
*
i∞ can be calculated from this latter

itting. Prior to presenting and interpreting the results with various gas velocities and bed PSDs, it
is necessary to ensure that we control the other parameters susceptible of afecting the elutriation rate
constant. The following Paragraph 4.4.2 notably examines the variation of �*

i∞ in our device with height
(TDH) and with initial humidity.

4.4.2 Preliminary investigation of external parameters

Freeboard height As explained in Paragraph 4.1.2.c, the elutriation rate constant �*
i∞ does not vary

above the TDH: it is therefore necessary to ensure that our column is suiciently high to avoid sub-TDH
entrainment (height dependent �*

i (�)). This will also set the upper limit of attainable supericial gas
velocity for this study, because the TDH increases with �g.
Figure 4.30 presents the dispersion graphs of the computed values of the elutriation rate constant

obtained for several column heights at 0.05 and 0.2 m.s−1. At a ixed �g, every parameter except the
freeboard height is identical. At low �g, the column heights of 1 and 2 m correspond to freeboards higher
than 0.6 and 1.6 m, respectively, while at the high �g, 1.6 and 2 m correspond to freeboards higher
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than 1.1 and 1.5 m. At 0.05 m.s−1, the freeboard appears suicient high even for a 1 m column, as the
elutriation rate constant does not vary with freeboard height. Conversely, at 0.2 m.s−1, a freeboard of
1.1 m appears slightly to small, as a bias towards higher �*

i∞ is obtained. This bias being low, we assume
that the freeboard of 1.5 m (2 m column) is higher than the TDH at 0.2 m.s−1. To support this point, the
measurement of entrainment at 0.2 m.s−1 with a 1 m column (i.e. 0.5 m freeboard) leads to far larger bias
towards higher elutriation rates. The visual determination of the TDH [96] was not possible here, due
to the gray color of the MG-Si particles decreasing the visibility in the freeboard. It thus experimentally
appears that the experimental device used provides a freeboard exceeding the TDH until supericial gas
velocities of 0.2 m.s−1. This experimental inding is consistent with most of the predicted TDH from
the literature, which predict TDH close to 1.5 m at 0.2 m.s−1 (see Fig. 4.13), except the higher values
predicted by Fournol [99] and George [98].

In conclusion, the luidization setup with a total column height of 2 m can be used for the experimental
investigation of above TDH entrainment of MG-Si at supericial gas velocities until 0.2 m.s−1. All the
following data is obtained in the 2 m high column. We point out that many authors used smaller or
as high freeboards with much higher velocities (see Table 4.5). This can mean that these studies were
actually performed below the TDH or that the disengagement height dramatically varies due to another
parameter.

Humidity The use of dry nitrogen should minimize the relative humidity in the column to a few
percent [75]. Nevertheless, water might still be present in the powder samples prior to luidization.
The water content can lead to liquid bridges, in proportions depending on the relative humidity, thus
resulting in diferent initial interparticle behavior. To ensure that this efect has little efect on the
measured properties, several tests were performed with and without drying the powder samples prior to
the elutriation test. Drying was performed by gently blowing a lux of dry nitrogen for several hours.

Fig. 4.31 presents the obtained dispersion graph. As can be seen, the initial humidity state of the
powder does not lead to any bias in the determination of the elutriation rate constant �*

i∞. It should
also be mentioned that the initial part of the curve (before the exponential decay, e.g. as showed in
Fig. 4.29 (B), was not modiied by pre-drying either. In conclusion, the measurements presented here
provides an estimate of �*

i∞ which is not biased by the initial humidity content of the powder. We
conclude that the use of dry nitrogen as luidizing gas is helpful to avoid the formation of liquid bridges
and to obtain reproducible measurements, regardless of the RH in the laboratory. Given this low relative
humidity, the dominant adhesion mechanism is therefore expected to be the electrostatics [117].

4.4.3 Unraveling the sequential elutriation behavior

The results of the following Paragraph have been accepted for publication in Powder Technology [169].
The importance of taking into account the carryover polydispersity is demonstrated hereafter. A new
elutriation kinetics feature, called the sequential elutriation behavior, is evidenced.

4.4.3.a Examining the total entrainment

Elutriation tests are irst focused on PSD-1, presented above in Fig. 4.22 and supericial gas velocities �g

ranging from 0.05 to 0.2 m.s−1.
The experimental total cumulative entrained masses �E

tot for various gas velocities are plotted versus
time in Figure 4.32. The area normalized derivatives of these curves, namely the total entrainment �∞,
were calculated numerically using the experimental values and are plotted in Figure 4.32 (B). As PSD-1
is continuous from less than 1 to approximately 500 ��, the amount of elutriable particles increases with
increasing �g (see Table 4.6 reporting the maximal elutriable size versus �g). This is consistent with
the inal value of �E

tot to increase with supericial gas velocity. The entrainment rate peak sharpens and
shifts toward shorter time when the gas velocity increases (Fig. 4.32 (B)), which is consistent with an
easier entrainment as the gas velocity increases.

The �E
tot(�) curves in Figure 4.32 (A) resemble the curves given by the theoretical equation with

interparticle abrasion (see Fig. 4.14). Each of these curves can then be itted by Eq. 4.32, which describes
�E

tot by a two components elutriation model: particles initially elutriable and particles created by attri-
tion. This mathematical expression provides an excellent description of the experimental data, although
a time delay had to be added for the lower gas velocities. � was thus substituted by � − �0 in Eq. 4.32,
with �0 being the time delay. This is not contradictory with Eq. 4.32, which only describes an equilibrium
state: a transitory state seems to be present in the case of the gas velocities �g<0.1 m.s−1. It may be
required to attain either of a permanent bed hydrodynamics or freeboard dynamics (the equilibrium gas
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Figure 4.33: Apparent time delay �0 versus supericial gas velocity. The time delay is obtained from
back-calculation with Eq. 4.32, with � substituted by �− �0, and probably correspond to the attainment
of an equilibrium state in the freeboard.

and particle low in the freeboard was shown in Fig. 4.11). Note that the time delay is reduced at a ixed
gas velocity with a smaller freeboard height, suggesting that the transitory state actually concerns the
freeboard dynamics. The time required to attain this permanent regime is then �0. This is consistent
with the time delay �0 increasing with decreasing supericial gas velocity. Once this time delay is taken
into account, an excellent it is obtained for all gas velocities, except 0.2 m.s−1. Fig. 4.29 (A) and (B)
show the example of the quality of the it including the time delay for the 0.075 m.s−1 case. The detail
of the its at all �g is given in Appendix D. This may lead us to conclude that the model with a linear
attrition component Eq. 4.32 provides a good physical description of the elutriation tests, notably to
conclude that MG-Si is an attriting solid at the considered gas velocities, but we will demonstrate in the
following that this deduction is untrue.

Indeed, closer examination of these curves reveals contradictory facts with the assumptions of the
model. Because of more intense mixing and interparticle contact in the bed, the abrasion rate should
be more intense at higher supericial gas velocities [108, 115]. We do not observe any increase in � with
increasing �g: as obvious in Fig 4.32 (B) after 300 minutes, all of the curves superimpose, which proves
that the slope at large times (i.e. the total abrasion rate �) does not increase with increasing �g. In
addition, the secondary peak observed after 110 min at 0.2 m.s−1, which is also present as a shoulder after
130 min at 0.15 m.s−1 in Figure 4.32 (B) cannot be taken into account by the elutriation-abrasion model
of Equation 4.32. Moreover, such a double entrainment rate peak behavior has never been reported to our
knowledge. To explain these facts, the polydispersity of the carryover must be considered, as described
in the following Paragraph 4.4.3.b.
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4.4.3.b Examining the entrainment by size interval

The cumulative entrained weight by size interval �E
i (�), from particles smaller than 1.4 �� to particles

larger than 91.2 ��, is plotted for 0.075 m.s−1 (Fig. 4.34(a)) and 0.2 m.s−1 (Fig. 4.34(b)). The curves
at all speeds can be itted with Equation 4.27 which does not include any attrition component. The inal
slope for all size intervals under 30 �� is clearly zero. Larger particles are elutriated more slowly and
reach the zero slope within a longer time than plotted. This result indicates that MG-Si is a non-attriting
solid at the tested supericial gas velocities according to Colakyan’s theory (Eq. 4.31, with ∀� �i = 0).
The largest elutriable ines appear to start being elutriated with a delay. Again, this delay �0 was taken
into account in Equation 4.27 via substitution of � by �− �0.
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Figure 4.34: Cumulative entrained weight per size interval �E
i (�) for all elutriating fractions at

0.075 m.s−1 (a) and 0.2 m.s−1 (b). The symbols refer to experimental data while dashed lines are
numerical its using Eq. 4.27 (free elutriation without interparticle abrasion). Excellent its are obtained
both at low and high supericial gas velocities: no entrainment due to interparticle abrasion occurs. In
both cases, the smaller elutriable particles are fully removed from the bed irst, while the larger particles
begin to be entrained with a delay of 50 to 100 minutes.

The sum of the its on each size interval without attrition provides a good it for the total cumulative
entrained weight �E

tot as shown in Figure 4.35 (it represented as dashed lines). The it for all the tested
gas velocities can be found in Appendix D. The conidence bounds it the experimental data less tightly
because they are the sum of the uncertainties for all size intervals. Although the expression with the linear
term �i� provides a mathematically closer function to experimental data, it has no physical meaning.
Indeed, as shown in Figure 4.34, it is visible that no ine particles are created during luidization.

This is further supported by the fact that �B
i (0), the mass in each size interval initially present in

the bed measured by laser difraction, agrees well with the back-calculated values of �B
i (0) from the its

on each size interval, as can be seen in Fig. 4.36. The initial mass of ine particles is very reproducibly
obtained at all gas speeds and the value is close to that calculated based on laser difraction. The
slight discrepancies versus the correlation line are due to resolution diferences in PSD measurement in
aqueous and dry laser difraction which shifts some mass from an interval to the neighboring one; these
discrepancies thus compensate each other. For example, the larger amount of 3.2-5 �� particles as
expected by laser difraction is compensated by lower amounts of particles in the two smallest intervals.
The 30.2-52.5 �� particles are not all elutriable at the various gas speeds (see Table 4.6), which explains
the large discrepancies for this interval. Note that the values of the free-fall diameter of Table 4.6 and
the scatter diameter of the elutriation graphs must be compared with care. When the whole interval is
elutriable (case 0.2 m.s−1), the back-calculated value is correct. As a summary, Fig. 4.36 conirms that
the entrained particles during the elutriation tests were already present at the beginning of the test, thus
excluding that some of the elutriated particles were created by attrition during the test. Observation of
the remaining particles in the bed by SEM (reported in details in the following Paragraph 4.4.3.d) shows
that no ines (1<�p<10 ��) remain in the bed after the test.

In conclusion, no interparticle attrition occurs, despite the misleading similarities of the curves �E
tot

in Figure 4.32 (A) and �E
tot of the attriting solids (Figure 4.14 (C), case � ̸= 0). The cause of this shape

is the largest elutriable ines starting to be entrained with a long time delay, which cannot be accounted
for by the linear attrition rate �.
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Figure 4.35: Total cumulative entrained weight�E
tot(�) at 0.075 m.s−1 (a) and 0.2 m.s−1 (b) are numerical

its using the sum of the its of Fig. 4.34 obtained using Eq. 4.27 (free elutriation without interparticle
abrasion). A satisfactory it is obtained (black solid line), whose contributions from particles smaller
and larger than 30 �� are detailed as blue dashed lines and red dash-dotted lines, respectively. The it
accounts for the inlexion point due to the entrainment delay of the larger elutriable particles.

4.4.3.c Correlation for �*
i∞ elutriation rate constant

The elutriation rate constants were determined by itting the experimental cumulative entrained mass
with Equation 4.27, as explained in Paragraph 4.4.1. Note that diferent values would be obtained if
the normalization presented in Eq. 4.29 is used, but this expression is not relevant here. The elutriation
rate constant is found to depend on the particle size, as shown in Figure 4.37: �*

i∞ increases with
decreasing particle size until a critical value where a plateau is reached. As expected, �*

i∞ also increases
with increasing supericial gas velocity. Note in particular that the time delay t0 does not impact the
calculation of the elutriation rate constant here: thus, the values of �*

i∞ at 0.2 m.s−1 for particles larger
than 30 �� plotted in Fig. 4.37 are the values obtained after the time delay, when the smallest elutriable
ines have been already removed from the bed. In other words, the �*

i∞ for the inest and the largest
ines were determined before and after the removal of cohesive particles, i.e. not simultaneously.

Among the numerous correlations for �*
i∞ proposed in the literature (several of which are plotted in

Fig. 4.15), none is able to properly predict the values obtained in this study. As shown by Chew et al.,
the consistency of many correlations seems to be bound to the range of supericial gas velocity, particle
size and even experimental device used [128]. That is why new correlations are regularly introduced.
Nevertheless, if the focus is set only to the shape of the curve �*

i∞ versus particle size, similarities
between Fig. 4.37 and correlations from literature (Fig. 4.15) do exist. The elutriation rate constant
is found here to level of under a critical size (10 to 20 ��), which depends on the gas speed. Many
authors also reported a plateau value for �*

i∞ under a given size �crit [72, 110–116, 119]. Interparticle
interactions would be responsible for this plateau: as the particle size decreases, adhesion forces become
stronger and limit the rate of entrainment. The interparticle interactions can be promoted inside the bed
(e.g. between inelutriable particles and elutriable particles [114, 116]) or in the freeboard via elutriable
particle clusters whose apparent size is larger than the size of each particle of the cluster [95]. In the
former case, interparticle adhesion between small particles and inelutriable particles should be stronger
with a decrease in the small particle size. This should then result in a lower elutriation rate constant
for smaller particles (decrease in �*

i∞ under �crit). In the latter case, elutriable particles, entrained as
clusters, would result in an identical �*

i∞ for all of the particles comprised in the cluster; therefore,
if particles agglomerate at sizes smaller than �crit, �*

i∞ should reach a plateau value under this size.
Particles smaller than �crit are considered to be cohesive particles. Our experimental indings tend to
support the second hypothesis, i.e. the formation of clusters comprising the smallest elutriable ines.
Yet, the irst hypothesis is not excluded. Several authors [111, 114, 116] have proposed equations to
determine the critical diameter �crit under which the elutriation rate constant does not increase further
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Figure 4.36: Initial bed mass �B
i (0) for several size intervals, experimentally obtained by laser difraction

on initial powder and back-calculated from the its of �B
i (�) for each size interval (Fig. 4.35).

with decreasing particle size due to interparticle interactions:

�crit =
10325

�0.725s

from [111] (4.37)

�crit =
101000

�0.731s �
from [114] (4.38)

�crit =
101000

�s�0.731
from [116] (4.39)

Where �s is the true density of the powder and � is the gravity. The critical diameter for MG-Si is
respectively 37 ��, 35 �� and 8 �� using Equations 4.37, 4.38 and 4.39, respectively. Note that in
a subsequent paper, the correlation by Baeyens et al. (Equation 4.37) was found to overestimate the
experimental critical diameter [112]: for limestone (whose density �s= 2580 kg.m−3 is close to MG-Si),
�crit was approximately 10 �� at 0.1 m.s−1 and 20 �� at 0.3 m.s−1. In the present study, at low
supericial gas velocities, a plateau is reached at approximately 10 ��. Even if the critical diameter
appears to increase at high supericial gas velocity, the interpretation is not straightforward because the
time delay is not taken into account, as mentioned above.

The elutriation rate constant is expected to increase with the supericial gas velocity following a
power-law with an exponent from 2 to 4. This is the case here for particles above the critical diameter
(20-70 ��), for which the exponent was found ranging from 2.2 to 3.1. Conversely, under �crit, the
increase in �*

i∞ with �g is far more moderate. The relatively low increase in �*
i∞ with �g could be due

to the ine recovery device as mentioned in the Experimental Section 4.2.

4.4.3.d Observation of the bed

Due to the deinitive removal of elutriable particles in unsteady batch systems, the bed is modiied as
entrainment proceeds. Hereafter are reported the changes on the bed PSD, density, luidization regime
and visual aspect of the powder.

Particle size distribution The particle size distribution of the bed consistently changes complemen-
tary to the PSD of the entrained particles. Fig. 4.38 shows the variation in bed PSD, as measured by laser
difraction on bed samples during an elutriation test at 0.2 m.s−1 (see entrainment data in Fig. 4.34(b)
and 4.35(b)). This Figure conirms that the ine particles are entrained irst (compare initial PSD and
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gas velocity, �*

i∞ increases with decreasing particle size until a critical size under which �*
i∞ levels of.

PSD at 95 min), then the larger elutriable ines (compared PSD at 95 min and at 165 min). This is con-
sistent with the time at which the entrainment peak of ine particles and the entrainment peak of larger
elutriable particles are observed, see Fig. 4.35(b) for comparison. The corresponding variation of the bed
Sauter mean diameter with time is shown in the insert in Fig. 4.38: as can be observed, �[3, 2] strongly
increases during the entrainment of inest particles from 50 to 100 ��, then it reaches approximately
120-130 �� at 160 min and shows little variation afterwards, which is consistent with this PSD descrip-
tor to be inluenced mostly by ine particles. It has been shown in Paragraph 4.3.3 that the minimum
luidization velocity should consequently increase (see Fig. 4.25 for MFV vs �[3, 2]). Nevertheless, even
the smallest tested �g of 0.05 m.s−1 remains far higher than the MFV of 0.015 m.s−1 expected for �[3, 2]
of 120 ��.
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Figure 4.38: Variation of the bed particle size distribution during an elutriation test at 0.2 m.s−1 (see
data in Fig. 4.34(b) and 4.35(b)). The insert on top left corner details the variation of the bed Sauter
mean diameter with luidization time.

Hydrodynamics and density The bed hydrodynamics is afected by the variation of the Sauter mean
diameter. As a reminder, �[3, 2] is a relevant indicator of the luidization behavior (see Fig. 4.3): its
change from approximately 50 to 130 �� should be accompanied by the transition of the initial Geldart
group A powder into a Geldart group B. Nevertheless, several elutriation studies rather regard such
results as the removal of group A and C from a bed of group B particles.
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The visual observation of the bed during the elutriation tests reveals a transition as the inest particles
entrainment proceeds. See Fig. 4.2 for a reminder on luidization regimes. For all tested supericial gas
velocities, the bed initially seems to exhibit a free bubbling behavior. Despite the transparency of the
column, the observation of MG-Si is diicult and the bubbling behavior could actually be closer to axial
slugs. No wall coalescence is observed. As elutriation proceeds, the luidization regime clearly shifts
towards lat slugs for velocities above 0.1 m.s−1. For lower �g, slugging is also observed, but limited
to axial and wall slugs. Observing a change in luidization regime with entrainment (i.e. with the ine
content decrease, manifested by the increase in �[3, 2]) appears somewhat contradictory with previous
results reporting that, at a given supericial gas velocity, neither the particle size nor the bed PSD had
any efect on bubbling/slugging (for columns of 7.6 cm and wider and �[3, 2] above 50 ��) [170]. More
recent studies on the free-bubbling to slugging transition still do not integrate the PSD in the model [171],
supporting that the column geometry and gas speed are the primary parameters. In general, the particle
size is not a parameter in bubble size correlations [16, 102, 103]. Yet, these correlations include the MFV
which depends on the bed PSD. Besides, a maximum bubble size is predicted due to a limitation in bubble
coalescence and is acknowledge to be larger for Geldart B powders than Geldart A ones. Consequently,
the bubble size may be expected to increase during the elutriation tests, as entrainment induces an
increase in the bed �[3, 2]. Since no systematic measurement of the bubble size were performed, it is
diicult to state whether the frequency, rising speed or size of the bubbles is actually afected by the
change in bed PSD. The initial luidization regime could be closer to slugging and the type of slug could
change during luidization due to the variation of the particle size distribution of the bed.

The luidized bed voidage � can be an indicator of the luidization regime: it is easily determined by
measuring the luidized bed height �b (Eq. 4.6). The bed weight �B(�) at time � is the initial weight
�B(0) minus the cumulative entrained weight �E

tot(�), which is measured. During an elutriation test,
the bed height was observed to decrease, thus partially compensating for the decrease in bed weight.
Note however that luctuations of the bed surface height occur, inducing uncertainties in the value of �b.
The luctuations are higher when the bed is slugging (±4 cm) than bubbling (±1 cm): the mean value of
the luctuations is recorded as �b. The experimental bed voidage versus time during the above described
elutriation tests is shown in Fig. 4.39. The logarithmic scale intends to better show the variation of � at
short times. As can be seen in this Figure, during elutriation, a decrease in � (contraction of the bed)
is observed, at all tested �g. For each of the gas velocities, the decrease is more pronounced when the
elutriation of the inest particles occurs, then � remains stable, even during the larger elutriable particles
entrainment (compare with the position of the ine entrainment peak position in Fig. 4.32 (B), or data
in Appendix D). The greater inluence of the ines than medium ines on � is underscored in Fig. 4.40,
where the bed voidage is correlated with the Sauter mean diameter (�[3, 2] presented in Fig. 4.38). �

varies signiicantly when �[3, 2] increases from 50 to 70 �� (corresponding to the elutriation of the inest
elutriable particles), then stabilizes and hardly varies with further increase in �[3, 2].
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Figure 4.39: Fluidized bed voidage � during the elutriation tests presented in Fig. 4.32.

Powder morphology For PSD-1 at 0.075 m.s−1 and 0.2 m.s−1 bed samples taken at diferent lu-
idization times were observed by SEM, as can be seen in Figure 4.41. The inserted graphs evidence the
position of sampling times in the elutriation curve. As can be seen, for both considered speeds, the four
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elutriation test at 0.2 m.s−1 (see entrainment data in Fig. 4.34(b) and 4.35(b)).

sampling times correspond to (from left to right) (1) the beginning of smaller elutriable ines entrainment
(2) the end of smaller elutriable ines entrainment, (3) the beginning of larger elutriable ines entrainment
(4) middle/end of larger elutriable ines entrainment. A micrograph of the initial powder is shown: a
large amount of ines appear attached to larger particles. At the beginning of smaller elutriable ines
entrainment (1), the adhesion of ines on larger particles is still present and may be slightly stronger.
Clusters of ines and ultraines attached on both medium ine and coarse particles are observed. At the
end of the smaller elutriable ines entrainment (2), very few cohesion is observed, hardly any ines coating
larger particles are observed. At the beginning of larger elutriable ines entrainment (3), particles with
size of a few tenth of microns appear as individual particles rather than clusters. As the entrainment of
the larger elutriable ines proceeds (4), their number visibly decreases. This is more pronounced for the
0.2 m.s−1 case, where larger particles can be entrained. These SEM observations of the bed are consistent
with the smaller elutriable ines being entrained irst, then the larger elutriable ines.

A close examination of the bed particles remaining in the bed after the elutriation tests reveals that
many particles smaller than 1 �� could not be entrained, even after such long time, which is illustrated
by Fig. 4.42. Their persistence in the bed is explained by very high Van der Waals interactions for such
ultraines, which cannot consequently be transported out of the bed.

4.4.3.e Inluence of the bed PSD on the sequential elutriation behavior

To conirm that the inest particles are the cause for the delayed entrainment peak, PSD-1b was studied.
As obvious in Figure 4.22, PSD-1b has the same particle size distribution as PSD-1 except particles iner
than 100 �� are depleted and particles smaller than 10 �� are absent. The cumulative entrained weight
obtained at 0.2 m.s−1 is represented in Figure 4.43 (to be compared with Figure 4.34 (b) ). It is obvious
that without cohesive particles, the entrainment of all particles is not delayed. The delay in entrainment
observed for PSD-1 is therefore related to the presence of cohesive particles.

The elutriation rate constants for PSD-1 and PSD-1b are compared in Figure 4.44. The �*
i∞ are the

same for particles larger than approximately 30 ��. The reader should remember that the time delay
does not impact the calculation of the elutriation rate constant. When this fact is taken into account, it
becomes clear that the entrainment of these particles occur at the same rate whether cohesive particles are
present or not. The only change is the time delay described before: when cohesive particles (smaller than
�crit) are present, the entrainment curve is shifted towards larger time but has the same shape. In contrast,
the smallest particles of PSD-1b (between 10 and 30 ��) have a higher elutriation rate constant, i.e. they
are removed faster from the bed when no ines an ultraines are present. This observation is consistent
with the plateau value of �*

i∞ being caused by agglomerating cohesive particles. This result could also
give an explanation for some discrepancies underlined by Chew and co-workers [128]: correlations for
�*
i∞ based on experiments using powders including "superine" particles (cohesive particles smaller than

10 ��, such as [111, 116]), predict far lower elutriation rate constants than correlations built without
these particles, e.g. [96, 118]. This result would imply that the elutriation rate constant of size i particles
�*
i∞ can be impacted by the bed weight fraction �Bj or the entrainment lux �j∞ of the other particles j.
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Figure 4.41: SEM micrographs, all with the same scale bar (indicated on the bottom right corner), of
the initial powder (PSD-1) and of the powder sampled in the bed during elutriation at 0.075 m.s−1 and
0.2 m.s−1 at four diferent sampling times. The insert graphs correspond to Figure 4.34, normalized with
respect to the elutriable weight in each size fraction �B

i and the dashed lines evidence the sampling times
in the entrainment curves.
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2 µm

Figure 4.42: SEM micrograph (Field emission gun source and SE detection) of the surface of a coarse
particle sampled in a bed luidized at 0.075 m.s−1 for 600 min. Ultraines are still visible on the surface.
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Figure 4.43: Cumulative entrained weight per size fraction �E
i (�) for all elutriating fractions at 0.2 m.s−1

for PSD-1b. The symbols refer to experimental data while dashed lines are numerical its using Eq. 4.27
(free elutriation without interparticle abrasion). Compared with Figure 4.34, no delay is observed.

4.4.3.f Efect of the initial PSD: comparison of PSD-1 and PSD-2

The same batch experiments were performed on PSD-2 which has a smaller Sauter mean diameter
(Fig. 4.22). The total cumulative entrained weight is plotted versus time in Figure 4.45; the same curve
for PSD-1 is shown for comparison. It is striking that the entrainment rate is identical for both PSDs
during the irst 100 min. Subsequently, elutriable particles in PSD-1 are depleted and the entrainment
rate decreases while it holds on longer for PSD-2 which has more initial elutriable particles to remove.
The detailed results for PSD-2 at 0.075 m.s−1 are displayed in Appendix D. The initial ine mass in the
bed is higher than that in PSD-1 (�B

i (0)(PSD-2)> �B
i (0)(PSD-1)); as expected, this results in a higher

inal value of �E
i (�) at the end of entrainment. The entrainment of the largest elutriable ines (>30 ��)

is clearly shifted towards longer times, in contrast to the results of PSD-1. This result corresponds to the
longer time required to remove the inest elutriable particles from the bed in the case of PSD-2. Despite
initially having a higher weight fraction in PSD-2, elutriable particles are not entrained at a faster rate
than in the case of PSD-1. This result is conirmed in Figure 4.46: at the same supericial gas velocity,
the elutriation rate constant seems slightly lower when more ines and ultraines are initially present in
the bed. This result is again consistent with the hypothesis of the inest fractions promoting adhesion
and therefore increasing the residence time of larger ines in the bed.

4.4.4 Discussion & Highlights

Discussion Batch elutriation of MG-Si powder appears to be sequential, in that the smallest elutriable
particles (�t ≪ �g) are irst entrained, and then the elutriation of the largest elutriable particles (�t � �g

or even �t � �g) starts, with a delay equal to the time required to remove almost all of the inest
particles from the bed. Such behavior appears to be uniquely observed, with no paper referencing it to
our knowledge. Only one paper briely mentions an industrial case where a delayed total entrainment
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Figure 4.44: Elutriation rate constant at 0.2 m.s−1 for PSD-1 (squares) and PSD-1b (triangles). In the
absence of cohesive particles, the values �*

i∞ are unchanged for larger particles while they are increased
for smaller particles.

peak was observed when running batchwise [172]. When reproduced at the laboratory scale they found
the delayed peak to follow the complete elutriation of the ine material (monitored by the median size
of particles collected in a cyclone, but the polydispersity of the carryover is not detailed). Given this
technical report, the sequential behavior is expected not to be limited to small scales, but could be
observed in industrial reactors as well. No previous paper explaining this phenomenon was found by
these authors. The present results are nevertheless consistent with other previously reported phenomena.
The model (Eq. 4.27) describing batch entrainment kinetics was successfully used on the discretized
size intervals of the carryover. However, the linear term added by Colakyan and Levenspiel [108] and
improved by Liu and Kimura [73] that accounted for ines becoming elutriable during luidization (either
created by interparticle abrasion or by deagglomeration from ine-coarse agglomerates in the bed) could
not be used here. No elutriation due to interparticle attrition was detected and no indicator of wear was
observed on inelutriable particles using a scanning electron microscope after 10 hours of luidization (see
Fig. 4.41). Instead, the inest elutriable particles appear to block the elutriation of the larger elutriable
particles: the latter begin to be entrained only when the inest fractions are already removed from the
bed. The kinetics were therefore better described by adding a time delay �0 in Eq. 4.27 after which the
elutriation of the largest elutriable ines actually starts. This delay is no longer present if the initial
bed PSD does not include cohesive particles. This is supported by the SEM micrographs presented in
Figure 4.41, that evidence the cohesive inluence of the ine and ultraine particles on the powder and
the formation of clusters. When these cohesive particles are removed, the larger elutriable particles are
not retained in agglomerates anymore and therefore start to be entrained. Note that there is no reason
for this phenomenon to be bound to batch processes. This suggests that continuously operating luidized
beds should be fed rapidly enough with new material in order to limit the entrainment of larger particles.

Several authors have already provided conclusions regarding the inluence of the ine and ultraine
proportion in the bed on the elutriation of the larger size fractions. Baeyens et al. found the elutriation
rate constant of group A particles to be reduced when the weight fraction of group C particles was
increased [111]. This behavior occurred only at velocities of approximately 0.1 m.s−1 and did not persist
at 0.6 m.s−1, which is why they regarded the efect of the ine and ultraine particles as an adhesion
promoter inside the bed. The adhesion would play a role only at low gas velocities, while it is overruled
at higher velocities, where hydrodynamic forces dominate. Li et al. observed that a greater fraction of
particles smaller than 6 �� diminishes the carryover of group A particles in a recirculating luidized bed;
this observation was explained by the promotion of interparticle adhesion within the bed due to cohesive
particles [119]. In addition, Choi et al. obtained increased elutriation rate constants for particles with
�t � �g when increasing the fraction of particles with �t < �g at supericial gas velocities between 0.6
and 2.2 m.s−1 [118]. They attributed this fact to the momentum transfer from elutriating particles to
inelutriable particles in the freeboard, thus adding an upward force [121, 127].

Given this somewhat contradictory background, several explanations are worth considering. Four
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Figure 4.45: Total cumulative weight entrained�E
tot versus time for PSD-1 and PSD-2 at a supericial gas

velocity �g of 0.075 m.s−1. The curves are perfectly superimposed at the beginning of the entrainment
test; subsequently the cumulative weight entrained increases faster for PSD-2, due to the larger amount
of ine particles in the initial bed.

hypotheses are proposed below: they locate the grounds of the phenomenon inside the bed for (i), in the
transition from the bed to the freeboard for (ii) and inside the freeboard for (iii) and (iv).

Hypothesis (i): the very ine particles promote interparticle adhesion inside the bed, thus forming
clusters, which involve these particles, larger elutriable ines and/or inelutriable particles. These clusters
are less likely to be ejected in the freeboard than the individual particles, which limits the rate of
elutriation of agglomerated particles. When cohesive particles are removed, a gradual deagglomeration
of the clusters occurs, causing the rate of entrainment of larger elutriable particles to increase.

Hypothesis (ii): the gradual change of the bed PSD (Sauter mean diameter shifting towards higher
values) causes a change in the luidization regime from bubbling to slugging. In the latter regime, particles
would be ejected faster (due to larger bubbles and/or higher-energy bubble burst at the bed surface),
leading to increased elutriation.

Hypothesis (iii): As in the irst hypothesis, cohesive particles-promoted clusters are formed in the bed
and ejected in the freeboard or directly formed in the freeboard. Such clusters may comprise particles
smaller than �crit only, or both these and larger elutriable ines. The size of the agglomerate rather than
that of individual particles has thus to be considered to state whether entrainment occurs. On the one
hand, the apparent terminal velocity of clusters composed of particles smaller than �crit only may still
verify �t < �g and these clusters are thus entrained. On the other hand, clusters composed of cohesive
particles and larger elutriable ines may have an apparent terminal velocity larger than the gas velocity
(�t � �g) and fall back to the bed (even if the individual particles all had terminal velocities smaller
than �g). When all of the cohesive particles are removed, cluster formation is not promoted anymore
and larger elutriable ines, ejected as individual particles in the freeboard, are entrained.

Hypothesis (iv): (a) ine particles induce an upward force on slightly larger particles due to momentum
transfer in the freeboard, but not on far larger particles. Thus, particles of a given size interval help the
upper interval to be entrained and so on, resulting in the sequential elutriation. Yet, this argument can
be reversed as follows: (b) when the smallest elutriable ines (�t ≪ �g) are entrained, the freeboard is
densely illed by upward and downward lows of particles or clusters so that a global downward force is
induced on particles with �t � �g, preventing them from being entrained. When the cohesive particles
are fully removed, the freeboard is less densely illed allowing larger particles to be entrained.

Technically, "clusters" refer to aggregates formed due to hydrodynamic forces while "agglomerate"
is reserved for particles bound by cohesive forces [173]; yet Cocco et al. recently showed that both
mechanisms could be necessary to form an agglomerate/cluster [95]. They irst experimentally observed
clusters in the bed and in the freeboard and explained that the cluster formation is assisted by interparticle
friction inside the bed, which help the cohesive forces to locally dominate [95] (corresponding to our
hypothesis (i)). Once formed, these clusters can be ejected in the freeboard. As we do not know how
their formation occurs, these terms refer to groups of particles bound by attractive forces. Note also
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that the clusters mentioned in hypotheses (i) and (iii) are transient, as they result from the dynamic
agglomeration and deagglomeration of particles, which are driven by interparticle adhesion and friction
and impact forces, respectively. This dynamic equilibrium implies that some particles appear alternatively
as individual particles and as clusters.

The latter hypothesis (iv) is based on papers describing operation at higher gas velocities than those
of the present studies and thus seems less likely to be the case. Hypothesis (ii) is interesting because
it explains the gradual change in entrainment behavior by the gradual change in luidization regime.
Hypothesis (ii) is also consistent with the fact that the transition appears when the Sauter mean diameter
of the bed approaches the Geldart A to B boundary. Another feature of this hypothesis is that the
variation of the particle size distribution in the bed may afect the bubble size, which is known to
determine not only the initial velocity of the freeboard particles (step (a) in Fig. 4.11) but also the
turbulence intensity in the freeboard [92]. A contraction of the bed is observed at all gas velocities before
the entrainment of the larger elutriable particles, as shown in Fig. 4.39. This could lead to more intense gas
luctuations in the freeboard, with faster ascending gas motion, thus activating the entrainment of larger
particles. Nevertheless, as the impact of bubble eruption on freeboard gas luctuations diminishes with
height, this again assumes that suiciently high columns would not show this trend. As well, attributing
the change in elutriation of the larger elutriable particles is caused by an increased initial velocity, due
to larger bubble burst, implies assuming that the TDH then overcomes the column height. Hypothesis
(ii) implicitly states that the sequential elutriation behavior would not be observed in a suiciently high
vessel. Indeed, if a column is high enough, then the initial velocity of the particles sprayed out by
bubbles or slugs has no inluence on the fact that large particles can disengage. However, the delayed
peak has been observed elsewhere at diferent scales (included industrial scale) [172]. Moreover, according
to several correlations for the TDH, the freeboard height in the present study is greater than the TDH.
Zenz and Othmer [174] (as cited in [83]) estimate the TDH to be less than 1m at supericial gas velocities
under 0.7 m.s−1 in a 0.075 m-diameter column. The majority of the correlations reviewed in [83] predict
TDH between 1 and 1.4 m at a supericial gas velocity of 0.2 m.s−1, less than the experimental 1.5 to
1.7 m-high freeboard at the end of the delay. At an even lower supericial gas velocity of 0.075 m.s−1,
the phenomenon is still observed, while correlations predict a TDH of less than 1 m. Therefore, this
drawback of hypothesis (ii) raises uncertainties that it is the only cause.

As literature background suggests that the elutriation behavior should be governed by interparticle
interactions at low supericial gas velocities, hypotheses (i) and (iii) appear to be the most likely valid
hypotheses. They are supported by the SEM micrographs presented in Figure 4.41: ine and ultraine
particles appear very cohesive and adhere on larger particles rather than forming clusters composed of ines
only. As the cohesive particles are removed, deagglomeration of clusters occur causing the entrainment of
the larger elutriable particles that are not involved in clusters anymore. Hypotheses (i) and (iii) are also
both consistent with the fact that group C inluences the entrainment and the presence of the delayed
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peak at diferent scales. In addition, hypothesis (iii) would explain the plateau value of the elutriation
rate constant under a certain size: if the smallest particles are elutriated as clusters, then they are all
entrained at the same rate. It is not unlikely that several of the proposed mechanisms co-exist: for
example, cluster formation can occur both in the bed and in the freeboard (Hypotheses (i) and (iii)),
or the bubbling-slugging transition could change the way solids are sprayed out and consequently the
cluster formation.

Highlights

� Unsteady batch entrainment tests were performed on metallurgical-grade silicon powder luidized
by dry nitrogen at supericial gas velocities ranging from 0.05 to 0.2 m.s−1. The height of the
column and relative humidity were investigated irst to ensure the results below do not depend on
these parameters, see Fig. 4.30 and 4.31.

� A particular feature of entrainment, the sequential elutriation behavior, is reported for the irst
time. The entrainment of the largest elutriable particles (�t � �g) is almost zero as long as cohesive
particles (�t ≪ �g) are present in the bed. Their elutriation starts only after a delay corresponding
to the removal of these cohesive particles (Fig. 4.34). Powders containing no cohesive particles did
not show any delay (Fig. 4.43).

� The classical model (Eq. 4.27) describing entrainment kinetics can be simply modiied by adding a
time delay �0. This delay depends on the cohesive particle content and on the particle size, which
leads us to conclude that the elutriation of two diferent size intervals of elutriable particles are not
independent.

� The present behavior could have been wrongly attributed to an attriting solid behavior, due to the
shape of the total entrainment curve �E

tot(�), but the entrainment of individual fractions �E
i (�)

undoubtedly excludes a signiicant attrition behavior.

� A likely explanation for this phenomenon would be the cohesiveness induced by the smaller particles:
clusters comprising only cohesive particles would remain elutriable, but not clusters comprising the
largest elutriable particles. These latter particles would be liberated only when the cohesive particles
are fully removed, which is also supported by our SEM observations (Fig. 4.41).

� The efect of the bed hydrodynamics on the freeboard dynamics, changing as elutriation proceeds,
is not fully excluded. A contraction of the bed is observed as the entrainment of the inest elutri-
able particles proceeds (Fig. 4.39), while the bed voidage remains constant during the subsequent
elutriation of larger elutriable particles. Nevertheless, bed hydrodynamics changing entrainment
requires the height of the column to be under the TDH, even at the lowest supericial gas velocity,
which is unlikely.

� The plateau value in �*
i∞ under a critical diameter ranging 10-30 �� supports the hypothesis of

clusters comprising all of these particles together, causing their common elutriation rate.

� The results of this Section have been published in Powder Technology [169].
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4.5 The role of electrostatics in luidization

During the elutriation tests described in the previous Section 4.4.3, hints indicating the presence of
electrostatic charges were observed. At the highest gas velocities, the characteristic sound for sparks
could be heard in the ine recovery system. Therefore, systematic measurements of the potential at the
outer surface of the column were performed and have been linked to the phenomena occurring inside
the column, which is discussed in Paragraph 4.5.1. Further investigations of the electrostatic behavior of
metallurgical-grade silicon are presented in Paragraph 4.5.2

4.5.1 Potential measurements during elutriation tests

4.5.1.a Experimental results

The potential of the outer column surface was measured with an electrometer, at the bed dense phase level
and at the freeboard level. The variation of these two potentials versus time is represented in Fig. 4.47 for
all of the tested velocities for PSD-1 (elutriation tests shown above in Fig. 4.32). For comparison purposes,
the corresponding entrainment �i∞ of a ine cohesive size interval (1.4<�pi<3.2 ��) and a medium ine
size interval (22.9<�pi<30.2 ��) is plotted in the same graph. Large potentials, up to the potential
20 kV saturating the ield mill, are measured. Note that potentials smaller than 1 kV are measured when
luidization with no entrainment occurs. Interestingly, the potentials at the bed and freeboard level are
almost always of opposite signs and magnitude, although several times the magnitude of the potential at
the bed level was found to be higher than in the freeboard. For all velocities the potential at the dense
bed is initially positive, while negative at the freeboard. Then, they respectively increase and decrease
until the opposite situation is reached (negative at the bed, positive at the freeboard). The polarity
inversion point is spotted in Fig. 4.47 with a vertical dashed line. The higher the supericial gas velocity,
the shorter time it takes to observe this polarity inversion, which seems to be related to entrainment. The
comparison with the entrainment rate of the two example fractions is eloquent: the initial period (positive
at the bed, negative at the freeboard) seems to be associated with the elutriation of the inest elutriable
particles, while the second period (negative at the bed, positive at the freeboard) would correspond to the
removal of the larger elutriable particles from the bed. At the three higher speeds, the polarity inversion
occurs sooner that the end of the ine fraction entrainment peak. These features are also observed for the
tests with PSD-2. Finally, note that no electrostatic pressure drop in the freeboard was measured by our
pressure sensors. The reported electrostatic pressures (a few Pa) [110, 154] are lower than the pressure
drop due to the cyclone separator and could be present, but negligible.

The relationship between the sign of the potential observed and the size of the carryover is further
supported by the case of PSD-1b, for which no ines are present, so that the entrainment of the larger
elutriable ines starts with no delay (shown in Fig. 4.43). The evolution of the potential for PSD-1b at
0.2 m.s−1 is shown in Fig. 4.48: it is visible that the polarity is immediately the one corresponding to the
elutriation of medium ine particles (negative at the bed, positive at the freeboard). No polarity inversion
is measured. The magnitude of the charges at the dense bed is comparable with those measured for PSD-1
after the ine particles peak (see Fig. 4.47, case 0.2 m.s−1), contrary to the charge in the freeboard which
only exhibits a short, few intense peak during the irst 15-20 min, before stabilizing at a low potential of
-2 kV, slowly shifting towards zero.

4.5.1.b Discussion

High potentials (several kV) are measured at the outer surface of the glass column during elutriation
tests, with a non-intrusive electrometer. No electrostatic pressure drop [110, 154] above the sensitivity of
our sensors has been measured. If one is present, its magnitude would be lower than the pressure drop
due to the cyclone separator anyway, and would not afect the results. The magnitude of the potential
seems to increase with supericial gas velocity, as expected from literature, but the actual cause for this
observation may not be limited to the efect of bubble size. Indeed, the above described results clearly lead
us to establish a link between the removal of elutriable particles and the apparent electrostatic charges.
The increase in the charge with increasing gas velocity could be linked to the faster entrainment, while
dissipation of the charges occurs at the same rate. If charges may still be locally created within the bed
without entrainment, it does not result in a net charge in the bed: the physical separation of particles is
responsible for the building-up of a measurable net charge.

As net charges appear in the bed, the sign of the charge preferentially carried by a particle must be
size-dependent. This is consistent with the bipolar charging of binary mixtures of medium ine and coarse
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Figure 4.47: Potential at the outer column surface at the freeboard (dark gray +) and at the dense bed
height (light gray ×), compared at various supericial gas velocties with the entrainment rate �i∞(�) for
a cohesive fraction with size 1.4<�pi<3.2 and a medium ine fraction with size 22.9<�pi<30.2, in the case
of PSD-1.

observed by several authors as mentioned in Paragraph 4.1.2.d [140, 143, 147]. They reported that coarse
particles are preferentially charged negatively and medium ine positively. In our case, continuous particle
size distribution were tested, which exhibit the sequential elutriation behavior described in Section 4.4.
The charges carried by the inest (ines and ultraines) and the largest (medium ines) elutriable particles
appear to have opposite signs, as indicated by the polarity inversion shown in Fig. 4.47. This is further
conirmed by the absence of polarity inversion when only medium ines are entrained (Fig. 4.48). If we
assume that the sign of the charges inside the column have a sign opposite to the potential measured by
the electrometer at the outer column [144, 175], the iner elutriable particles would be charged positively,
while the larger elutriable particles would be charged negatively. This assumption is not obvious, as it
requires that the charge inside the column is compensated on the outer surface of the glass wall. This is
possible if ions are present in the surface water ilm. It can alternatively be assumed that the potential
directly stems from the average charge inside the column, without being afected by the glass wall. In
this case, all signs in the following would be reversed. Fig. 4.48 also shows an important feature: contrary
to all of the graphs in Fig. 4.47, the freeboard and bed potential are not symmetrical. This irst conirms
that these two measurements are not bound to each other and actually provide information on the inner
column. Secondly, it suggests that the potential observed at the freeboard level is linked to wall fouling,
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height (light gray ×) compared at 0.2 m.s−1 with the entrainment rate �i(�) for a cohesive fraction with
size 1.4<�pi<3.2 and a medium ine fraction with size 22.9<�pi<30.2, in the case of PSD-1b.

which is very limited in the case of PSD-1b.

A mechanism for the apparition of a potential at the freeboard is proposed in Fig. 4.49, adapting the
mechanism proposed by Sowinski et al. [144]. It is again assumed that the signs of the charges inside the
column and of the external potential are of opposite signs, but the mechanism would still be valid with
all signs switched. The contacts and friction between particles in the bed create electrostatic charges, but
it is not possible to detect these charges if they overall compensate each other: the following proposed
mechanism therefore rely on the net charge, not on the local charges.

In the case of PSD-1 (Fig. 4.49(a)), cohesive particles (represented in blue) are entrained irst; these
particles would preferentially carry positive charges, so that they leave the bed with a net negative
charge. Some of the entrained ines adhere to the freeboard wall. A positive potential is thus obtained
at the bed level and a negative potential at the freeboard level. As the entrainment of these cohesive
particles increases, this efects leads to an increase in charges, hence in potential (Steps (A) and (B)
in Fig. 4.49(a)). The larger elutriable particles (represented in orange), medium ines carrying negative
charges, then start to be entrained. The presence of these particles in the freeboard lowers the positive
charge in the freeboard, while the negative net charge in the bed diminishes (Step (C) in Fig. 4.49(a)).
These particles also adhere to the freeboard wall, leading to a layered system, as proposed in [144]. The
entrainment of the larger elutriable ines carrying negative charges then becomes more important than
the inest, so that the net negative charge in the freeboard is overcome and becomes positive. In the
bed, carriers of positive charges are still present and become dominant, so that a net positive charge is
obtained (Step (D) in Fig. 4.49(a)). These positive charges carriers could be the inelutriable particles,
or the ultraines, which are retained by adhesion forces (see Fig. 4.42 as a reminder). Finally, when
entrainment tends towards zero, the extra charges slowly dissipate, so that the overall system appears
neutral, but equal amounts of opposed charges may locally persist (Step (E) in Fig. 4.49(a)).

In the case of PSD-1b (Fig. 4.49(b)), no cohesive particles are present and the entrainment of the larger
elutriable ines starts at the beginning of the test. Only medium ines carrying negative charges are
transported in the freeboard and leave a net positive charge in the bed, which ceases to increase when
entrainment decreases, and then slowly dissipates. Conversely, in the freeboard, the particles show less
adhesion on the freeboard wall, so that they do not contribute much to the external potential, which
tends rapidly towards zero, as soon as the density of solids in the freeboard decreases. This is consistent
with the fewer wall fouling observed in this case.

The above mechanism is purposely simpliied by considering individual particles, but the actual system
can be complicated by the presence of clusters. The mechanism proposed in Fig. 4.49 and the presence of
clusters are not contradictory. The electrostatic interaction may even promote the adhesion inside clusters
with multiple particle sizes (carrying charges with diferent signs), which could support hypothesis (i) and
(iii) developed in Paragraph 4.4.4. The next Paragraph intends to precise the link between the sequential
elutriation behavior and the apparent electrostatic phenomena.
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Figure 4.49: Proposed mechanism for the electrostatic phenomena during the elutriation test, based on
our observations (Paragraph 4.5.1.a) and the wall fouling mechanism proposed by Sowinski et al. [144].
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4.5.2 Inluence of electrostatics on MG-Si elutriation

The link between electrostatic phenomena and elutriation being established, it is then necessary to wonder
if the observed electrostatic charges are only a consequence of elutriation, or if the two phenomena
inluence each other.

Fig. 4.50 presents an elutriation test performed at 0.2 m.s−1 (see graph in Fig. 4.47), but the luidiza-
tion has been stopped after 30 min. The system is observed at rest until t=365 min where luidization is
started again, then stopped at t=395 min. This operation has two motivations: on the one hand, it en-
ables monitoring the discharge of the system between 30 and 365 min and on the other hand, the duration
of 30 min corresponds to the middle of the cohesive particle entrainment. It is then interesting to see the
efect of pursuing the test by starting without the initial charges caused by the cohesive particles entrain-
ment. The same charge and entrainment pattern is observed for the irst 30 min compared with Fig. 4.47
- case 0.2 m.s−1. When the gas low is stopped (and entrainment consistently stops immediately), the
potential measured at the column decreases by half, both in the bed and in the freeboard. Then, an ex-
ponential decay of the potential is observed, most probably due to leakage of the net charge through the
ground. The two potentials vary symmetrically and it takes 300 min to decrease from approximately ‖10‖
to ‖2‖ kV. The initial fall of the potential at the freeboard level could be the disengagement of charged
particles which fall back to the bed, while the remaining potential is due to the particles adhering to
the wall. When luidization goes back on, the entrainment of cohesive particles is larger than for the
larger elutriable particles for a couple of minute. Consistently with previous observations, it results in a
positive bed potential and a negative freeboard potential. But shortly after, these signs invert while the
entrainment of cohesive particles decreases towards zero and that of larger elutriable particles strongly
increases. The entrainment rate of the plotted fractions are equal to those of a standard elutriation test
after the same luidization time. Thus, providing a path for discharging did not change the elutriation
behavior.
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Figure 4.50: Potential at the outer column surface at the freeboard (dark gray +) and at the dense
bed height (light gray ×) compared at 0.2 m.s−1 with the entrainment rate �i(�) for a cohesive fraction
with size 1.4<�pi<3.2 and a medium ine fraction with size 22.9<�pi<30.2, in the case of PSD-1. The
luidization is stopped at t=30 min and the discharge is measured without perturbation until luidization
is run again after t=365 min.

Elutriation tests with a grounded copper wire immersed inside the luidized bed were performed. It is
expected that the wire will accelerate the dissipation of the charges. Fig. 4.51 presents the electrostatic
potential and the entrainment of a fraction of ines and a fraction of medium ines at 0.075 m.s−1. The
potential at the dense phase level is negligible during all the experiment, while the potential at the
freeboard level is considerably lowered, exhibiting the same variations than the test without copper wire
(Fig. 4.47 - case 0.075 m.s−1). Conversely, entrainment did not exhibit any diference with the standard
test. If we assume that the charge dissipation is eicient, this may lead us to conclude that the above
described electrostatic phenomena are a direct consequence of the sequential elutriation behavior, but
are not involved in the grounds of this behavior. This conclusion would be consistent with the studies of
entrainment at various relative humidities claiming that electrostatics does not afect the agglomeration
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state of the luidized particles, nor the carryover PSD [110, 154]. In this case, clusters could be promoted
by Van der Waals interactions rather than electrostatic forces, as proposed by Cocco et al. Nevertheless,
this assumption may be wrong, as it was mentioned that eicient charge dissipation should occur in the
bulk of the bed, by antistatic agents or RH of the luidizing gas [145]. The copper wire surface could be
too low to allow the evacuation of the charges. Although we observe no net charge, this device may not
enable the dissipation of the local charges which compensate each other in the core of a particle cluster.
In this case, the electrostatic forces could assist the formation of the clusters.
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Figure 4.51: Potential at the outer column surface at the freeboard (dark gray +) and at the dense bed
height (light gray ×) compared at 0.075 m.s−1 with the entrainment rate �i(�) for a cohesive fraction
with size 1.4<�pi<3.2 and a medium ine fraction with size 22.9<�pi<30.2, in the case of PSD-1. A
grounded copper wire was entirely immersed inside the luidized bed during all the experiment.

4.5.3 Discussion & Highlights

On the potential measurement technique Electrostatic phenomena have been a concern of lu-
idization research for long. The electrostatic behavior of MG-Si was never reported, but the results
presented in this Section strongly suggest that it does occur due to entrainment of elutriable particles
carrying a net charge out of the bed.

The results must be put into perspective, because experimental investigation of electrostatics is es-
pecially complicated. Our method relies here on the measurement of the potential at the outer surface
of the glass column, which is rather indirect and uncertain. No paper reporting this method is reported
to our knowledge, as the measurement by Faraday cups should provide more precise results and easier
interpretation. Nevertheless, the correlation between the potential measurement and the sequential elu-
triation behavior is astonishing (see for example Fig. 4.47). It is then very plausible that the outer surface
potential actually provides information on the phenomena occurring inside the column. A prospect of
this thesis is to conirm the phenomena observed by other means, notably by implementing Faraday cups
on a luidization vessel. This is under investigation at the LTDS.

On the fundamentals of triboelectriication Based on the potential measurements, a scheme of
the charges carried by the particles has been proposed (Fig. 4.49). This scheme is hypothetical and would
require further investigation to be conirmed or corrected. Indeed, the phenomena involved are not at
equilibrium or steady state, so that the dynamic situation is complicated by the charge transfer from
the particles to the wall, and particles leaving the column without charge transfer to the freeboard wall.
Such situations need dynamic descriptions, such as proposed in the case of pneumatic conveying [176].
The conigurations of the freeboard and pneumatic conveying are not identical but share some features,
suggesting that some of the research devoted to this ield may be transferable to the case of elutriation.
Notably, it is expected that the freeboard wall material and length afect the electrostatic phenomena, as
tube material [156] and length [175] afects them in pneumatic conveying. Yet, the comparison should be
limited to reasonable solid concentrations, as values as high as 1 kg of solid per kg of gas can be obtained
in pneumatic conveying, while the concentration in the present study ranges between 0.01 and 0.1 kg of
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solid per kg of gas at the elutriation peak (calculated from the entrainment rate and the supericial gas
velocity). Tribocharging was found to be independent on solid low rate for dilute lows (0.001 kg of solid
per kg of gas) in pneumatic conveying [156].

Bipolar charging of particles depending on particle size seems to occur in MG-Si luidization, thus
suggesting that the phenomenon is not bound to particle-wall interactions. In contact electriication in
general, the transfer of electrons from a metal to another can be explained by the work function diference.
In the case of insulating materials, it is also explained by ions solute in surface water ilms. In the case
of two particles composed of the same material, understanding the cause for electron transfer is more
complicated. Lacks and Sankaran discussed the hypothesis of the asymmetric contact [132]. Two solids
rubbing against each other tend to result in a net negative charge on the solid with the larger contacting
area (the "bow") while a net positive charge on the solid with the smaller contacting area (the "violin").
Some materials were exhibited the opposite charge, but the sign carried by the small contacting surface
was always reproducible for a given material [177]. This latter paper also found that the temperature
diference and the sliding speed were not signiicant parameters. Our hypothetical mechanism is not
contradictory with this explanation: when a ine particle is rubbed along the surface of a coarse particle,
the contacting area of the ine is smaller, thus systematically leading to the same sign of the charge
carried by ines. The polarity proposed in Fig. 4.49 is also reported in paper dealing with the charges in
bidisperse beds of polyethylene [140, 143, 147]. Conversely, a recent theoretical study found that binary
mixtures of particles with size 330 and 250 �� result in the negative charge on the smaller particles,
notably causing clustering of particles in charged granular streams [178].

On a wider scope, triboelectriication phenomena are not only one of the most ancient physical phe-
nomena remaining mysterious, but is also a scientiic challenge to avoid or control in applications as
various as the understanding of sand transport [135], powder spray coating [175] or smart-windows re-
covering the energy of wind and rain [179].

Highlights

� Potentials of tens of kiloVolts were measured at the outer surface of the luidization column during
the elutriation tests, with opposite signs at the freeboard level and at the dense phase level. As
no such potential is obtained when no entrainment is present, these phenomena were unequivocally
related to entrainment.

� Consistently with literature, the elutriable particles carry charges out of the bed, leading to the
building-up of a net charge inside the bed.

� When the sequential elutriation behavior, described in Section 4.4.3, is present, a polarity inversion
is observed at the end of the cohesive particle entrainment, for all supericial gas velocities (see
Fig. 4.47). Cohesive particles and larger elutriable particles should therefore preferentially carry
charges of opposite signs. If we assume that the charge of the particles is the opposite of the
outer column potential, the ines seem to be preferentially positively charged, while the medium
ines negatively charged. This is further conirmed by elutriation tests with medium ines only
(Fig. 4.48).

� A mechanism has been proposed to relate the outer column potential to the inner particle phenom-
ena (Fig. 4.49).

� Complementary tests showed that the sequential elutriation behavior was not afected by stopping
the system and letting it freely discharge or by assisting the discharge by placing a grounded copper
wire inside the bed. This may lead us to conclude that observed electrostatic phenomena are a direct
consequence of the elutriation behavior, but does not inluences back this behavior.
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Conclusions & Prospects

This thesis has been devoted to the study of metallurgical-grade silicon as a base material for the Direct
Synthesis, the irst operation in silicones industries. For this process, MG-Si lumps are irst ground down
to a powder, then used as a reactant in luidized bed reactors. Such operations being particularly afected
by the ine particles, special attention was focused on such small particles from various point of views.

What are the properties of the ine particles?

MG-Si powders comprise a wide range of particle sizes, including coarse (�p>100 ��), medium ines
(10 ��<�p<100 ��), ines (1 ��<�p<10 ��) and ultraines (�p<1 ��). The persistence of the prop-
erties of bulk MG-Si after grinding and the homogeneity of the properties versus particle size was not
obvious and therefore was studied.
The MG-Si particles shape was characterized through visualization techniques: statistical data leads

to the probability distribution for various size descriptors. Notably, circularity and roundness of ground
MG-Si particles were found to be close to 0.7 and 0.65, respectively. An essential result is that the
shape descriptors of the ine, medium ine and coarse particles appear to be identical: the shape does not
varies within these scales. This result supports the fact that ine, medium ine and coarse particles are
all produced by the same grinding mechanisms, as brought by the laboratory-scale milling investigation.
The fracture mechanisms in the brittle silicon are likely to depend on crystallographic cleavage planes,
that is a scale smaller than the size of ine, medium ine and coarse particles. The shape of ultraine
particles is slightly impacted by the plasticity appearing for these particles, as mentioned below.
Conversely, the alloying elements (aluminum, calcium, iron, titanium), which are initially present in

cast MG-Si, are not evenly distributed in the powder. Al, Fe and Ti have an identical concentration
versus particle size proile: the coarsest particles contain slightly less of these elements, compared with
the average bulk powder. The concentration increases until a maximum at 30-60 ��, where there is
20 % more impurities than in the bulk powder. Smaller particles are far less concentrated, and their
concentration rapidly falls with further decreasing particle size. Calcium concentration follows the same
trend, but with a higher maximum occurring at 70-80 �� and rapidly decreasing below. The similar
segregation pattern of Al, Fe and Ti is consistent with these three elements being located in intergranular
silicides, which was expected from literature and again veriied by SEM-EDX and SIMS. Several ultraine
and coarse particles were successfully sampled in situ inside the powder and analyzed by atom probe
tomography, which is the irst time for MG-Si and for such small particles [1]. APT analyses conirm
that ultraine particles comprise silicon (3N) and solute boron and phosphorus, but are not particularly
contaminated by the grinding media.
The segregation pattern is unexpected, as larger impurity concentrations are commonly measured on

smaller particles in powders, which is observed only until a critical size in the case of ground MG-Si.
Several explanations for this particular distribution may be considered. If it is unlikely that intergranular
silicides break apart (because of higher strength), then particle with size smaller than the average size
of the silicides spots would contain less impurity. It can alternatively been assumed that ine particle
generation occurs close the the crack front propagation. As cracks preferentially propagate along silicon
cleavage planes, the likelihood of ine formation is higher inside the grains than at the grain boundaries.
Overall, this impurity distribution highlights the size-dependent impurity concentration in ground MG-
Si, which can vary from 80 % lower to 20-30 % higher than the bulk powder (averaged for each size).
In conclusion, grinding afects the local concentration of alloying elements. In particular, ine particles,
that account for a large speciic surface area, contain less alloying elements than the bulk powder. These
elements assist the formation of the catalytic phase in the reactor. This raises the question of the impact
of this distribution on the Direct Synthesis performances remains open.
Crystallographic characterization of MG-Si powders proved that ine particles remain mainly crys-
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talline after size reduction, implying that strain energies available are too low to induce amorphization [2].
Conversely, ultraines frequently exhibit large amorphous zones, indicating that strain energies developed
were higher and/or that crack initiation was energetically less favored than plastic deformation.

Energy based arguments predict a critical size, above which crack propagation is favored, such that
silicon exhibits brittle fracture. Our fractography study actually revealed typical brittle patterns on
medium ine and coarse particles. Under this critical size, crack propagation costs more energy than
plastic deformation, such that silicon tends to plastically deform, most probably by amorphization and
crystal twinning. Vickers indentation methods were proposed in the literature to estimate the critical
size of grinding and have been applied to metallurgical-grade silicon. An estimate of approximately 1 ��

was obtained. This value seems overestimated, as smaller ultraines do exist after grinding. The apparent
critical size may depend on the rate of stress applications, being smaller for impacts (i.e. high energies
applied during short times). Nanoindentation was also performed on MG-Si polished cross-sections,
enabling the in-situ characterization of the Young modulus and hardness of the intergranular silicides.
Disparities between MG-Si and silicides were observed.

All these size, shape, chemical and structural properties of MG-Si powders give insights into the
mechanisms generating ines during grinding. In-depth investigation of the kinetics of grinding is required.

How are the ine particles produced during grinding?

These results are not included in this public version of the thesis. Please refer to the full manuscript.

What is the inluence of the ine particles on the MG-Si powder?

The ine particle content is considered to strongly inluence the lowing properties of powders, which
is a crucial process issue in powder handling. These properties are fundamentally due to interparticle
interactions. The collective behavior of MG-Si powders was assessed by classical angle of repose and
compaction dynamics tests, but could more thoroughly be investigated by luidization. Various powders
including wide particle size distributions obtained by laboratory-scale grinding and narrow PSDs have
been investigated.

Angle of repose measurements were performed without using a speciic instrument and were therefore
not very accurate. With such obtained AORs, it is possible to state whether or not the ine particle
content is above a certain threshold, corresponding to a Sauter mean diameter approximately of 50 ��.
Compaction dynamics provides more information, carried by the Hausner ratio and the characteristic
compaction time. The Hausner ratio monotonically increases with decreasing Sauter mean diameter.
According to the empirical classiications, the lowing properties of MG-Si powders with Sauter mean
diameters under 50 �� are poor. Contrary to the above mentioned techniques, luidization is a dynamic
measurement, thus evaluates the lowing properties in diferent conditions. It is found that powders with
Sauter mean diameters of 50 �� and lower may have good luidization properties, which are characterized
by low values of the minimum luidization velocity, as measured here by the pressure drop method.
Variation of the MFV with Sauter mean parameter was proposed, consistent with literature correlations.
Fluidization was also shown to be a versatile characterization tool, for example accessing the uniaxial
tensile yield stress of the powder and compaction properties through deaeration rate experiments. Overall,
the ine particle proportion was veriied to be a primary parameter that afects the lowing properties, with
the Sauter mean diameter being a good descriptor of this proportion. Nevertheless, other parameters of
size distribution and shape of the powder are required to comprehensively predict the lowing properties
and collective behavior of powders.

Batch unsteady-state elutriation tests were performed for several wide particle size distribution MG-
Si powders, at various supericial gas velocities (0.05-0.2 m.s−1). The sequential elutriation behavior of
MG-Si powders was reported for the irst time [3]. Unlike the classical elutriation behavior, all elutriable
particles are not entrained from the beginning of luidization. The inest elutriable particles are entrained
irst, while the larger elutriable particles are hardly entrained. When almost all the inest particles were
removed from the bed, entrainment of the larger elutriable starts. This scheme was observed for all gas
velocities tested and several PSDs, with the delay in larger elutriable ine entrainment always shifting
accordingly with the lower or higher time required for complete elutriation of the smallest particles.
Furthermore, when no ines were initially present, entrainment of the larger elutriable ine particles
starts with no delay. Several explanations were addressed, with the most plausible being that of particle
clustering. The inest particles would enhance interparticle interactions such that particles are likely to
appear as agglomerates rather than as individual particles in the freeboard. Agglomerates comprising
larger elutriable ines are likely to overcome the critical size making them non elutriable, while clusters of
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ine particles only or individual ine particles still can be entrained. When ines are removed, the larger
elutriable ine particles appear again as individual elutriable particles and start being entrained. This
explanation is compatible with all experimental results, including SEM observation of the bed which
suggest particle clustering. Furthermore, it is consistent with the leveling of of under a critical size. This
would be due to the fact that no individual particles appear under this size, because they are agglomerated
as clusters as large or larger than the critical size, preventing higher elutriation rate constants. This is
also supported by the elutriation rate constant of medium ines being higher when no ine particles are
initially present in the bed. Another hypothesis is that the removal of ine particles induces changes on
the bed and or freeboard dynamics. Overall, this result shows that adding ine particles in a bed can
prevent the entrainment of medium ine particles that should theoretically be elutriable. As a prospect,
it is fair to wonder if this is a particularity of this material or of this particle size distribution or if
this behavior is generalizable to other systems. On a wider scope, this provides information on the
interparticle interaction in luidized beds, notably that the elutriation rate constant is likely to depend
on the particle size distribution of the carryover, so that not including this data in elutriation correlation
should lead to variation. The question of the quantiication of this dependence remains open.

Electrostatic phenomena were observed during MG-Si powders luidization. The potential of the outer
surface of the luidization column was measured at the freeboard and bed level. Even if this method is
uncommon and indirect, the correlation between the potential measurements and the elutriation strongly
suggests that actual information on the electrostatic phenomena inside the column are obtained. Indeed,
no potential is measured when no elutriation occurs, while potentials of up to 20 kV were obtained in
case of elutriation. Actual separation of particles (through entrainment) leads to an opposite charge
in the bed and in the freeboard, indicating that bipolar charging depending on particle size occurs.
Electrostatic phenomena might be a ground for particle clustering. Such experiment provides a method
for fundamentally investigating triboelectriication.

Starting from process issues concerning metallurgical-grade silicon for the Direct Synthesis, this thesis
proposed an investigation of granular MG-Si. If the results on generation and properties of ine parti-
cles are of particular interest for the silicones industry, several of the here developed investigations are
transferable to other industrial and fundamental issues.
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List of Symbols and Acronyms

The following Acronym section explicits the acronyms used along the whole thesis; the mathematical
variables are listed by Part. The indicated page number references the deinition or irst occurrence of
the corresponding entry of the list. The units are given in SI; if nothing is speciied for an equation, all
quantities can be inserted in SI units.

Acronyms

ANOVA Variance analysis, see p.159

AOR Angle Of Repose, see p.62

APT Atom Probe Tomography, see p.47

AR Aspect Ratio, see p.32

BSE Back-Scattered electron, see p.34

CDF Cumulative Density Function (fct), see p.29

CLyM Centre Lyonnais de Microscopie, see p.iii

CSM Continuous stifness measurement, see p.55

cu Coded units (variable scaled to the experimental domain of the DOE), see p.157

DMDCS Dimethyldichlorosilane Me2SiCl2, see p.13

DOE Design of Experiments, see p.155

dof Degrees of freedom, see p.159

doi Digital Object Identiier; permanent url to be used at http://dx.doi.org/, see p.iii

EDX Energy Dispersive X-ray spectrometry (also called EDS), see p.45

EG-Si Electronical-Grade Silicon, see p.7

FBR Fluidized bed reactor, see p.18

FCC Fluid Cracking Catalyst, see p.64

FEG Field Emission Gun, see p.35

FFT Fast Fourier Transform, see p.53

FI Fluidization index, see p.69

FIB Focused Ion Beam, see p.52

GS Gaudin-Schuhmann distribution, see p.29

ICP-MS Inductively Coupled Plasma with Mass Spectrometry, see p.44

ICP-OES Inductively Coupled Plasma with Optical Emission Spectroscopy, see p.44

LTDS Laboratoire de Tribologie et Dynamique des Systèmes (UMR 5513), see p.iii

MFV Minimum Fluidization Velocity, see p.64

MG-Si Metallurgical-Grade Silicon, see p.7

PDF Probability Density Function (fct), see p.29

PSD Particle Size Distribution, see p.29

215



RH Relative Humidity, see p.82

SE Secondary electron, see p.34

SEM Scanning Electron Microscope/Microscopy, see p.34

SIMS Secondary Ion Mass Spectrometry, see p.46

SMD Sauter Mean diameter, �[3, 2], �sv, see p.31

SoG-Si Solar-Grade Silicon, see p.7

TDH Transport Disengaging Height, see p.72

UMG-Si Upgraded Metallurgical-Grade Silicon, see p.9

Part 2

� Poisson ratio of the material (dimensionless), see p.55

�ind Poisson ratio of the indenter (dimensionless), see p.55

�s Sphericity of a particle (dimensionless), see p.31

�c Contact area (m2), see p.55

�p Area of the projection of a particle onto the plane of maximal stability (m2), see p.32

�� Aspect ratio (dimensionless), see p.32

� Breadth of a particle (generally Feret diameter in the direction perpendicular to the
maximal Feret diameter) (m), see p.32

�[1, 0] Arithmetic mean diameter (m), see p.31

�[3, 0] Mean volume diameter (m), see p.31

�[3, 2] Sauter mean diameter (surface weight mean) (m), see p.31

�[4, 3] De Broucker mean (volume weight mean) (m), see p.31

�[�, �] General expression of the average diameter �[�, �] deined by Eq. 2.6, see p.31

�max
F Maximal Feret diameter (m), see p.28

�p Particle size (equivalent spherical diameter) (m), see p.29

�100 Maximal particle size (truncation size) (m), see p.30

�10 Particle size at 10 % of the PSD (m), see p.30

�50 Median particle size (m), see p.30

�90 Particle size at 90 % of the PSD (m), see p.30

�FD Feret diameter along line (D) (m), see p.28

�F Feret diameter (m), see p.28

�hkl Distance between two neighbor crystal planes (hkl) (m), see p.50

�MD Martin diameter along line (D) (m), see p.28

�M Martin diameter (m), see p.28

�n Particle size at n % of the PSD (m), see p.30

�scatter Scatter diameter, equivalent particle size based on laser difraction (m), see p.32

�sieve Sieve diameter, equivalent particle size based on sieving (m), see p.32

�
′* Young modulus of the material (Pa), see p.55

�
′*
c Contact reduced Young modulus (Pa), see p.55

�
′

ind Young modulus of the indenter (Pa), see p.55

� Hardness (Pa), see p.55

ℎ Penetration depth (m), see p.55
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� Length of a particle (generally maximal Feret diameter) (m), see p.32

� ′
k kth raw moment of a distribution (mk), see p.30

� Load on sample (N), see p.55

�p Perimeter of the projection of a particle onto the plane of maximal stability (m), see p.32

�max Maximal load on sample (N), see p.55

� Cumulative particle size distribution (volume weighted) (fct), see p.29

� Frequency particle size distribution (volume weighted) (fct), see p.29

�0 Cumulative particle size distribution (number weighted) (fct), see p.32

� Contact stifness (N.m−1), see p.55

���� Descriptor of a PSD’s width (Eq.2.3) (dimensionless), see p.30

Part 3

�� Aspect ratio (dimensionless), see p.32

�� Coded units (variable scaled to the experimental domain of the DOE), see p.157

�[3, 2] Sauter mean diameter (surface weight mean) (m), see p.31

�p Particle size (equivalent spherical diameter) (m), see p.29

� Gravity constant (m.s−2), see p.67

� Cumulative particle size distribution (volume weighted) (fct), see p.29

�2
a Coeicient of determination pondered by the degrees of freedom of the problem (Eq. C.14), see p.159

��R Sum of squares explained by the regression (Eq. C.12), see p.159

��r Residual sum of squares (Eq. C.13), see p.159

��lof Lack-of-it sum of squares (Eq. C.17), see p.160

��pe Pure error sum of squares (Eq. C.16), see p.160

�i Value of factor � in coded units over the experimental domain of factor �, see p.157

Part 4

∆� Total pressure drop across a bed of particles (Pa), see p.66

∆� * Fluidization index (normalized bed pressure drop deined in Eq. 4.15) (dimension-
less), see p.69

� Bed voidage (dimensionless), see p.66

�mf Bed voidage at minimum luidization velocity (dimensionless), see p.67

� Packing fraction, ratio between the apparent and true densities of a powder (Eq. 4.3)
(dimensionless), see p.63

�(∞) Final packing fraction, ratio between the tapped and true densities of a powder (Eq. 4.3)
(dimensionless), see p.63

� Viscosity of the luidizing gas (Pa.s), see p.66

�r Angle of repose (rad), see p.62

�s Sphericity of a particle (dimensionless), see p.31

�b Aerated bulk density (kg.m−3), see p.63

�g Density of the luidizing gas (kg.m−3), see p.66

�t Tapped density (kg.m−3), see p.63

�p True density (kg.m−3), see p.63

�t Uniaxial tensile yield stress (Pa), see p.69

� Characteristic compaction time, in number of taps (Eq. 4.3) (dimensionless), see p.63
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� Parameter in Lorences’s collapsing law (Eq. 4.16) (s), see p.70

�b Cross-sectional area of the luidization vessel (m.2), see p.64

�� Archimedes number (deined in Eq. 4.13) (dimensionless), see p.67

� Parameter in Lorences’s collapsing law (Eq. 4.16) (dimensionless), see p.70

� Carr index (deined in Eq. 4.2) (dimensionless), see p.63

�1 Coeicient in Ergun based correlations for MFV (Eq. 4.14) (dimensionless), see p.67

�2 Coeicient in Ergun based correlations for MFV (Eq. 4.14) (dimensionless), see p.67

�D Drag coeicient (dimensionless), see p.71

�[3, 2] Sauter mean diameter (surface weight mean) (m), see p.31

�[4, 3] De Broucker mean (volume weight mean) (m), see p.31

�b Bubble size (m), see p.74

�p Particle size (equivalent spherical diameter) (m), see p.29

�crit Critical particle size under which the interparticle interactions become dominant (m), see p.80

�(�) Total entrainment at height � (kg.m−2.s−1), see p.77

�∞ Total entrainment above the TDH (kg.m−2.s−1), see p.77

�i(�) Entrainment of particles belonging to size interval � at height � (kg.m−2.s−1), see p.77

�i∞ Entrainment of particles belonging to size interval � above the TDH (kg.m−2.s−1), see p.77

�g Frictional force of the gas (N), see p.67

� Volumetric gas low (m.3.s−1), see p.64

� Gravity constant (m.s−2), see p.67

�b Bed height (m), see p.66

�mf Bed height at minimum luidization velocity (m), see p.67

�� Hausner ratio (deined in Eq. 4.1) (dimensionless), see p.63

�∞ Total elutriation rate (s−1), see p.79

�i∞ Elutriation rate of particles belonging to size interval � (s−1), see p.78

�*
i∞ Elutriation rate constant of particles belonging to size interval � (kg.m−2.s−1), see p.77

� Total attrition rate of production of particles (kg.s−1), see p.79

�i Attrition rate of production of particles belonging to size interval � (kg.s−1), see p.79

��p Particulate Reynolds number (deined in Eq. 4.12) (dimensionless), see p.67

��pmf Particulate Reynolds number at minimum luidization velocity (dimensionless), see p.67

���� Descriptor of a PSD’s width (Eq.2.3) (dimensionless), see p.30

�95 Characteristic collapsing time (s), see p.70

���(�) Transport disengaging height, from ballistic approach (see Fig. 4.12) (m), see p.74

���(�) Transport disengaging height, from freeboard solid density approach (see Fig. 4.12)
(m), see p.74

�g Supericial gas velocity (Eq. 4.4) (m.s−1), see p.64

�t Terminal velocity, free-fall velocity (Eq. 4.17) (m.s−1), see p.71

�fc Full circulating gas velocity (m.s−1), see p.69

�fi Incipient luidization gas velocity (m.s−1), see p.69

�mf Minimum luidization velocity (m.s−1), see p.66

�ti Terminal velocity, free-fall velocity of a particle of size in terval � (Eq. 4.17) (m.s−1), see p.71
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�B Total bed weight (kg), see p.66

�B
e (0) Total bed mass freely elutriable at � = 0 (kg), see p.79

�B
i Mass of the particles of size interval � remaining in the bed (kg), see p.77

�E
i Cumulative mass of the particles of size interval � entrained out of the column (kg), see p.77

�E
tot Total cumulative mass entrained (kg), see p.79

�Bi Mass fraction of the particles of size interval � in the bed (dimensionless), see p.77
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Appendix A

Calculation

This appendix give some details about the calculation methods and algorithms used along the thesis.

A.1 Experimental uncertainties: propagation

This short Section gives the useful formulas for calculating the propagation of uncertainties, i.e. how
uncertain is the result of a calculation with one or several uncertain values. more details can be found
in the comprehensive book An introduction to error analysis by Taylor [1]. By deinition, when a value
is experimentally determined, it is only the best estimate for the true unobservable value:

�true = �best + �� (A.1)

Where �� is the measurement error. The true unobservable value should be the statistical mean of all
best estimates over a large amount of replications. �� can obviously not be known, like the unobservable
true value. Conversely, the residual, i.e. the diference between the observation �best and a predicted
value �calc can be obtained. �calc may be the result predicted by a physical or empirical law. The next
Section A.2 will show how curve itting can provide such laws and consequently information about the
experimental variance.

When a not exactly known value is used in a calculation, the uncertainties transmit to the result of the
calculation, which is called propagation of uncertainties. Equation A.2 presents the general expression
for calculating the uncertainty on the result ��, when � = �(�1, ...�n), with � being any function and
�1, ..., �n are independent variable with random errors ��1, ..., ��n.

�� =

︃
︂

��

��1
��1

︂

+ . . .+

︂
��

��n
��n

︂

(A.2)

The following equations give the expression useful in estimating the uncertainties on the calculation
result, for scalar multiplication (Eq. A.3), sum and diference (Eq. A.4), product and quotient (Eq. A.5)
and power (Eq. A.6), respectively.

If � = �� , then �� = |�|�� (A.3)

If � = �1 ± . . .± �n , (A.4)

then ��

⎧

⎪⎪⎨

⎪⎪⎩

=

︁

(��1)
2
+ . . .+ (��n)

2 for random independent errors

� ��1 + . . .+ ��n always

If � =
�1 × . . .× �p

�p+1 × . . .× �n
, (A.5)

then
��

|�|

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

=

︂
︁
δy1
|y1|

︁2

+ . . .+
︁
δyn
|yn|

2
︁

for random independent errors

� δy1
|y1|

+ . . .+ δyn
|yn|

always
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If � = �n , then
��

|�|
= |�|

��1

|�1|
(A.6)

A.2 Computational methods for curve itting

This Section addresses the general theory for curve itting, especially highlighting the determination of
the accuracy of the it result. This does not intend to give comprehensive information: more details can
be found e.g. in the Matlab documentation.

A.2.1 Fitting: concepts

Curve itting is the process of adjusting a mathematical function to it a series of data points. It relies
on a representation of the relationship between a system response � and an input variable �. � is also
called an observation, because it designates a signal, which can be physically measured. � is also called
a predictor. The relationship is a function � . We describe here the case of parametric functions, i.e. �

belongs to a set of parametric functions by � parameters �1, ...,�p, e.g. �1�+ �2, �1�
β2 , ... �1, ...,�p are

called the model parameters. �− � is the number of degrees of freedom of the it.
For example, one physically measures the position of an oscillating rope over time, so that � obser-

vations are obtained at � times (�1 at �1, ... , �1 at �n). To back-calculate the amplitude � and angular
velocity � of the wave, one can reasonably assume the position of the rope follows a sinusoidal law
�β = �1 sin(�2�), with �1 = � and �2 = �. Note that physical knowledge only determines the choice of a
sinusoidal for the model function �β : curve itting is helpful for inding the value of physical variables but
does not guarantee that any function itting the data has physical meaning. When no physical function
� is known, lexible functions are used to empirically describe the data.

Curve itting can be described by the general Equation A.7.

� = �(�,�) + � (A.7)

⎛

⎜
⎜
⎝

�1
�2
...
�n

⎞

⎟
⎟
⎠

= �(β1,...,βp)

⎛

⎜
⎜
⎝

�1

�2

...
�n

⎞

⎟
⎟
⎠

+

⎛

⎜
⎜
⎝

�1
�2
...
�n

⎞

⎟
⎟
⎠

(A.8)

The best estimates �̂ for the model parameters �̂1, ..., �̂p (i.e. the best estimate of the model function
�) correspond to the minimal the distance �, the sum of the squared residues, deined in Eq. A.9.

� =

n︁

i=1

�2i =

n︁

i=1

�i − �(�i,�) (A.9)

When a set of model parameters �̂1, ..., �̂p provides a minimal sum of squared residues �̂, the corre-
sponding vector �̂ is the it result. Various algorithms may be used to minimize �, by searching from an
user deined initial estimate �0, such as the trust region relective or Levenberg-Marquardt. These will
not be made explicit here, but the choice of an algorithm is not trivial, as they have diferent character-
istics. For example, Levenberg-Marquardt does not handle bound parameters, i.e. it necessarily explores
all real numbers (even if some of the model parameters are physical values that are bound to particular
intervals). The trust region relective algorithm does not handle underdetermined models, i.e. the case
� > �.

In the case � > �, the it is said to be overdetermined, i.e. a surplus of experimental information is
available: from this surplus can be extracted valuable statistical information. This is explained in the
next Paragraph.

A.2.2 Regression analysis

This Paragraph explains how the surplus of information provided by the � observations in determining
the best model estimate �̂ can be used to determine the conidence intervals for the best estimate.

Because of experimental uncertainty in determining the observations �, �̂ sufers from a certain degree
of inaccuracy. This experimental noise make �̂ an estimate for the true unobservable value of � (which
is the statistical mean of the noisy estimates �̂ when several calculations are performed). Regression
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analysis will help us evaluate how close to the true value the estimate �̂ is. The conidence bounds
not necessarily of the same magnitude for all model parameters. Subtle mathematics allow to calculate
good approximations of the conidence bounds, with making certain assumptions though. These will
not be detailed here, but the reader should remind that the following expressions are approximations
provided by mathematical theorems. Usual hypotheses require that the experimental errors follow a
normal distribution and that the variables are independent.
The conidence intervals �� of the model parameters can be calculated from Eq. A.10:

�� = �̂ ± �(�− �,�)
︀

diag(��� ) (A.10)

Where �(�−�,�) is the inverse of Student’s t cumulative distribution function for �−� degrees of freedom
and a level of conidence of � %. If � = 0.95, �� is the 95 % conidence interval. ��� is the covariance
matrix of the it best estimate, which can be obtained by Eq. A.11. Strictly speaking, 95 % conidence
does not mean that the odds for this interval to contain the true unobservable value are 95 %: either it
does, or it does not! It rather means that if a large amount of observations are collected so that many
�̂ and their conidence intervals are computed from it, 95 % of the conidence intervals will contain the
true unobservable value.

��� =
�̂2

�
(t��)−1 (A.11)

Where �̂2/� is the mean squared error, which consistently diminishes if more tests are performed (the
more observations � are available, the more accurate get the model parameters). � is a matrix, which
depends on the model function � . If � is linear, � is the design matrix, a n×p matrix where �ij is the
i-th observation of the j-th model parameter. (as in design of experiments, see also Appendix C).
If � is non linear (which is most of the time the case in the present thesis), � is the Jacobian matrix

of the it � . The relies on the assumption that an approximation of � may be provided by a linear
combination of the partial derivatives of � with respect to �̂. The deinition of this matrix � on the
values (�1, ...,�n) with respect to the model coeicient (�1, ...,�p) is given in Eq. A.12. Intuitively, the
Jacobian matrix contains information on the error for each of the responses due to a variation of each of
the individual model parameters. The Jacobian of the it �̂ is the Jacobian matrix with respect to the
it result �̂.

� (�1, ...,�n) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

��(�1)

��1
. . .

��(�1)

��p

...
...

��(�n)

��1
. . .

��(�n)

��p

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(A.12)

The best estimate �̂ can then be used to make predictions, i.e. forecast the answer of the system
�new if a new experiment at the value �new. The next Paragraph explains how to estimate the conidence
interval on the prediction �new by the model.

A.2.3 Accuracy of the predictions from a it: prediction bounds

Curve itting can be simply used to back-calculate the model parameters, e.g. if these parameters are
a physical value to determine. One may also want to make predictions about future observations, i.e.
forecast the result obtained when a next experiment will be performed, either at a value identical to one
already tested (�1, ...,�n) or a new predictor �new lying within the already tested values or beyond the
range of observed data (extrapolation). It is again fair to wonder the accuracy of the �new = �(�new, �̂)
predicted by the model determined by curve itting. Obviously, for complex model functions � , the
conidence intervals cannot be obtained by taking the extreme values of the model parameters, because
those can compensate each other.
Estimating the conidence intervals on the prediction is most helpful in form of predicting a new

observation. In this case, the conidence intervals include both the regression error due to the func-
tional expression and due to the random experimental error. Indeed, overdetermined systems provide
information on the experimental variance. The case of new observation will be developed irst, we will
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then present the calculation of the conidence intervals due to the function for information purposes. The
conidence bounds for a single predicted value �new (at a single predictor �new), i.e. the non-simultaneous
prediction bounds are obtained from Eq. A.13.

(�new)
obs, nonsim

= �
︁

�new, �̂
︁

± �(�− �,�)

︃

�̂2

�
+ � ��� t� (A.13)

Where �(�− �,�) is the Student coeicient, �̂ and ��� deined above in Eq. A.9 and A.11, respectively.
The conidence bounds for any � measured at any predictor �, i.e. the simultaneous prediction bounds

for new observations can be computed from Eq. A.14. In this case, 90 % conidence does mean that the
likelihood of a new observation to fall within the conidence bounds is 0.9.

(�)
obs, sim

= �
︁

�, �̂
︁

± �FS

︃

�̂2

�
+ � ��� t� (A.14)

Where �FS is the Fischer-Snedecor coeicient (upper critical value of the F-cumulative distribution) for
�−� and � degrees of freedom and a conidence level of L; �̂ and ��� deined above in Eq. A.9 and A.11,
respectively.
The functional non-simultaneous and simultaneous prediction bounds are given in Eq. A.15 and A.16,

respectively.

(�new)
fun, nonsim

= �
︁

�new, �̂
︁

± �(�− �,�)
√
� ��� t� (A.15)

(�)
fun, sim

= �
︁

�, �̂
︁

± �FS
√
� ��� t� (A.16)

A.2.4 Example

The example, inspired from the MathWorks documentation, is an artiicially generated set of data �data
(blue squares in Fig. A.1), which is the combination of an exact exponential 2 exp(−0.8�) and an added
random error. The exact exponential corresponds to the true unobservable value, while the random
error simulates the experimental uncertainties. These data were itted with an exponential function
�(�, �) = �1 exp(−�2�). The model parameters determined by curve itting are �̂1 = 1.989 ± 0.446 and
�̂2 = 0.853 ± 0.289 (95 % conidence bounds). Since the function is not linear, the conidence bounds
were computed from the Jacobian of the it. As can be seen, the model provides an estimate for the model
parameters, which is close, but diferent from the true values of 2 and 0.8. If the same operation was
performed many times with other random errors, we would obtain 2 and 0.8 belonging to the conidence
interval of �̂1 and �̂2 95 % of the time.
The model parameters estimate can then be used to make predictions. Figure A.1 presents the four

types of prediction bounds described in Paragraph A.2.3. As obvious in Fig. A.1, the functional prediction
bounds are tighter than the observation prediction bounds. Indeed, we explained that the observation
bounds do include the experimental error. As this it is overdetermined (2 parameters to determine and
34 observations), the extra information can be used to estimate the experimental error. The functional
prediction bounds show the accuracy of the model, without the experimental uncertainty, i.e. what
would be obtained if the experimental variance was reduced. The simultaneous and non-simultaneous
prediction bounds in Fig. A.1 show the diference between predicting all values at once, or each value one
by one, respectively. This example is helpful for showing the power of itting to provide estimates of the
experimental variance, without performing experiments at the same predictor value several times.

References
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Figure A.1: Example of simultaneous, non-simultaneous, observation and functional prediction bounds
for simulated random data. Example adapted from the MathWorks documentation (http://mathworks.
com/help/curvefit/confidence-and-prediction-bounds.html).
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Appendix B

Batch grinding data

These results are not included in this public version of the thesis. Please refer to the full manuscript.
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Appendix C

Design of Experiments and the

Doehlert Design

This Appendix aims at introducing the basic concepts of experimental design, particularly detailing the
Doehlert design, used in this thesis (Section 3.6.4). However, this only constitutes a short introduction
and the reader is encouraged to refer to the literature for comprehensive theoretical background [1–4].

C.1 Design of Experiments: objectives and advantages

Design of experiments (DOE) is a technique enabling the investigation of a system by planning the
collection of experimental data to optimize the number of experiments to perform compared with the
information they carry. It is thus particularly adapted to systems with a large number of input parameters
susceptible of afecting the system response. A very interesting feature is that DOEs can distinguish both
the individual efects of the system parameters and their interactive efects. These interactive efects, i.e.
the coupled efect of two input parameters on the answer, is especially diicult to detect when experiments
are performed randomly.

DOEs can be useful in various cases. Screening experiments are used when hardly any information
is know or expected about the input parameters efect. The main objective is then to determine which
parameters actually afect the system and if they tend to increase or decrease the output. In-depth
investigation, i.e. searching for an optimum response, requires using response surface methodology.

As will be described in the next Section C.2, DOEs rely on a postulated mathematical law. It should
not be forgotten that the obtained relationship between the response and the system parameters is an
empirical law, never a physical law. The use of experimental design does not prevents uncertainties: per-
forming the experiments with care is still required. Note that it is sometimes recommended to performed
the experiments of the DOE in a random chronological order (following the experimental condition of
the design, but not the order of experiments). DOEs may help estimate the experimental variance, as
will be described also in Paragraph C.2.5.

C.2 General method of DOEs

This Section describes the mathematic fundamentals of DOEs. The general method is irst summarized
in Paragraph C.2.1, then, each of the described steps is put in equations, so that will appear the answer
to the question of why are there optimal ways of collecting experimental data.

C.2.1 Generalities and terminology

This Paragraph introduces in Table C.1 a few terms necessary for describing DOE methods [2]. As
an example, consider a water boiler. The time required to obtain boiling water or the electric power
consumed to obtain boiling water are responses of this system. A DOE can be used to determine how
these responses are inluenced by the input parameters, such as the initial temperature of the water or
the volume of water. Obviously it is fair to investigate their efect in an applicable and relevant range of
value. You cannot measure the system response for a volume of water larger than the water boiler and
a water temperature of 2�C or 92�C, are unlikely to low from the tap. The experimental domain, e.g.
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Table C.1: Grinding conditions of the tests discussed in Paragraph 3.6.3.

Term Deinition Symbol (hereafter)

System
Any device or procedure producing a

measurable result (response)
-

Response(s) Output signal(s) of the studied system �

Factors
Independent variables which are the input

parameters of the system (discrete or
continuous)

�1, . . . ,�n (physical units)

Coded variables
Factors expressed in coded dimensionless

units
�1, . . . , �n (coded units)

Experimental domain
Interval of variation of the factors intended

to be investigated by the DOE
[�min

1 ,�max
1 ], . . . ,

[�min
n ,�max

n ]

Model
A (parametrized) mathematical law

postulated a priori
�

Model coeicients
Set of values that fully describe the model

(also model parameters)
�k

Experimental matrix
Matrix containing the experimental

conditions of the experiments to perform to
determine the model parameters

�

0.1-1.5 L and 10-70�C, is therefore chosen for each factor. Dimensionless unit are used for all factors to
do the maths (developed Paragraph C.2.2). Then, a simple parametrized model is postulated to calculate
the response from the factors (the maths are developed in in the next Paragraph C.2.3). DOEs propose a
series of experiments to perform to determine the model coeicients (hence the law describing the response
with respect to the factors). The experimental conditions of this series are compiled in the experimental
matrix, e.g. a series of couples [volume,temperature] for which the time to obtain boiling water should
be measured. The choice of the design, i.e. the experimental matrix, depends on the postulated model
and on the number of experiments/accuracy. Some DOEs allow performing very few experiments, but
are less accurate. The choice of the ratio accuracy to number of experiments is subtle, because several
types of accuracy can be aimed: this will be detailed in Paragraph C.2.6. Afterwards, the experiments
are performed and the model function can then be determined, thus providing information about the
factors, e.g. if and how varies the time to obtain boiling water with the initial temperature. Figure C.1
summarizes the above explained steps. The response can even be predicted for other factors within the
experimental domain.

In the example, only two factors were considered, obviously because these are what we expect to have
inluence. Yet, other factors could afect the results, such as room temperature, salinity of the water, etc.
Rigorously, all factors should be integrated to the model. In practice, if we do not want to study the
salinity of various types of water, all experiments should be performed with the same water. Generally,
not all factors can be investigated, but the "silent" factors should be kept as ixed as possible from an
experiment to another. A common silent factor is the experimenter. Indeed, Alice or Bob may have
diferent routines and habits for performing the experiment, which can bias the results. Therefore, it is
recommended that only one experimenter perform a DOE or that the experimenter identity should be
integrated as a discrete variable in the DOE [1].
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Design Of Experiments

Input parameters

(factors)
System Output signal

(response)

z1,...,zn y

Set of k experiments 

to perform

z11,...,zn1

z1k,...,znk

...

Postulate a 

mathematical law f

y = f(z1,...,zn)

(a) (b) (c) (d) (e)

Measuring k responses

(Experimental work)

y1

...

yk

Solve the system to 

determine f

(z11,...,zn1)

(z1k,...,znk)

...

y1

...

yk

= f

Identify important factors 

and interactions

Evaluate precision of 

the postulated law
= f{

C.2.5C.2.3 C.2.4C.2.4 & C.2.6

Figure C.1: General principle of design of experiments: giving a set of experiments to perform, in order
to obtain an empirical law linking the system response and its input factors. The link under each step
indicate the following Paragraph where it will be addressed. Performing is experiments is speciic to each
system and is not discussed hereafter.

C.2.2 Scaling the variables

An experimental domain is chosen for each of the � factors. If �i is the physical value of the i-th
parameter �i ∈ [�min

i ,�max
i ]. The experimental domains are not constrained by each other. In order to

normalize the model coeicients �, dimensionless variables must be used for the factors �1, . . . , �n. The
coded variable �i is obtained from:

�i =
2
︀
�i − 0.5(�max

i +�min
i )

︀

�max
i −�min

i

(C.1)

Therefore, the coded variables �i all vary from -1 to +1, at the extrema of the experimental domain
and the value zero correspond to the center of the interval. Such normalization enables the comparison of
the model coeicients in the same units. If it was not the case, for the water boiler example, �1 (efect of
the volume of water) in s.L−1 and �2 (efect of the initial temperature) in s.�C−1 could not be compared.
If the variables are discrete and non-number (diferent experimenter), arbitrary values are attributed to
each of the possible values.

C.2.3 Mathematical formalism: problem and model

This Paragraph introduces the mathematical formalism of the problem to solve, i.e. predicting the
response � knowing the � studied factors �1, . . . , �n (coded units, as will be explained in Paragraph C.2.2).
If we reasonably assume that the response of the system depends on the input parameters, there exists
a relationship between these:

� = � (�1, . . . , �n) (C.2)

The model function � is intended to provide an approximation of the relationship � , to provide an
estimation of the response �̂. � is usually chosen to be versatile but simple, therefore polynomial functions
are used in practice [1, 2, 4]. The simplest model is thus a linear dependence of the response versus all
factors, which is shown in Equation C.3.

�̂ = �(�1, . . . , �n) = �0 + �1�1 + . . .+ �n�n (C.3)

Such model are insuicient if some of the factors are expected to have a coupled efect on the response.
In this case, the model should integrated interaction terms. A linear second order interaction model is
shown in Eq. C.4.

�̂ = �(�1, . . . , �n) = �0 +
n︁

k=1

�k�k +
n︁

i<j

n︁

j=1

�ij�i�j (C.4)

The above models can not predict extrema of the response; for this purpose, it is necessary to use a
quadratic model [2]. A quadratic model with second order interactions is presented in Eq. C.5.
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�̂ = �(�1, . . . , �n) = �0

⏟  ⏞  

mean

+
n︁

i=1

�i�i

⏟  ⏞  

linear

+
n︁

i=1

�
sqr
i �2i

⏟  ⏞  

quadratic

+
n︁

i<j

n︁

j=1

�ij�i�j

⏟  ⏞  

interactions

(C.5)

In some cases, like the water boiler, the linear models are suicient, as no response minimum is
expected. The DOE will help determine whether the time to boil water increases more with increasing
temperature or with decreasing volume. In the case of extrema, the quadratic model Eq. C.5 should
be used. Note that the third order interactions (�i�2j ) are neglected because, these and higher order
interactions are extremely rare in practice.

Once the model is postulated, it can be determined from the model coeicients �. The number of
model coeicients � obviously increases with the degrees of freedom of the model, i.e. its possibilities
of approaching any response. The quadratic model of Eq. C.5 has � = 0.5(� + 1)(� + 2) for studying
� factors. The choice of the model thus partially determines the number of experiments to perform.
Note also that the experimental matrix provided by diferent designs may be more or less adapted to the
model.

C.2.4 System solving

To determine the model coeicients, one has to perform a set of � experiments, i.e. determine the
responses � exp = (�exp1 , . . . , �expk ) at � points (�11, . . . , �n1), where �ij refers to the value of the i-th factor
in the j-th experiment. The matrix � , whose j-th line contains the conditions of the j-th experiment in
coded units is the experimental matrix:

� =

⎛

⎜
⎝

�11 . . . �n1
...

...
�1k . . . �nk

⎞

⎟
⎠ (C.6)

In the case of more complicated model, the experimental matrix should be modiied so that the analog
system is obtained. The modiied matrix is the design matrix � and is easily obtained by appending the
corresponding interaction and/or quadratic terms to the experimental matrix. The irst column is illed
by ones, which correspond to the mean response �0 (see Eq. C.5 for example). The design matrix � is
a � × � matrix (number of experiments × number of model coeicients) � in the case of a quadratic
model with second order interactions (Eq. C.5) is given in Equation C.7.

� =

⎛

⎜
⎝

1 �11 . . . �n1 �211 . . . �2n1 �11�21 . . . �n−1 1�n1
...

...
...

...
...

...
...

1 �1k . . . �nk �21k . . . �2nk �1k�2k . . . �n−1k�nk

⎞

⎟
⎠ (C.7)

⏟ ⏞ 

mean
⏟  ⏞  

Linear

⏟  ⏞  

Quadratic

⏟  ⏞  

Interactions

As can be seen in Eq. C.7, the design matrix follows the order of the terms of the model (Eq. C.5).
Once � is known, the design matrix � is easily constructed to match the model. In general, if � is the
column vector containing the � model parameters and � exp the vector containing the responses measured
during the k experiments, then Equation C.8 is to solve:

� exp = �� + � (C.8)

Where the system responses � exp are measured experimentally, � the design matrix (constructed from
�) is known, � are the model coeicients to determine and the residuals � = (�1, . . . , �k) are the difer-
ences between the model prediction �̂ = �(�1, . . . , �n) and the actual measurement �exp for each of the �

experiments. Indeed, it is more than likely than even if the model describes perfectly the system, exper-
imental variation leads to variations in the �

exp
i s. If the model does not describe perfectly the system,

the residuals contain a contribution of the model misit and of experimental errors. The notions will be
developed in the following Paragraph C.2.5.

Obviously, we want the residuals � to be minimum. Mathematically, the vector �̂ = (�̂1, . . . , ˆ�m),
given in Equation C.9, provides a minimum of residuals � and is the unbiased estimator of � with the
least variance verifying Eq. C.8 [3].
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�̂ = (t��)−1 t�� exp (C.9)

Equation C.9 is an application of Moore-Penrose least squares, without experimental uncertainties
[3]. Note that including the experimental uncertainties in Eq. C.9 may be done by adding a Fischer
information matrix Σ. It is obvious from this Equation that the design matrix � has a particular
computational role, and the properties of this matrix will therefore be of prominent importance to obtain
an accurate model. As � is built from the experimental matrix � and the model � , it now should be
clear that a smart choice of the experimental matrix, i.e. the tests to perform, can make the model easier
to determine and more reliable and that � can be more or less adapted depending on the model. This is
where the whole point of DOE lie. The next Paragraph C.2.6 gives some examples of designs.

C.2.5 Validation and interpretation of the solution

Once the irst four steps in Fig. C.1 have been performed, the calculation of the estimates �̂ by Eq. C.9
is obtained. These must be analyzed with care to ensure that the results are of signiicance, i.e. that the
model obtained accurately represent the experimental data. The validation step is necessary.

C.2.5.a Validating the solution by variance analysis (ANOVA)

A description of the variance analysis (ANOVA) as applied to DOEs is given hereafter. Note however that
this is here addressed from a functional point of view: the reader is recommended to refer to other sources
for a detailed description [5]. The objective of ANOVA is the validation of the model by decomposing
and analyzing the inaccuracy sources in the calculation. Indeed, as mentioned above, on the one hand,
the model may not describe perfectly the system, which leads to analytical inaccuracies (regression error)
and on the other hand, the response measured after performing two exactly similar experiments may not
be the same (experimental error).

The ANOVA therefore proposes to separate the total data variance ��T into a contribution due to
the regression ��R and a contribution due to the residuals ��R [4]:

��T = ��R + ��r (C.10)

Where ��T , ��R and ��r are the total sum of squares (Eq. C.11), the sum of squares explained by the
regression (Eq. C.12) and the sum of squares explained by the residuals (Eq. C.13), respectively. In these
following Equations C.11, C.12 and C.13, the sums of the square diferences are computed over all values,
with the �exp being the experimental observations, �̂ is the value predicted by the model solution (i.e.
�̂ = ��̂) and �̄ is the average of all observations.

��T =
︁

all

(�expi − �̄)
2 (C.11)

��R =
︁

all

(�̂i − �̄)
2 (C.12)

��r =
︁

all

(�expi − �̂)
2 (C.13)

The popular coeicient of determination �2 is the ratio ��R/��T , which is rigorously the percentage
of explained variation. This value is not suitable because it does not include the degrees of freedom
of the problem. For example, determining the model � = �1� + �2 with only two observations gives
�2 = 1, although we have no clue about the uncertainties. The problem arises because in this example,
two parameters are determined with 2 observations, hence zero degrees of freedom. A proper value is
�2
a, deined in Equation C.14, which ponders the coeicient of determination by the respective degrees of

freedom of ��R and ��T , i.e. � −� and � − 1, in the case of � experiments performed to determine �

model coeicients. �2
a is consistently improved by performing more experiments than those needed for

determining the coeicients (increasing � −�).

�2
a = 1−

︂

1− ��R

��T

︂
� − 1

� −�
(C.14)
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However, the �2
a was found not to properly allow the comparisons between two models, i.e. a �2

a

close to one indicates good model agreement, but �2
a(model 1) > �2

a(model 2) does not necessarily imply
that model 1 is better than model 2. An even more rigorous analysis is to decompose the sum of square
residuals ��r into the pure error sum of squares ��pe and the lack-of-it sum of squares ��lof :

��r = ��pe + ��lof (C.15)

These two contributions are deined in Equation C.16 and C.17. This decomposition requires that
replicate experiments are performed, i.e. one or several of the � experiments of the experimental matrix
� are performed more than once. It is noted that the i-th experiment is performed �i times, with
∀�, �i � 1. The total number of observations is then �tot =

︀k
i=1 �i − � for the � distinct experiments in

the experimental matrix �. The response of the j-th time that the i-th experiment is performed is noted
�
exp
ij and the mean of the replicates of the i-th experiment is �̄i. Obviously, the model prediction �̂i does
not depend on the replicate number �.

��pe =
k︁

i=1

ki︁

j=1

︀
�
exp
ij − �̄i

︀2
(C.16)

��lof =
k︁

i=1

ki︁

j=1

(�̂i − �̄i)
2 (C.17)

The degrees of freedom of these quantities are �tot− � and �−�. The pure error sum of squares has
consistently zero degrees of freedom if no replicates are performed (i.e. ∀�, �i = 1), which explains why
performing replicates is necessary for this analysis, while optional if ��r is not decomposed.
The decomposition of the residual sum of squares enables detecting regression lack of it, which occurs

when the analysis does not include one or several signiicant terms in the model. In order to disprove
the possibility of lack of it, a F-test is performed. A F-test enables the comparison of two variances
using the statistical Fischer-Snédécor law [5]. To compare the lack-of-it sum of squares and the pure
error sum of squares, their ratio, pondered by their respective degrees of freedom, should be compared
with the Fischer-Snédécor cumulative distribution function for �tot and �−� degrees of freedom, at the
chosen conidence level (generally 95 %). If the ratio SSlof

ktot
/
SSpe

k−m is larger than the statistical value of the
F-distribution, then there is lack-of-it and the model should be discarded (Eq C.18) [4, 5].

︂
��lof

�tot

︂︂
��pe

� −�

︂−1

< �−1(5 %, �tot, � −�) =⇒ No evidence of lack-of-it at 95 % (C.18)

If the model pass the irst F-test (absence of lack of it), the regression signiicance may be assessed
by a second F-test: comparing SSR

m−1/
SSr

ktot−m
with the F function for �− 1 and � −� (or �tot −� if the

replicates were included in the calculation of the residual sum of squares) at the chosen conidence level.
If the ratio SSR

m−1/
SSr

ktot−m
is larger than the statistical value of the F-distribution, the model signiicance

is validated (Eq. C.19).

︂
��R

�− 1

︂︂
��r

�tot −�

︂−1

> �−1(95 %,�−1, �tot−�) =⇒ Model is more than 95 % signiicant (C.19)

When the model has passed the two F-tests of Eq. C.18 and C.19, the model is fully validated. This
notably means that the regression does not introduce signiicant errors when making predictions: the
error is due to experimental variance. An unbiased estimator of the experimental variance �̂2 over the
experimental domain is given by:

�̂2 =
��r

�tot −�
(C.20)

Where �tot =
︀k

i=1 �i is the total number of performed experiments. The variance-covariance matrix
��� of the it is then given by:

��� = �̂2(t��)−1 (C.21)
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Figure C.2: Example of a Pareto diagram for the results of a DOE with 4 factors and a linear model
with second order interactions (Eq. C.4). All factors inluence the response, with factor 1 and 4 being
dominant and the only interactions are 1-2 and 2-3.

Where � is completed by the proper number of identical lines for replicate experiments. The i-th
diagonal element of the variance-covariance matrix deines the conidence bounds for the estimates of the
i-th coeicient model �̂i:

∀� ∈ [1,�], �i ∈ �̂i ±
︀

(��� )ii (C.22)

C.2.5.b Interpretation and predictions

The above described method is essential, because it ultimately leads to Eq. C.22, which gives the con-
idence bounds on the estimate of the model coeicients �̂i. This is of critical importance, because the
model coeicients are assimilate to the so-called efect of the term they represent. For example, in the
linear second order interaction model (Eq. C.4), for example �̂1 and ˆ�12 are the efects of the factor 1
and of the interaction of factors 1 and 2, respectively.
If from the calculation of the model coeicient variance, Eq. C.21, it appears that a model coeicient

is smaller than its corresponding conidence bound, then the efect of the factor or interaction can be
considered negligible (Eq. C.23). The �̂i verifying C.23 can even be set to zero as they are only a source
a uncertainty.

If |�̂i| < |(��� )ii| then no inluence of the corresponding factor/interaction (C.23)

When models with a large number of parameters (or DOE with many factors) are considered, it
is frequent than some of the efects or interactions are negligible. Then, the comparison between the
efects can be made: the efects �̂i are directly comparable, for they are all in normalized values (see
Paragraph C.2.2). A convenient representation of the efects for comparison purposes is the Pareto
plot, which simultaneously represents the absolute value of each of the efects as a bar chart, ranked
by importance, and the cumulative distribution of the efects. Only the efects producing 95 % of the
response (if 95 % was chosen as the conidence level earlier in the ANOVA) are represented. Fig. C.2 is
an example of Pareto diagram showing the results of a DOE including 4 factors and a using linear model
with second order interactions (Eq. C.4). Each bar has the length of the corresponding estimator �̂i. As
in this example, the mean response �0 has often the highest magnitude. In this example, the factors 1
and 4 have the highest efect on the response; the efects of the mean, 1 and 4 alone account for 60 %
of the variation of the response. Factors 2 and 3 nevertheless also contribute. Among the interaction
terms, only 1-2 and 2-3 are signiicant. This Pareto diagram then shows that the terms not plotted (1-3,
1-4, 2-4, 3-4) account for less than 97 % of the response variation and may probably be neglected. In
conclusion, the Pareto diagram is helpful for detecting and representing the main efects determining the
answer.
When the negligible terms have been eliminated by the above procedure, the model can then be used to

make predictions for the response �new in non-tested experimental conditions �new, with �new = �new�̂,
where � is constructed from � as above.
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APPENDIX C. DESIGN OF EXPERIMENTS AND THE DOEHLERT DESIGN

C.2.6 Choice of the experimental matrix

As highlighted by the previous Paragraphs, the choice of the experimental matrix is decisive for the
quality of the statistics provided by the model for a minimum of performed experiments. A wide range
of DOEs were proposed [1]. The most simple are the (full or fractional) factorial designs, which are most
often used for preliminary studies, but they are not suitable for quadratic models (the search for optima is
often a second step, e.g. after eliminating inefective factors in the preliminary study). In this latter case,
other DOEs will be preferred, e.g. Box-Behneken, Doehlert, central composite, hybrid (Roquemore), etc.
[1, 4] All these DOEs are characterized by an experimental matrix �, depending on � the number of
factors studied only. The Doehlert design [6] is described in the following Section C.3.

The properties of the diferent matrix can aim at various goals. As evidenced by Equation C.9, the
matrix (t��) plays a special role in the determination of the estimate �̂, thus also on the quality of
the estimator (conidence interval on �̂). It can be shown that the conidence bound on the predicted
values is inversely proportional to the determinant of this matrix det(t��). A following optimization
criterion is the maximization of this determinant, which is called D-optimality. In practice, it is diicult to
achieve, but eforts can always be made to increase the value. Equation C.22 links the diagonal elements
of (t��)−1 with the individual variances of the conidence bounds on the model coeicients estimates �̂.
A-optimality therefore seeks to minimize tr

︀
(t��)−1

︀
, the trace of the matrix. Other criterion aiming

at limiting the variance exist, such as G-optimality, which seeks the minimization of the largest of the
variance. Optimality criteria can have other objectives than variance, especially when noise in the data
is not the main issue. Rotatability is achieved when the conidence on the predicted values is identical for
all predictors lying at the same distance of the center of the experimental domain. It can also be wanted
that the space of factors be illed by experimental tests so that the "holes" are the smaller for a given
number of total experiments. For example latin hypercube sampling helps achieving such goal.

In conclusion, a very wide range of possible DOEs exist, because of the very wide variety of optimality
criteria that one may achieve. The factorial designs are most of them chosen for preliminary studies, but
the choice of a DOE for an in-depth investigation of problems is usually more open.

C.3 The Doehlert design

Doehlert designs, initially named uniform shell designs by the author [6], are a type of DOE adapted to
quadratic models. They thus enable the determination of extrema of the response. The Doehlert matrix
(giving the experimental conditions for the Doehlert DOE) is obtained by simplex optimization. The
general expression of the simplex matrix �(�, �), for � factors is:

�(�, �) =

⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0 if � � �

︁
i+1
2i if � = �+ 1

1√
(i+1)2i

if � = �+ 1

The Doehlert matrix is obtained by subtracting couples of rows of the simplex matrix � by every
combination. This leads to a �2 + � + 1 matrix, i.e. the number of experiments to perform � for a
Doehlert DOE with n factors is �2+�+1. This obviously shows that these DOEs are helpful in a second
phase of investigation, where the principal efects have to be studied precisely have been determined by a
preliminary simple DOE. In a two-dimensional space (case of two factors), the experimental points form
an hexagon and its center (formed by the combination of all simplex triangles), all belonging to the circle
with radius 1, as can be seen in Fig. C.3. For � factors, the experimental points belong to the hypersphere
of unit radius (hence uniformly distributed shell design). Rigorously, this is only the type 1 Doehlert, the
other types being hexagons tilted around the center. Only type 1 will be addressed. A irst advantage of
Doehlert designs is that the experimental domain may easily be extended by appending other Doehlert
design that have a certain number of common experimental points, so that the number of experiments to
perform is reduced. In Fig. C.3, if the orange DOE has been performed, only three points are necessary
to complete the purple DOE and ive to complete the green one. This feature makes Doehlert designs
adapted to incremental exploration of a system. Another interesting feature arises from the Doehlert
matrices presented in Eq. C.24 and C.25 for two and three factors, respectively. The Doehlert matrix for
� factors is included in the matrix for � + 1 factors, so that it is very easy to take advantage of a irst
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DOE performed with � factors if a supplementary factor should be added. It simply requires to consider
that the value of the supplementary factor was at the center of its exploration domain during the irst
DOE.

z2

z1

1

1

Initial Doehlert

Possible additional Doehlert

Possible additional Doehlert

Figure C.3: Example of a the position of a Doehlert design in a two factors (�1, �2) plan as orange
circles. Should the experimental domain be extended, other Doehlert designs (green and purple circles)
can easily be appended to the irst one to explore other values, taking advantage of the irst one so that
less experiments need to be performed.

Doehlert designs are not orthogonal, nor rotatable and the variance of the predicted value is not
uniform over the experimental domain. Yet, they are close to these mathematical properties; for example,
the zeros in the matrix tend to reduce the number of non-null terms in the design matrix �, so that the
variance induced in Eq. C.21 is limited. Eq. C.24 and C.25 obviously show that discrete variables cannot
be included in Doehlert designs.

� =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0
1 −1 0
1 +1 0

1 −1/2 −
√
3/2

1 +1/2 −
√
3/2

1 −1/2 +
√
3/2

1 +1/2 +
√
3/2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(C.24)

� =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0
1 −1 0 0
1 +1 0 0

1 −1/2 −
√
3/2 0

1 +1/2 −
√
3/2 0

1 −1/2 +
√
3/2 0

1 +1/2 +
√
3/2 0

1 −1/2 −1/2
√
3 −

︀

2/3

1 0 +1/
√
3 −

︀

2/3

1 +1/2 −1/2
√
3 −

︀

2/3

1 −1/2 +1/2
√
3 +

︀

2/3

1 0 −1/
√
3 +

︀

2/3

1 +1/2 +1/2
√
3 +

︀

2/3

⎞

⎟
⎟
⎟
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⎟
⎟
⎟
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⎟
⎟
⎟
⎠

(C.25)
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Appendix D

Batch elutriation data

This appendix compiles the extensive entrainment kinetics data of several of the elutriation tests per-
formed during the PhD study. The following graphs correspond to the batch unsteady elutriation of a
bed having initially PSD-1 (Fig. 4.22), at various gas velocities.
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Figure D.1: Experimental data from PSD-1 luidized at 0.05 m.s−1. (A) Experimental data (as triangles)
of the total cumulative entrained mass �E

tot(�), which can be itted by Eq. 4.32 (result of the it being the
solid line, constituted of the sum of the abrasion and free-elutriation components as red dash-dotted line
and blue dashed line, respectively). (B) Same experimental data compared with the sum of the its of
the individual �E

i (�) presented in graph (C). (C) Cumulative entrained mass �E
i (�) by fraction (size �pi

in ��), as experimentally determined after laser difraction analysis (symbols). This data can be itted
by Eq. 4.31 and the result of the it is shown as dashed lines. This latter it leads to the determination
of the elutriation rate constant �*

i∞ for each interval �, represented in (D) versus particle size (scatter
diameter). Each �*

i∞ is obtained from the corresponding curve in (C).
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Figure D.2: Experimental data from PSD-1 luidized at 0.075 m.s−1. (A) Experimental data (as triangles)
of the total cumulative entrained mass �E

tot(�), which can be itted by Eq. 4.32 (result of the it being the
solid line, constituted of the sum of the abrasion and free-elutriation components as red dash-dotted line
and blue dashed line, respectively). (B) Same experimental data compared with the sum of the its of
the individual �E

i (�) presented in graph (C). (C) Cumulative entrained mass �E
i (�) by fraction (size �pi

in ��), as experimentally determined after laser difraction analysis (symbols). This data can be itted
by Eq. 4.31 and the result of the it is shown as dashed lines. This latter it leads to the determination
of the elutriation rate constant �*

i∞ for each interval �, represented in (D) versus particle size (scatter
diameter). Each �*

i∞ is obtained from the corresponding curve in (C).
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Figure D.3: Experimental data from PSD-1 luidized at 0.1 m.s−1. (A) Experimental data (as triangles)
of the total cumulative entrained mass �E

tot(�), which can be itted by Eq. 4.32 (result of the it being the
solid line, constituted of the sum of the abrasion and free-elutriation components as red dash-dotted line
and blue dashed line, respectively). (B) Same experimental data compared with the sum of the its of
the individual �E

i (�) presented in graph (C). (C) Cumulative entrained mass �E
i (�) by fraction (size �pi

in ��), as experimentally determined after laser difraction analysis (symbols). This data can be itted
by Eq. 4.31 and the result of the it is shown as dashed lines. This latter it leads to the determination
of the elutriation rate constant �*

i∞ for each interval �, represented in (D) versus particle size (scatter
diameter). Each �*

i∞ is obtained from the corresponding curve in (C).
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Figure D.4: Experimental data from PSD-1 luidized at 0.15 m.s−1. (A) Experimental data (as triangles)
of the total cumulative entrained mass �E

tot(�), which can be itted by Eq. 4.32 (result of the it being the
solid line, constituted of the sum of the abrasion and free-elutriation components as red dash-dotted line
and blue dashed line, respectively). (B) Same experimental data compared with the sum of the its of
the individual �E

i (�) presented in graph (C). (C) Cumulative entrained mass �E
i (�) by fraction (size �pi

in ��), as experimentally determined after laser difraction analysis (symbols). This data can be itted
by Eq. 4.31 and the result of the it is shown as dashed lines. This latter it leads to the determination
of the elutriation rate constant �*

i∞ for each interval �, represented in (D) versus particle size (scatter
diameter). Each �*

i∞ is obtained from the corresponding curve in (C).
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Figure D.5: Experimental data from PSD-1 luidized at 0.2 m.s−1. (A) Experimental data (as triangles)
of the total cumulative entrained mass �E

tot(�), which can be itted by Eq. 4.32 (result of the it being the
solid line, constituted of the sum of the abrasion and free-elutriation components as red dash-dotted line
and blue dashed line, respectively). (B) Same experimental data compared with the sum of the its of
the individual �E

i (�) presented in graph (C). (C) Cumulative entrained mass �E
i (�) by fraction (size �pi

in ��), as experimentally determined after laser difraction analysis (symbols). This data can be itted
by Eq. 4.31 and the result of the it is shown as dashed lines. This latter it leads to the determination
of the elutriation rate constant �*

i∞ for each interval �, represented in (D) versus particle size (scatter
diameter). Each �*

i∞ is obtained from the corresponding curve in (C).
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